COMPUTABILITY I N COMBI NATORY SPACES

AN ALGEBRAI C GENERALI| ZATI ON
OF ABSTRACT FI RST ORDER COMPUTABI LI TY

Dmter G Skordev

Faculty of Mathematics and Conputer Science
Sofia University, Sofia, Bulgaria

1991



TO THE MEMORY OF MY PARENTS



CONTENTS

PREFACE Vii
CHAPTER 1. COWVPUTATI ONAL STRUCTURES AND COVPUTABI LI TY ON

THEM
1. Conputational structures 1
2. Conputability of partial functions with respect to a

gi ven conputational structure 5
3. On a procedure for generating the unary parti al

recursive functions 10
4. On the interconnection between programmability in a

FP- systemand u- conputability 15
5. Conputability of multiple-valued functions with

respect to a given conputational structure 21
6. The recursively enunerable binary relations

considered as nultipl e-val ued functions 25
7. On the notions of prime and search conputability 28
8. Conputability in the case of unproductive termnation

taken into account 35
CHAPTER | 1. COVBI NATORY SPACES
1. The notion of conbinatory space 44
2. The conpani on operative space of a conbi natory space 66
3. lteration in conbinatory spaces 72
4. On least fixed points in partially ordered sets 82
5. The conpani on operative space of an iterative

conbi nat ory space 102
6. Left-honmpbgeneous nmappi hgs and | east fixed points

connected with them 106
7. Sone formal systens for the theory of iterative

conbi nat ory spaces 119
CHAPTER II'1. COWPUTABI LI TY | N | TERATI VE COVBI NATORY SPACES
1. Explicit and fixed-point definability in partially

ordered al gebras 131
2. Conputable elenments and nappings in iterative

conbi nat ory spaces 142
3. Representation of the partial recursive functions

in iterative conbinatory spaces 155
4. The First Recursion Theoremfor iterative

conbi nat ory spaces 170
5. Application of the First Recursion Theoremto sone

concrete iterative conbinatory spaces 189



CONTENTS

Nor mal Form Theorens for conputable el ements
and mappings in iterative conbinatory spaces
Uni versal conputable elenents in iterative
conbi nat ory spaces

A notion of search conputability in iterative
conbi nat ory spaces

On the formalization of the proof of the First
Recur si on Theor em

APPENDI X. A SURVEY OF EXAMPLES OF COMBI NATCORY SPACES

1
2
3
4
5.
6
7
8
9.
1

I nt roductory renarks

A recapitulation of the exanples presented so far
Furt her exanpl es of conbinatory spaces consisting
of fuzzy binary relations

Probabi |l i stic exanples of iterative conbinatory
spaces

Combi nat ory spaces of functionals

Combi nat ory spaces connected with conplexity of
data processing

Combi nat ory spaces connected with side effects of
data processing

Some conbi natory spaces of set-valued partia
mappi ngs

Some conbi natory spaces of hybrid nature

0. Products of conbinatory spaces

REFERENCES

ADDI TI ONAL BI BLI OGRAPHY
| NDEX OF NANMES

| NDEX OF DEFI NI TI ONS

202
208
215
222

234
235

240

248
268

281
286
289
295
298
301
311
315

317



PREFACE

About thirty years ago, |ogicians and computer scien-
tists, nore or |ess independently, began to study systemati -
cally conputability and conputations on abstract al gebraic
structures. The papers Frarssé [1961], Laconbe [1964,

1964 a], Kreisel [1965] are anong the earliest in this di-
rection, which are witten by |ogicians, and the papers
Ershov [1958] and Mc Carthy [1962, 1963] are anpng the first
ones, whi ch approached the same problens fromthe other
side. A series of other essential contributions to the field
have been done, and a theory of conputability arose, gener-
alizing the ordinary recursive function theory (the nono-
graphs Fenstad [1980] and Fitting [1981] give a conprehen-
sive account of certain directions of this general theory).

The present book is a nonograph on a further generali z-
ation of a part of the general theory in question, nanely of
the theory of abstract first order conputability fromthe
paper Moschovakis [1969]. Wen readi ng that paper, the pres-
ent author was, in particular, intrigued by the using of
nmul ti pl e-val ued functions init. In 1974 he observed certain
useful al gebraic properties of the operations on such func-
tions. This step enabled himto nake a further one, nanely
to generalize certain notions and results of the theory of
the abstract first order conmputability in such a way that
al so the role of functions can be played by objects of sone
nore general nature. It has been proposed to use as such
function-1like objects the elenents of appropriate partially
ordered al gebraic structures, called conbinatory spaces.
Anong al | possi bl e conbi natory spaces the so-called iter-
ative ones turned out to be suitable for the devel opnent a
theory of conputability. Various exanples of such structures
have been found, and the intuitive idea about nost of these
exanpl es can be described as foll ows.

It is usual to study data processing devices (in par-
ticular, conputational procedures) by nmeans of sonme nat h-
emati cal nodel s which describe their behaviour. The nost
frequently used nodel is the input-output relation show ng
whi ch are the possible output data corresponding to any con-
crete instance of the input data (in the case of a determ n-
istic device, this relation is the graph of a partial func-
tion). One could supplenent this nodel with information
about those instances of the input data at which sone un-
pl easant effects during the work of the device are possible,
such as, for exanple, unproductive termnation, rise of a
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failure or entering into an infinite |loop. A further nodel
arises if, in conjunction with this supplenment, one neglects
the informati on about the possible output data correspondi ng
to such unsafe instances of the input data and renoves this
information fromthe nodel. In the case of a probabilistic
device, the appropriate mat hemati cal nodel would be not a
rel ation, but a real-valued function showi ng, for each con-
crete instance of the input data, which are the probabil -
ities of the various possible output data. Many ot her kinds
of mathematical nodels can turn out to be appropriate in
different situations. An inportant point is that there are
some wi dely used ways of conbining data processing devices,
and to this ways usually sonme operations on the mathemati cal
nodel s of the devices correspond. For exanple, one can usu-
ally define an associ ative operation of conposition of the
mat hemati cal nodels, which corresponds to sequential conpo-
sition (piping) of the devices. In nost exanples of conbina-
tory spaces, the elenents of the space can be regarded as
possi bl e mat hemati cal nodels (of sone fixed kind) corre-
sponding to concrete data processing devices, and the al -
gebrai c operations on these elenments will correspond to sone
ways of conbi ning the devices.

The above intuitive idea gives an explanation of our
choice of the term"conbinatory space". The adjective "com
bi natory"” is connected with conmbining the devices, and there
is no close connection between our theory and Conbi natory
Logic (although simlarities in certain respects can be ob-
served). A conbinatory space can be regarded as a system for
functional progranm ng, dealing with sone kind of function-
| i ke objects, and the FP—systens from Backus [1978] are a
particul ar case of this.

A mat hemati cal theory of a general nature nust be justi-
fied by the existence of sufficiently many exanpl es. But
this is not enough. The theory nust al so contain serious
mat hemati cal results. W hope that such is the case of the
t heory of conbi natory spaces. At this nonent we cannot enter
into details, and we shall only mention that our generaliz-
ation of the recursive function theory contains (anong ot h-
ers) such results as First Recursion Theorem Nornmal Form
Theorens, Theorem on Exi stence of Universal Conputable El-
enents with Second Recursion Theorem Mbreover, the corre-
sponding results fromthe ordinary recursive function theory
and from Moschovaki s’ theory of the abstract first order
conputability can be obtained as particular instances. W
note also that the notions of prine and search conputability
fromthe latter theory obtain characterizations, which are
sinpler and easier to use than the definitions in the paper
Moschovaki s [ 1969].

As al ready nentioned, the theory of conbinatory spaces
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arose about 1974. Before 1980, parts of it have been pres-
ented in the papers Skordev [1975, 1976a—e, 1977, 1978,
1979] and lvanov [1978] (in the paper Petrov and Skordev
[1979] an attenpt is nmade to use categories instead of sem -
groups, but the success is only partial). The state of this
t heory about the beginning of 1978 is presented in the nono-
graph Skordev [1980]. During the tinme, when that book was in
print, and |ater, many additions and inprovenents have been
done (in particular, one of the conditions in the definition
of the notion of conbinatory space has been consi derably
weakened). A nunber of coll eagues and students took an ac-
tive part in the devel opnent of the theory and in its appli-
cation since 1975. Here are the nanes of these peopl e,
listed in al phabetical order: A Ditchev, N Georgieva,

O lgnatov, L. Ivanov, R Lukanova, S. N kolova, E. Pazova

V. Petrov, |. Soskov, A. Soskova, M Tabakov. ldeas fromthe

t heory have been used al so in papers of G Gargov, S. Passy,
A. Radensky, T. Tinchev, D. Vakarel ov and J. Zashev.

The present book is a conpletely new version of the
above-nenti oned nonograph and ains at giving an account of
the current state of the theory of conbinatory spaces and of
sonme of its applications. Wien starting the work on the
manuscri pt, the author had rather anbitious plans. He pl an-
ned to present not only his own results, but also his col-
| eagues’ ones, and also to give a short account of the very
i nteresting other al gebraic generalizations of the theory of
conputability, obtained by L. Ivanov and J. Zashev. Unfortu-
nately, the manuscript becane too large, and its witing
continued too |long. Therefore the author had to restrict his
pl ans. The contributions of other authors are presented only
partially in this book. As to lvanov's and Zashev’'s general -
| zations (and especially Zashev’'s one), they are only nen-
tioned with corresponding references (one of these refer-
ences i s the nonograph |vanov [1986], which contains also
much i nformation about conbi natory spaces).

Sonme ot her reductions have been al so made. Many results
are given in the formof exercises (sonme of themare accom
pani ed by hints). The details from Skordev [1980], concern-
Ing the possibility of using intuitionistic logic in nost of
the proofs, are omtted now In the preface of that book,
there was a brief survey of earlier publications to which
the theory of conbinatory spaces is nore or |ess related.
Now this survey is omtted, but the main |ist of references
i's suppl enented with an additional bibliography, in whose
first part those publications are listed (the second part is
a list of publications |ater than 1980, which have a certain
relationship to the theory of conbinatory spaces, but are
not nmentioned in the text).

The author tried to avoid nost references to his previ-
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ous publications (especially to the previous version of this
book). However, in sonme places such references are given for
i ndi cating additional sources of information or for making
possi bl e a di scussi on about the course of the devel opnent of
t he studies.

The main text of this book consists of three chapters
(enumerated by I, Il, 1l1) and an appendi x. The chapters and
t he appendi x are divided into sections. The sections in the
distinct chapters and in the appendi x have separate enuner-
ations. To nmake a reference to a section in a chapter froma
pl ace out of that chapter, we indicate both the nunber of
the chapter and the nunber of the section (for instance,
"Section I1.3" nmeans "Section 3 of Chapter I1"), otherw se
t he nunber of the section is enough. Al sections have sep-
arate enunerations of definitions, propositions, theorens,
| emmas, corollaries, remarks, fornulas and exercises. The
conventions about the references to themare simlar to the

al ready expl ained ones (e. g., "Proposition Il.3.6" means
"Proposition 6 in Section 3 of Chapter I1", and this refer-
ence can be reduced to "Proposition 3.6", when the reference
is made in sone other section of Chapter II, and to "Prop-

osition 6", when the reference is nade in the sanme section).
The conclusion of a proof is indicated by the synbol -

Al'l sections except the ones in the appendi x, are acconm
pani ed by exercises. The exposition is organized in such a
way, that results fromthe exercises are usually not |ogi-
cally needed in the other part of the text. An exception is
made in Section I11.8, where results from sone exercises in
Section I1.1 are used. In Section 8 of the Appendi x, sone
exercises fromSections I1.4 and I11.2 are needed not di -
rectly, but in the role of hints. The material from any of
the sections I11.6-111.9, as well as fromany of the sec-
tions 3, 5, 7-10 of the Appendix, is not used in the further
exposi tion.

For the reading of sonme places of the book, a know edge
of facts or denotations from nmathenmatical |ogic or recursive
function theory is needed. If no reference to sonething el se
is given, the needed information can be found in sone of the
correspondi ng textbooks.

The author is aware of some shortcom ngs of the exposi-
tion, and probably further ones will be observed by the
readers. In particular, the author’s know edge of the Eng-
lish language is quite far from being perfect, and nunerous
negati ve consequences of this nust be certainly present. W
are sorry for everything which is done not so well, as it
coul d be.

The hel p of many people and of sone institutions was
very essential for witing this book. Discussions with
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A. Ditchev, L. Ivanov, R Lukanova, S. N kolova, |. Soskov,

A. Soskova, J. Zashev have been extrenely useful for the

wor k. 1. Soskov and S. Ni kol ova hel ped al so by readi ng sone
parts of the manuscript. L. Ivanov, |. Soskov and T. Ti nchev
I ntroduced ne to the text-editing by conputer and gave ne
many practical advices in this respect. P. Petkov organi zed
the printing of the text, A Zinoviev did nost of the print-
ing, and V. Goranko provided ne pronptly with xerox copies.
During this last nonth of the work, D. Vakarel ov took ny
official duties upon hinself in order to give nme nore free
ti me. Throughout several nonths, ny wife and nmy sons had to
endure to see ne at honme only for staying overnight, and all
this time they did everything in their power to assist ne.
The work on the manuscript has been partially supported by
the Bulgarian Mnistry of Science and Hi gher Education under
Contract no. 247/1987, 1990. Kl uwer Academ c Publishers have
been patient enough to wait for the manuscript nuch | onger
than it was initially planned.

| am deeply grateful to all these people and institu-
tions.

Sept enber, 1991 Dimter Skordev



