THE JUMP OPERATOR ON THE w-ENUMERATION DEGREES

IVAN N. SOSKOV AND HRISTO GANCHEV

ABSTRACT. The jump operator on the w-enumeration degrees is introduced in
[?]. In the present paper we prove a jump inversion theorem which allows us
to show that the enumeration degrees are first order definable in the structure
D!, of the w-enumeration degrees augmented by the jump operator. Further on
we show that the groups of the automorphisms of D/, and of the enumeration
degrees are isomorphic.

In the second part of the paper we study the jumps of the w-enumeration
degrees below 0,,’. We define the ideal of the almost zero degrees and obtain a
natural characterization of the class H of the w-enumeration degrees below 0,,’
which are high n for some n and of the class L of the w-enumeration degrees
below 0., which are low n for some n.

1. INTRODUCTION

The upper semi-lattice D, of w-enumeration degrees is introduced by the first
author in [?]. It is an extension of the semi-lattice D, of the enumeration degrees
and hence of the semi-lattice Dr of the Turing degrees. In [?] a jump operator
on the w-enumeration degrees is defined and a jump inversion theorem is proved
also from which follows that the range of the jump operator is equal to the cone
of all w-enumeration degrees greater than the jump 0, of the least w-enumeration
degree 0, a property true for the Turing jump but not true for the enumeration
jump.

It turns out that the jump on the w-enumeration degrees has an even stronger
jump inversion property. Namely, for every w-enumeration degree a above 0,,’ there
exists a least degree among the degrees whose jump is equal to a. This property is
not true neither for the enumeration jump nor for the Turing jump.

Using the existence of least jump inverts we show in the first part of the paper
that the set of the enumeration degrees is first order definable in the structure D),
of the w-enumeration degrees augmented by the jump operator. This definability
result allows us to obtain further that the groups of the automorphisms of D,’
and D!, are isomorphic. Since the enumeration jump is first order definable in D,,
see [?], it follows that the groups of the automorphisms of D, and D!, are also
isomorphic.

Thus we obtain that the structures D, and D/, are closely related but D, and
D!, are not elementary equivalent.

In the second part of the paper we study the jumps of the w-enumeration de-
grees below 0,’. Here we consider a monotonically decreasing sequence {on}n>1
of explicitly defined degrees, where o,, is the least degree with n-th jump equal to
0, "1, We call a degree a almost zero (a.z.) if for all n, a is below o0,,. We prove
that the a.z. degrees form a non-trivial ideal. The a.z. degrees are used to obtain
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a characterization of the classes H and L, where
H={a:a<0, & (3n)(a™ = 0,1} and
L={a:a<0,) & (3n)(a™ =0,™)}

Namely, we show that a degree a < 0, belongs to H if and only if a is above all
a.z. degrees and a € L if and only if there are no nonzero a.z. degrees below a.

Since the w-enumeration jump agrees with the enumeration jump and with the
Turing jump the characterization of the classes H and L remains the same also for
the enumeration and for the Turing degrees.

The last result shows that the study of the w-enumeration degrees can provide
us with tools which are useful for the study of the enumeration degrees and of the
Turing degrees. A similar methodological observation about the usefulness of the
study of the enumeration degrees for obtaining results about the Turing degrees
was recently made by SOSKOvA and COOPER [7].

2. PRELIMINARIES

2.1. The enumeration degrees. We shall assume that an effective coding of all
finite sets of natural numbers is fixed and shall identify the finite sets and their
codes. Finite sets will be denoted by the letters D, F' and S.

2.1. Definition. Given sets A and B of natural numbers, let
A(B)={z:(3D)({z,D) € A & D C B}

Let Wy, ..., W,,... be a Godel enumeration of the recursively enumerable (r.e.)
sets of natural numbers.

The operators AB.W,(B) are called enumeration operators. For A, B C N,
A <. B (A is enumeration reducible to B) if there exists an r.e. set W such that
A=W(B). Lt A=, B <— A <. B & B <. A. The relation =, is an
equivalence relation and the respective equivalence classes are called enumeration
degrees. Given a set A of natural numbers, by d.(A) we shall denote the enumer-
ation degree containing A. Let d.(A) <. d.(B) if A <. B. Clearly <, is a partial
ordering with least element 0, which is equal to the set of all r.e. sets. The set
of all enumeration degree is denoted by D.. We shall use the same notation and
for the structure (D.;0.; <.). For an introduction to the enumeration degrees the
reader might consult [?].

For every set A of natural numbers let AT = A& (N\ A). Then a set B isr.e. in
A if and only if B <, AT and A is Turing reducible to B if and only if AT <, Bt.

Denote by Dr = (Dr;07; <7) the partial ordering of the Turing degrees. Let
t: Dy — D, be defined by «(dr(A)) = d.(AT). Then ¢ is an isomorphic embedding
of Dr into D, called the Rogers’ embedding. The enumeration degrees which belong
to the range of ¢ are called total. Notice that an enumeration degree a is total if
and only if for some A C N, A" € a.

The enumeration jump operator is defined in [?] and further studied in [?]. Here
we shall use the following definition of the enumeration jump which is m-equivalent
to the original one, see [?].

2.2. Definition. Given a set A of natural numbers, set L4 = {{a,z) : x € W,(A)}
and let the enumeration jump of A be the set Lz.



THE JUMP OPERATOR ON THE w-ENUMERATION DEGREES 3

One can easily check that for every A C N, A <. L: and if A <. B then
L} <. L}. So we may define a jump operation on D, by letting d.(A)" = d.(L}).
Clearly the jump of every enumeration degree is a total degree. Since there exist
enumeration degrees above 0, which are not total, not every enumeration degree
above 0.’ is in the range of the enumeration jump operator. The enumeration jump
agrees with the Turing jump under Rogers’ embedding i.e.

(Va € Dr)(1(a’) = 1(a)’).
To simplify the notation, given A C N, by A’ we shall denote the enumeration
jump of A. Let A®) = A and A"+t = (AW,
We shall need the following Jump inversion theorem proved in [?].
Given a sequence B = { By }r<. of sets of natural numbers we define the respec-
tive jump sequence P(B) = {Py(B)}r<w by induction on k:
(i) Po(B) = Bo;
(ii) Pk+1(B) = Pk(B)/ D Bk+1-

2.3. Theorem. Let B = {Bj}r<w be a sequence of sets of natural numbers. Sup-
pose that for some X C N and for some n € N, P,(B) <, X7T. Then there exists
F C N satisfying the following conditions:

(1) (vk <n)(By <. (FT)0)

(2) (Vk <n)((FH)F+) =, (F+) @ Pr(B)).

(3) (FH)M =, XT.

2.2. The w-enumeration degrees. Denote by S the set of all sequences B =
{Bk } k<w of sets of natural numbers. Consider an element B of S and let the jump
class Jp defined by B be the set of the Turing degrees of all X C N such that
(VE)(By, is r.e. in X ) uniformly in k).

Given two sequences A and B let A <, B (A is uniformly reducible to B) if
Jg € Jq and A =, B if Jg = Jyu. Clearly "<,” is a reflexive and transitive
relation on S and "=,” is an equivalence relation on S.

For every sequence B let d,,(B) = {A: A=, B} and let D, = {d,(B) : B € S}.
The elements of D, are called the w-enumeration degrees.

The w-enumeration degrees can be ordered in the usual way. Given two elements
a=d,(A) and b = d,(B) of D, let a <, b if A <, B. Clearly D, = (D,, <.)
is a partial ordering with least element 0, = d, (0, ), where all members of the
sequence (), are equal to (.

Given two sequences A = {A;} and B = {By} of sets of natural numbers let
A® B = {A; @ Br}. Is it easy to see that Jagn = Ja N Jg and hence every
two elements a = d,(A) and b = d,(B) of D, have a least upper bound aUb =
d,(A & B).

Given a set W of natural numbers and k € N, let W[k] = {u : (k,u) € W}.

2.4. Definition. For every W C N and every sequence B = {Bj}r<. of sets of
natural numbers, let W(B) = {W[k](Bx) }k<w-

2.5. Definition. Let A = {Ag}r<w and B = {Bi}r<w be elements of S. Then
A <. B (A is enumeration reducible to B) if A= W (B) for some r.e. set W.

A simple application of the S)*-Theorem shows that A <. B if and only if there
exists a primitive recursive function h such that (Vk)(Ar = W) (Br)).
Let A=, Bif A<, B and B <. A.
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The following facts follow easily from the definitions.

2.6. Proposition. Let A,B € S. Then the following assertions hold:
(1) A<, P(A);
(2) P(P(A)) <e P(A).
(3) A<c B=P(A) <. P(B).

The following Theorem from [?] gives an explicit characterization of the uniform
reducibility.

2.7. Theorem. For every two sequences A and B of sets of natural numbers
A<, B —= A<, P(B).

2.8. Corollary.
(1) Forall Ae S, A=, P(A).
(2) Forall A BeS, A<.B= A<, B.

There is a natural embedding of the enumeration degrees into the w-enumeration
degrees. Given a set A of natural numbers denote by A T w the sequence {Ag tr<w,
where Ag = A and for all k > 1, A;, = 0.

2.9. Proposition. For every ABCN, Alw<, Blw < A<.B.

Proof. Suppose that A T w <, B T w. Then Jpt, C Jap, and hence for every
X C N, Bisre. in X implies A is r.e. in X. By the Selman’s Theorem [?],
A<, B.

The implication A <. B = Jptw C Jatw is obvious. O

Let Dl = {dw(A T W) tA Q N} and Dl = (Dl;Ow; SerI)

Define the mapping x : D. — Dy by k(de(A)) = du(A T w). Then & is an
isomorphism from D, to D; and hence k is an embedding of D, into D,,.

Recall the Rogers’ embedding ¢ of the Turing degrees into the enumeration
degrees defined by t(dr(X)) = do(X*) and let A : Dy — D, be defined by
A(x) = k(1(x)). Clearly A is an isomorphic embedding of Dy into D,,,.

2.10. Proposition. Let A€ S. Then J4 = {x:x € Dr & d,(A) <, A(x)}.

Proof. Let x € J4. Fix an element X of x. Then for all &, A <, (X+)(k) uniformly
in k. Clearly P(X*t 1T w) =, {(XT)®)}, .. From here it follows that A <, X+ 1w
and hence d,, (A) <, A(x).

Let dy,(A) <, A(x). Consider a X € x. Then A <, P(X* | w) and hence for
all k, Ap <. (X1)® uniformly in k. So, x € J4. O

2.11. Corollary. Let a,b € D,,. Then
a<,b <= (VxeDr)(b <, A(x) = a <, A(x)).

For every A€ Sset J§ ={x:x€ D, & d,(A) <o, k(x)}.
Clearly J4 = {x:x € Dy & 1(x) € J§}. Hence for every two sequences A and
B we have that
A<, B < Jg CJ§.
2.12. Corollary. Let a,b € D,,. Then
a<,b <= (xeD.)(b<, kx)=a<, k).
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2.13. Proposition. D is a base of the automorphisms of D,,.

Proof. Suppose that ¢ is an automorphism of D, and ¢(y) = y for y € Dj.
Consider an element a € D,,. Then for all x € D,,

a<, k(x) <= p(a) <u p(r(x)) <= p(a) <, K(x).
Hence a = ¢(a). O

3. THE JUMP OPERATOR

In this section we shall give the definition of the jump operator on the w-
enumeration degrees and study it’s properties.

3.1. Definition. For every A € S let A" = {Pr11(A) trcw-
3.2. Proposition. Let A= {Ap}r<w €S. Then Jo ={a’ :a € Ja}.

Proof. Let a € J4. Since P(A) =, A, a € Jp(4) and hence for some X € a we
have that for all k, Px(A) <. (X+)® uniformly in k. From here it follows that for
all k, Pri1(A) <o (X1))® uniformly in k. Thus a’ € J.

Suppose now that b € J4 . Then for some X € b and for all k, Pry1(A) <.
(X)® uniformly in k. In particular P;(A) <, X*. By Theorem 2.3 there exists
F C N such that Ag <, F™ and (F*) =, X*. Let a = dr(F). Then a € J4 and
a’'=b. O
3.3. Proposition. Let A,B € S. Then the following assertions are true:

(JO) A<, A’

(J1) A<, B=>A <, B
Proof. Clearly A <. P(A) <. A’. Hence A <, A’. Assume that A" <, A. Then
A" <. P(A) and hence P;(A) = Po(A) @& A1 <. Po(A). By the properties of the
enumeration jump the last is not possible.

The condition (J1) follows by Proposition 3.2. O

From (J1) it follows that A =, B = A’ =, B’. So we may define a jump
operation on the w-enumeration degrees by d,,(A)" = d,(A").

From Proposition 3.2 we get immediately the following characterization of the
jump:
3.4. Proposition. Let a,b € D,,. Then

a<,b < (VxeDr)(b<,\x)=a<, \X)).
Proof. Let A € aand B € b. Then
a<,b <<= A<, B < Jp CJ4 — {x' :x€Jg}CJa.
O

Next we show that the jump on the w-enumeration degrees agrees with the
enumeration jump and hence with the Turing jump.

3.5. Proposition. Let x € D,. Then x(x') = k(x)’.
Proof. Let x € D, and X € x. Clearly
PX' T w) = {XP D cw Ze {P1on(X T w)hhcw = (X Tw)

Hence k(x') = k(x)". O
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Using the agreement of the enumeration jump with the Turing jump under the
Rogers’ embedding we obtain and the following:

3.6. Corollary. For every x € Dy, A(x') = A\(x)’
Combining Proposition 3.5 and Proposition 3.4 we get also

3.7. Proposition. For any two w-enumeration degrees a and b,
a<,b < (VxeD.)(b<, kx)=ac<,rx)).

Proof. Let a <, b’. Consider a x € D, and suppose that b <, k(x). Then
b’ <, k(x)' = k(x'). Hence a <, b’ <, r(x').

Suppose now that for all x € D,, b <, x(x) implies a <, xk(x). Then for all
x € Dr, b <, A(x) implies a <, A(x'). Hence a <, b'. O

Givenn > 0, set A™ = {P,;1x(A)} k<. One can easily check that A =, P(A)
and for all n > 0, A"+D =, (AM)Y',

For every w-enumeration degree a = d,,(A), let a™® = d,(A™). Then a® = a
and for all n, a(®*1) = (a(™)’,

Next we turn to the jump inversion problem.

Let us fix a sequence A = { Ay }r<, of sets of natural numbers.

3.8. Definition. Let B € § and n > 1. Then set I'j(B) = {Ck}r<w, Where
(Vk < n)(Cy = Ag) and (Vk > n)(Cx = Pr_r(B)).

3.9. Proposition. Let A" <, B. Then the following assertions hold:
(1) A<, I3(B).
(2) Ix(B)™ =, B.
(3) If A<, C and B <, C™ then I3 (B) <, C.

Proof. The assertions (1) and (2) follow directly from the definitions. To prove (3)
suppose that A <, C and B <, C™. Then for all k, P(B) <. Pnir(C) uniformly
in k. Since A <, C, for all k < n, Ay <. Pi(C). Thus I’;(B) <. P(C) and hence
I'i(B) <. C. O

Let us mention some other obvious but useful properties of the invert operation
Iy:

(10) I (AM) =, A.

(I1) Let A, A* € S. If for some B,C € S, I'{(B) =, I’;.(C), then

(VE < n)(Pr(A) =, Pr(A")).

(I2) If B =, C then I'{(B) =, I';(C).

(I3) If (Vk < n)(Pr(A) = Pr(A*)) then for all B € S, I';(B) =, I'}.(B).

Let a,b € D, and n > 1. Let A € aand B € b. Set I} (b) = d,(I4(B)). By
(I12) and (I3) I7(b) is a correctly defined binary operation on D,,,.

Proposition 3.9 has several corollaries which look surprising and show that the

jump operator on the w-enumeration degrees possesses some nice properties which
are not true neither for the Turing nor for the enumeration jump.

3.10. Proposition. Leta,b € D, and a™ <, b. Then I?(b) is the least element
of the set {x:a <,x & x(m) = b}.
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3.11. Proposition. For everya € D, andn > 1,
(x™:a<,x<,a}={y:a™ <, y<,aV}.
Proof. Clearly for every x € [a,a’], x(™ ¢ [a(® a(**D)].
Suppose now that a®™ <,y <, a1 and set x = I?(y). Then a <, x and

x(M) = y. It remains to show that x <., a’. Indeed, we have that am <, y and
y <., a®*b = (a’)("), Hence, by Proposition 3.9, x <, a’. O

Given w-enumeration degrees a <, b, denote by D, [a,b] the structure ({x :
a <, x <, b}, <, [a,b]).
3.12. Proposition. Leta € D, andn > 1. Then
D,la™ at ] ~ D, [a, I (D).
Proof. Tt follows easily from Proposition 3.9 that if a(™) <, x,y then
x <,y = Ii(x) <, I2(y)

So to conclude the proof it is enough to show that if a <, x <, I?(a®*1) then
x = I7(x(™). Indeed, let A € a and X € x. Then A <, X and X' <, [ (AM+Y),
From here it follows that for all k < n, Py(A) <. Pr(X) <. Pi(A). Therefore
(Vk < n)(Pr(X) = Pr(A)). Then X =, I4(X™) and hence x = I7(x(™). O

The last Proposition shows that D,[a, a’] contains a substructure isomorphic to
D, [a™ ar+1)],

Denote by D, the structure (D,;0,; <,;") of the w-enumeration degrees aug-
mented by the jump operation.

In the remaining part of this section we shall show that D; is first order definable
inD, .
3.13. Definition. Given a a,x € Dy, set [,(x) = I1(x) and let

Ta = {I.(x) : a' <, x}.
Notice that
z€l, < a<,z& Vy)a<,y &y =72 =z<,y).
Hence there exists a fist order formula ® with two free variables such that
D, | ®(z,a) — z € T,.
3.14. Proposition. Let a =d,(A) and b =d,(B). Then
ToCTIp < b<,a& Ay =. By.

Proof. Let T, C Ip. By (I0) a € Z, and hence a € Zy,. Then a = I(x) for some
x such that b’ <, x. Therefore b <, a. On the other hand a = I,(a’) = Iy(x).
Hence by (I1) Ay = Py(A) =. Po(B) = By.

Suppose now that b <, a and Ay =. By. We have to show that for every x such

that a’ <, x, Ia(x) € Zp. Indeed, note that b’ <, a’ <, x and hence I,(x) € Ty,.
From Ag =. By by (I3) we get that I (x) = Ia(x). O

3.15. Corollary. IfZ, =1} then a=Db.

3.16. Proposition. For all a € D,
aeD — (Vb)(Za Cly=1I,= Ib).
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Proof. Let a = d,(A 1 w) € D;. Suppose that b = d,(B) and Z, C Zp,. Then
A =, By and hence A T w <, B. So a <, b. By the proposition above Zy, C Z,.
Suppose now that (Vb)(Zo C Ty, = Za = Zp). Consider a sequence A € a. Set
B = Ay Twand let b=d,(B). Notice that b € D;. Clearly b <, a. Therefore by
the proposition above Z, C Zy,. Then Z, = 7. From here we get that a = b and
hence a € Dy O

3.17. Corollary. D, is first order definable in D, .

4. THE AUTOMORPHISMS OF D’

The definability of D; shows that every automorphism of D, induces an auto-
morphism of the structure D; and hence of the structure D,. On the other hand,
since D; is a base of the automorphisms of D,, we have that if two automorphisms
of D’ induce the same automorphism of D, then they coincide. In particular every
nontrivial automorphism of D,,” induces a nontrivial automorphism of D,.

Now we shall show that every automorphism of D, can be extended to an au-
tomorphism of D,,’. We start by recalling some facts about the automorphisms of
Dr.

Denote by D7’ the structure of the Turing degrees augmented by the Turing
jump operator and by D, the structure of the enumeration degrees augmented by
the enumeration jump.

The following Theorem is proved by RICHTER[?], see also [?]:

4.1. Theorem. Let a,b € Dr. Suppose that Dr'la,00] ~ Dr'[b,00]. Then
a® <. b®),

As a corollary Richter obtained the following fact about the automorphisms of
DTIZ
4.2. Theorem. Let ¢ be an automorphism of Dr’. Then ¢(a) = a for all a above
0.

Using Theorem 4.1 one cane obtain similar results about D,’.

4.3. Theorem. Let a,b € D, are such that D,'[a, 00] ~ D,[b,00]. Then a® <,
b®).

Proof. Let ¢ be an isomorphism from D,'[a, oo] to D,/ [b, cc].

We shall show that ¢ maps the total enumeration degrees above a’ onto the
total enumeration degrees above b’. Indeed, consider a total degree x above a’. By
Theorem 2.3 there exists a y such that a <.y and y’ = x. Then

p(x) = o(y') = o)
Since every jump is a total degree ¢(x) is total. Clearly b’ = p(a’) <. ¢(y’) = ¢(x).
Suppose now that b’ <, y and y is total. Since ¢! is an isomorphism from
D./'[b, ] to D.'[a, 0], p~(y) is total and a’ <. p~1(y).
Define the mapping v on Dr[t~1(a’), 00] by v(x) = ¢t~ 1(¢((x))). Clearly v is an
isomorphism from Dy'[t=1(a’), o0] to D7’[t = (b’), 00]. By Theorem 4.1 .~ (a’)? <
1= (b)), Hence a® <, b®. O

As a corollary we obtain the following property of the automorphisms of D.’
whose proof follows along the lines the proof of Theorem 4.2 presented in [?].
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4.4. Theorem. Let ¢ be an automorphism of D.'. Then ¢(x) = x for all x above
0.@.

Proof. Consider first a total degree ¢ greater than 0.Y). By Theorem 2.3 there
exists an enumeration degree a such that c =aU 0.4 =a®,
Let d = ¢(c) and b = p(a). By the previous Theorem b <, b®) <, a®).
Clearly b™) = p(a®) = ¢(c) = d.
On the other hand,

bW = p(a®) = p(au0,¥) = p(a)uo. Y =buo,®.

Henced =buU 06(4) <.,aW® =c.

Using the fact that ¢! is also an automorphism of D,’ we obtain by the same
reasoning that ¢ <. d. Thus ¢ =d.

Let x be an arbitrary enumeration degree greater than 0.®. By ROZINAS[?]
there exist total enumeration degrees a and b such that x =anNb. Then

p(x) = p(anb) =p(a)Nep(b) =anb=x.
O

Now we are ready to show that every automorphism of D.” can be extended to
an automorphism of D,,’. Let us fix an automorphism ¢ of D,’.

Consider a sequence A = {Aj}r<, of sets of natural numbers. We shall show,
that one can construct a sequence B such that Jg = {¢(x) : x € J4}. Indeed, let
pPr = de(Pr(A)). Notice that if k > 4 then pi > 0™ and hence ¢(py) = pk.

Fix some elements By, By, B2, B3 of ¢(po), ¢(p1), ¢(p2) and ¢(ps) respectively
and let for k > 4, By, = Pi(A).

4.5. Lemma. Jg = {p(x) : x € J}.

Proof. Let x € J4 and let X € x. Then A <, X 1 w and hence P(A) <.
{X®)}, . Consider a set Y € ¢(x). By Theorem 4.4 X =, Y4, Therefore
for all k > 4, X® =, Y®) uniformly in k. Clearly By <. Y for k < 3. So,
B <, {Y®}, ... Thus p(x) € Jg.

Suppose now that y € Jg and let y = ¢(x). Let X € x and ¥ € y. Then again
X® =, Y@, From here it follows as in he previous case that P(A) <, {X®}, .,
and hence x € J4. (I

Let us define the mapping ® on D,, as follows. Given an element a € D,,, consider
a sequence A € a and construct the sequence B as above. Let ®(b) = d,(B). By
the Lemma the mapping ® is correctly defined, it is injective and preserves the
partial ordering ” <, 7. So to prove that ® is an automorphism of D, it is enough
to show that ® is onto. Indeed, let b = d,,(B). Since ¢~! is an automorphism of
D.' there exist a sequence A such that J§ = {¢ ! (x) : x € Jg}. Let a = d,,(A)
and ®(a) = d,(B*), where Jg. = {p(x) : x € J4}. Then Jz = J4 and hence
®(a) =b.

The following Lemma follows directly from the definition of ®:

4.6. Lemma. For every a € D,
{y:y€eD. & ®(a) <, k(y)} ={ox):x €D, & a <, k(x)}.
4.7. Corollary. For every a € D., ®(k(a)) = r(p(a)).
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Proof. Let a € D,. Clearly for every y € D,

O(r(a)) <u k(y) = nla) <o w(e™'(y) =

a<c.p ' (y) &= v(a) <cy = klp(a)) <u k().
Thus ®(k(a)) = k(p(a)). O
4.8. Corollary. For every a € D, ®~!(x(a)) = (¢ ~1(a)).

Proof. Let a € D.. Then k(a) € D; and hence by the definability of Dy, ®~1(k(a)) €
Dy Then p(n~ (87 (5(a))) = 5~ (B(® ! (5(a))) = a.

Hence k=1 (®1(x(a))) = ¢~ !(a). From the last equality it follows immediately
that @~ 1(k(a)) = k(p~1(a)). O

It remains to show that ® preserves the jump operator.
4.9. Lemma. For every a € D,,, ®(a’) = &(a)’.

Proof. Let us fix an element a of D,,. First we shall show that ®(a’) <, ®(a)’. For
we are going to use Proposition 3.7. We need to show that for all x € D,

d(a) <, k(x) = &(a’) <, k(x).
Notice that 90*1 is an automorphism of D,’. Let x € D,.. Then
d(a) <, k(x) =>a <, P Hr(x) = a <, k(e H(x) =
a' <, k(e (%) = a' <y K(pTH(X) > @(@) <o k(X))
To prove the reverse inequality we shall show that for all x € Dy,
d(a’) <, A\x) = ®(a)’ <, A\(x).
Let x € Dr and ®(a’) <, A(x). We have that 0, <, a’ and hence
(0./) = r((0.))) = £(0.') <., V() <u AX).

So k(0.") <, A(x). Since A(x) = k(i(x)) and 0, = +(07"), we get from here that
07’ <7 x. By the Friedberg’s Jump inversion Theorem there exists a y € Dy such
that y’ = x. Then

O AX)) = w(e™ (L)) = 5™ (uy)))-
Clearly b = ¢ 1(i(y))’ is a total enumeration degree and a’ <, r(b). By

Theorem 2.3 there exists a total enumeration degree z such that z’ = b and a <,
k(z). So

©(a)’ <, @(k(2))" = k(p(2)) = K(p(z)) = k(b)) = Ax).

Combining all sofar proved properties of ® we obtain the following:

4.10. Theorem. For every isomorphism ¢ of D.’ there exists a unique automor-
phism ® of D, such that:

(1) (Vx € De)(P(k(x)) = r(p(x)))-

Proof. We need to show only that ® is unique. Indeed let us suppose that ®; and
®, are automorphisms of D, satisfying (1). Then for all y € Dy, ®1(y) = ®2(y).
Since D; is a base of the automorphisms of D,,, &1 = P5. O
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4.11. Corollary. The groups of the automorphisms of D.' and of the automor-
phisms of D, are isomorphic.

Proof. Given an automorphism ¢ of D.’, let A(¢) be the automorphism ® of D,,’
satisfying (1). Clearly A is well defined and injective.

Suppose that ® is an automorphism of D,,". By the definability of Dy, ®(y) € D
for every y € D;. Define ¢ on D, by

p(x) = £ H(2(r(x))).
On can easily see that ¢ is an automorphism of D.” and that ¢ and ® satisfy (1).

So A is one to one.
It remains to show that for any two automorphisms ¢; and ¢, of D,’,

Ap1 0 92) = A1) o A(p2).
Set @ = A(p1 0 p3a), 1 = A(p1) and Py = A(p2). It is enough to show that for
all x € D,, ®(k(x)) = Po(P1(k(x)). Indeed, let x € D.. Then
P(r(x)) = K(p2(p1(x))) = Pa(k(p1(x))) = Po(P1(k(x))).
O
In [?] KALIMULLIN proved that the enumeration jump operator is first order

definable in D.. Hence the groups of the automorphisms of D, and D.’ coincide.
So we may reformulate the last Corollary as follows:

4.12. Theorem. The groups of the automorphisms of D. and of D, are isomor-

phic.

The established connection between the automorphisms of D, and D.’ has the
following corollary which shows that every automorphism of D, is the identity on
the cone above 0, 4,

4.13. Theorem. Let ® be an automorphism of D,'. Then ®(a) = a for all a
greater than 0,®).

Proof. Let ¢ be an automorphism of D.” such that for all x € D., ®(k(x)) =
r(p(x)). Let 0, <, a. Clearly 0, <, ®(a). Then for all x € D,
a<, k(x) <= P(a) <, P(k(x)) <= P(a) <, k(p(x)) = P(a) <, K(x).
O

5. JUMPS OF THE w-ENUMERATION DEGREES BELOW 0’

The sofar obtained results show that the structures D.” and D, are closely
related but not elementary equivalent. As we shall see in this section the structure
D,’ contains new explicitly defined elements which can be used to characterize the
low and the high degrees not only in D,, but also in D, and Dr.

5.1. Definition. Let n > 1. An w-enumeration degree a < 0, is high n if
a =0,V The degree a is low n if a(® = 0,,(™.

Denote by H,, the set of all high n degrees and by L,, set of all low n degrees.
Clearly a Turing degree x is high (low) n if and only if A(x) € H,(L,) and an
enumeration degree y is high (low) n if and only if k(x) € H,(Ly,).
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Set
H=|JHy L=|JLyandI={a<,0,:a¢ (HUL)}.
n>1 n>1

Clearly the classes H,L and I are invariant under the automorphisms of D’
and hence one can expect that they admit a natural characterization.

Given an > 1 set o, = Ig (Ow("ﬂ)). In other words o, is the least among the
degrees a such that a® = 0,1 Clearly if a <, 0./, then a € H,, < o,, <,
a.

It follows from the definition of the invert operation that for every n > 1, o, =
d,({O} }r<w), where OF =0 if k < n and O} = PE+D if n < k.

Set 0oy = 0,,’. The following facts are immediate from the explicit definition of
the degrees o,:

(01) (Yn)(ont+1 <w on & 0py1 # 0n).

(02) (Yn)(Dylons1,0n] = De[0.™, 0,1,

(03) If x € D, and k(x) <, 01 then x = 0,.

5.2. Definition. An w-enumeration degree a is almost zero (a.z.) if (Vn)(a <, o).

Clearly 0, is a.z. Actually there exist infinitely many a.z. degrees. To prove
this we need the following explicit characterization of the a.z. degrees:

5.3. Proposition. A degree x is a.z. if x <, 0, and there exists a sequence
{ X1 eew € x such that (V) (X}, <. 0).

Proof. Suppose that x is a.z. Clearly x <, 0,,’. Let {X}}x<o € x. Fix a k. Since
X <4 Okt 1, Xp <e Pr({OFt1Y,, ) and hence X, <, (%),

Now let { X }r<w be a sequence of sets of natural numbers which is uniformly
reducible to ), and such that (vn)(X}, <. 0*)). We shall show that for all n > 1,
{Xi} <u {O}}k<w. Indeed, fix a n > 1 and set O™ = {Of }r<.. Clearly for all
E>n, X <c Pr(0.") = Pp(O™) uniformly in k. If k < n then P(O") =, )
and hence X}, <, Pr(O™). Thus {X;} <, O™. O

Using Proposition 5.3 and the definition of the invert operation we obtain im-
mediately the following property of the a.z. degrees:

5.4. Proposition. Let d be a.z. then (Vn)(I1§ (d™)=d).
5.5. Corollary. Letd # 0, be a.z. Then d € 1.

Proof. Since (Yn)(d <, o0,), d ¢ H. Assume that d € L and let d™ = 0,™.
Then d = Iy (0,) =0,. A contradiction. O

5.6. Proposition. There exist nonzero a.z. degrees.

Proof. We shall construct a sequence D = { Dy }r<. of finite sets so that D %, 0,
and D <, 0,

Let go, ..., 9k, ... be an effective enumeration of all primitive recursive functions
and Wy, ..., Wy ... be a Gédel enumeration of the r.e. sets.
Set

D= 10 AH0E W00

{0}, i 0 & Wy, iy (0);
Let D = {Dj}k<w. From the definition of the sets Dy it follows that there does
not exist a primitive recursive function g such that (Vk)(Dy = Wg(k)(@(k))). Thus
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D %, P(0,) and hence D £,, 0,,. On the other hand, using the oracle #*+1) on can
decide uniformly in k& whether 0 € Wy, () (#®)). Therefore D <. P(f),,’) and hence
D <, 0. O

5.7. Corollary. There exist infinitely many a.z. degrees.

Proof. Let d # 0, be a.z. By the density of the w-enumeration degrees below 0./,
see [?], there exists a x such that 0, <, x <, d. Clearly x is also a.z. O

In the rest of the paper we are going to prove the following two theorems which
characterize the classes H and L by means of the almost zero degrees:

5.8. Theorem. Leta <, 0,'. Thena€ H < (V a.z. d)(d <, a).
5.9. Theorem. Leta <,0,". Thenac€ L < (Va.z. d)(d<,a=d=0,).

Before starting with the proofs let us mention the following corollary of Theo-
rem 5.8:

5.10. Corollary. The ideal of all a.z. degrees does not have a minimal upper
bound below 0,,’.

Proof. Let a <., 0, be an upper bound of all a.z. degrees. By Theorem 5.8 a € H
and hence a € H,, for some n > 1. Then o, < a and hence 0,41 <, a. Clearly
Op+1 is an upper bound of all a.z. degrees. ]

The proofs of Theorem 5.8 and Theorem 5.9 use the notion of good approxzimation
of a sequence of sets of natural numbers. This notion is introduced in [?] and is
based on the notion of good approximation of a set of natural numbers from [?].

5.11. Definition. Let B = {By}r<w. be a sequence of sets of natural numbers. A
sequence { B} } of finite sets recursive in k and s is a good approzimation of B if the
following three conditions are satisfied:
(1) (Vs)(Vk)[B; € By = (Yr <k)(B; C B,)].
(i) (vn)(¥K)@s)(Vr < K)(B. I n C B} C By).
(iii) (Vn)(Vk)(3s)(Vt > s)[BL C By, = (Vr < k)(B, | n C BL)].

If {B;}} is a good approximation of the sequence B = {Bj }r<w, then by Gj we
shall denote the set of all k-good stages, i.e the set of all s such that Bj C Bj.
Clearly G, O Gy, for all r < k.

5.12. Definition. Let A = {Aj}r<w and B = {Bj}r<w be sequences of sets of
natural numbers and let {B};} be a good approximation of B. A sequence {Aj} of
finite sets recursive in s and k is a correct (with respect to {Bj}) approzimation of
A if the following two conditions hold:
(C1) (v, 8)(BY C By = (vr < K)(A2 € 4,)).
(C2) For all natural numbers k, n there exists a v such that if s > v and B} C By,
then (Vr < k)(A, [ n C A2).

Given an r.e. set W, and s € N, set
Was ={z: 2 < s & {a}(z) halts in less than s steps}.

The following lemma is an analogue of Lemma 2.2 from [?] and can be proved
by similar arguments.
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5.13. Lemma. Let {B}} be a good approzimation of the sequence B. Let W, be
an r.e. set. Then {W, s[k](B})} is a correct approximation of W(A).

The proof of the following proposition can be found in [?].

5.14. Proposition. Let A <, 0,'. Then there exists a sequence P of sets of
natural numbers such that P(A) =. P and P has a good approximation.

5.15. Theorem. Let a € I. Then there exists an a.z. degree d such that d £, a.

Proof. Leta € I and A € a. Clearly P(A) <. P(0,). Fix asequence P = { Py }r<w
such that P =, P((,') and there exists a good approximation {P}} of P. Clearly
P(A) <. P and hence there exist a correct (with respect to {P;}) approximation
[PR(A)} of P(A).

We have that for all k, Py £. Pir(A). Indeed, assume that for some k, P, =,
Pu(A). Since P =, P(0,") and P(0,') =, {#¥+D} i, we get that PEHD =,
Pr(A). Then for all 7 > k, §*+147) <_ Py, .(A) uniformly in r which shows that
A®) =, 0,% Y Hence a € H. A contradiction.

5.16. Lemma. Let V be an r.e. set satisfying the following requirements for all
k<w:

(Fy) VIk](Px) is a finite set.

(Nk) Wi(Pi(A)) # VIE](Pr).
Then d = d,(V(P)) is a.z. and d £, a.

Proof. Clearly the sequence V(P) = {V[k](P:)} is uniformly reducible to (), and
(VE)(V[K](Py) <. 0%®)). Thus by Proposition 5.3 d is a.z. Assume that d <, a.
Then V(P) <. P(A) and hence there exist a primitive recursive function g such
that for all &k, V[k](Pr) = W) (Pr(A)). By the Recursion Theorem there exists a
k such that Wy, = Wy () and hence V[k](Py) = Wi(Pr(A)). A contradiction. [

So to conclude the proof of the Theorem it is enough to construct an r.e. set V'
satisfying the requirements (Fj) and (Ny) for all k.

The construction of V' will be performed on stages. At every stage s we shall
construct effectively a finite set Vs so that Vi C V41 and set V =JVs.

Let Vo = 0 and suppose that Vi is constructed.

5.17. Definition. Given two sets X and Y of natural number let
PX,)Y)=max{n<s: Vzr<n)(z e X < z€Y)}.
For every k < s we act for the requirement (Ny) as follows. Let
lp = P (Whs(PE(A)), Vs (BY))-
For every x < [j if x € P? then we enumerate ((k,x),P;) in V[k|, i.e. we put

<ka <<k,l‘>, P]§>> in Ve+1'
End of the construction

5.18. Lemma. All requirements (Ny) are satisfied.

Proof. Fix a k. Assume that Wy (Pi(A)) = VI]k](Px). Recall that a stage s is
k-good if P} C Pj.

We shall show that (Va)((k,z) € V[k|(Py) <= =z € Py). Indeed, let (k,x) €
V[k](Pg). Then there exists an axiom ((k,z), D) € V[k] such that D C Pj. From
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the construction of V it follows that this axiom is enumerated by the requirement
(Ng) an hence for some s, D = P and @ € P;. Since P =D C Py, x € P,
Suppose now that z € Pj. Since Wi(Pr(A)) = VI[k](Py) there exists a k-
good stage s such that < I} and = € P;. Then, by the construction of V,
(k,x) € Voy1[k](PF) and hence (k,z) € V[k](P).
Thus (Vz)(z € P, < (k,z) € VIk](P) < (k,x) € Wi(Pi(A))). Hence
P <. Pr(A). A contradiction. O

5.19. Lemma. All requirements (Fy) are satisfied.

Proof. Fix a k. By the construction of V for all y,
y € VIK(Py) <= (Fz,5)(y = (k,z) & (y, ) € VIK] & B¢ C Py).

Notice that an axiom of the form ((k, z), P;) can be enumerated in V[k] only by
the requirement (V).
By the previous Lemma Wy (Px(A)) # V[k](Py). Fix a n such that

Wi(Pr(A))(n) # VIE|(P)(n).

By the definition of the good approximations there exist a stage v such that for all
k-good stages s > v, I} < n. Hence if at a k-good stage s, ((k,z), P$) is enumerated
in V[k], then z < s < v or x < n. Thus V[k](Py) is finite. O

The proof of the Theorem is completed. O

Proof of Theorem 5.8. Let a <, 0,’. Assume that a € H. Then a € H,, for some
n > 1 and hence o0,, <, a. Therefore for all a.z. d, d <, o,, <, a.

Assume now that a is above all a.z. degrees. Let d be a nonzero a.z. degree.
Then for all n, 0, <, d™ <, a(™ and hence a ¢ L. By the previous Theorem,
a¢gl Thusae H. ]

5.20. Theorem. Let a € I. There exists a nonzero a.z. degree d <, a.

Proof. Fix a sequence A € a and let {P}} be a good approximation of a sequence
P such that P =, P(A). Clearly P(f,,) <. P and hence there exists a correct (with
respect to {P¢}) approximation {Z;} of P(0,,).

Given a sequence B = { By }r<w, let B* = {Bi11}x<w- Notice that B’ = P(B)".
Set BO*) = B and B(+1)*) = Bn)*,

Clearly if B <. C then for all n, B <. C("*) and there exists a recursive
function g such that (Vn)(B™) = W, (C™*))). In particular, for all n, B <,
B =p(B)),

Clearly (Vn)(A™ = P(A)) =, p),

Notice that if { B} } is a good approximation of B then {B;_,} is a good approx-
imation of B(*). Hence {P; .} is a good approximation of P and {Z; 1) isa
correct (with respect to {P;, ;. }) approximation of 0,

We shall construct an r.e. set V satisfying the following requirements for all
1€ N:

(Fy) V[i](Pi) < 0.

(N2) W@, # v (P)™.

5.21. Lemma. Suppose that V is an r.e. set satisfying for all i the requirements
(F}) and (N;). Then d = d,,(V(P)) is a nonzero a.z. degree below a.
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Proof. Clearly d <, a. Since V satisfies the requirements (F;) the degree d is a.z.
It remains to show that d # 0,,. Assume that d = 0,,. Then V(P) <. P(0.) and
hence there exists a recursive function g such that for all 4,

V(p)(i*) — Wg(i)(ww(i))-
By the Recursion Theorem there exists an ¢ such that W; = Wy ;). Then
V(P)™) = Wi(0,").
A contradiction. O

We shall construct V' on stages. At every stage s we shall define effectively a
finite set V5 so that V; C Vi1 and let V = V5.
Set Vo = 0 and suppose that V is defined.

5.22. Definition. Given sequences X = {X;} and Y = {Y;}, let
P, Y) =max{u:u<s & (Vk,z) <u)(Xg(z) =Yi(x))}
For every ¢ < s we act for the requirement (N;) as follows. Let

U =1sWis({Z kte<w)s AVali + KJ(Pipg) br<w)-

For every pair (k,r) <[ such that x € P? , we enumerate the axiom ((i, z), P, )
in V[i + k].

End of the construction.

Notice that for every j the set V[j] consists of pairs ((i, z), P}), where i < j.

5.23. Lemma. All requirements (N;) are satisfied.
Proof. Fix an i and suppose that W;(0,”) = V(P)@). We shall show that for all
k,
(2) (i,2) € V[i+ E|(Pitr) < 2 € Pitk.
Let (i,z) € V[i + k](P;1r). Then there exists an axiom ((i,z), D) € V[i + k| such
that D C P;yx. By the construction of V, D = P7,, for some s such that = € P}, ;.
Hence z € Pk

Assume now that © € P;1x. There exists an (i + k)-good stage s such that
i <s, (k,z) <15 and x € P?,. Then ((i,z), P’ ;) € Vii1[i + k] and hence
(t,2) € Vi + E|(Pitr)-

It follows from (2) that

(Vk,x)((z,x) S Wl[k](’Pz+k(®w)) <~ T E Pi+k)~

and hence A® =, P <_ 0@ The last shows that a € L. A contradiction. [J
5.24. Lemma. All requirements (F;) are satisfied.

Proof. Let us fix a j € N. We need to show that V[j](P;) <. #U). Clearly
VIiI(Py) = (LG, 2) : (i, 2) € VI(P))}-
i<j
So it is enough to show that for every 7 < 7,
Xi=A{z: (i,x) € V[jI(P;)} <e Pi (D).

Fix an ¢ < j and set k = 5 — i. We shall consider two cases:
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a) There exists a u € N such that for all j-good stages s > i, [ < u. Suppose that
(i,2) € V[j](Pj). Then there exist a j-good stage s > i such hat (k,z) <1 < u.
Hence X; is finite.

b) For every u there exists a j-good stage s > i such that u < I?.

We shall show that V[j](P;) = W;[k](P;(0.)).

Let = € W;[k](P;(0.,)). By the properties of the correct approximations there
exists a v such that for all j-good stages s > v, x € Wls[k](Zj) Let s be a j-good
stage such that max(v, (k,x)) < 7. Then v < I} < s. Clearly x € W;[k](Z3).
Hence x € V,[j](P}) and therefore z € V[]](P;).

Let x € V[j](P;). Fix a v such that for all j-good stages s > v, x € V,[j](F}).
Consider a j-good stage s > v such that (k,z) <17. Ten z € W; 4[k](Z?) and hence
x € Wilk](P;(0..))-

So we obtain that

reX; < (i,x) € W;[k](P;(0.))
Hence X; <. P;(0.). O

The proof of the Theorem is concluded. O

Proof of Theorem 5.9. Let a <, 0,

Assume that the only a.z. degree below a is 0,. Since there exist nonzero a.z.
degrees a ¢ H. By the previous Theorem a ¢ I. Thus a € L.

Suppose now that a € L. Let d be an a.z. degree below a. Then for some n,
d™ <, a™ =0, Hence d™ = 0, . Therefore d = 0,,. (Il
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