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1. YBoaHH Oenexxu

Egso 0T BaXHuTe TOHATHS Ha TEODHATa HA ANrOPUTMHUTE € MOHs-
THETO HSYMCJIMMOCT 3a OIepaTODH, KOMUTO IpeobpasyBaT apHTMeTHYHH (YHK-
UM B apUTMETHYHH (QYHKIMH. VI3BeCTHHM Ca HAKOJKO AedHHULMH HAa TOBa IIO-
Harde. [Ipeau BCHYKO MMaMe IOHATHETO YACTHYHO-DeKYpPCHUHBEH Ol e-
patop, BeBeneHo or Kmunu ([2], § 63) mox dopmara a QyHKIuA, paBHO-
MEpHO YaCTHYHO-PEKYDPCHBHA OTHOCHO jajeHH OGYHKIuW. [IoHATHETO H3YMHC-
A¥Ma oOmepalysd, BbBeleHO OT YcmeHCKud B [5], mosBoisBa ma ce Jaje
eXHa Apyra KedMHHMIMA HA TOHATHETO H3UHCJAMM ONeparop. YCHeHCKHHl pas-
raexja omnepamyy, KOMTO peo0pasyBaT MHOXKECTBA OT KOHCTPYKTHBHH OGEeKTH
B MHOXECTBA OT KOHCTPYKTHBHH OOGEKTH (HampuMeD MHOX(€CTBAa OT M-OPKH
eCTECTBeHH YHCJA B MHOXECTBA OT A-ODKH €CTeCTBeHH yucaa). HsuckBaHero
3a W3UMCIAMMOCT Ha €JHA TaKaBa OIlepalusd ce CbCTOM OT JBe yCaoBHA. ExnoTo
OT TSAX M3HCKBAa 00pa3bT HA BCAKO MHOXKECTBO OT JAe(HHHIMOHHATa 00JacT
Ha pasrjexjaHara omepauus JAa CbBNaja CbC CymMaTta OoT 00pasuTe Ha BCe-
BBb3MOXKHHUTE KpaiiH{H MOJMHOXKECTBA HA TOBA MHOXecTBO. Broporo ycaosue,
rpy6o Ka3aHO, H3MCKBA Ja CBIIECTBYBa e(deKTHBHO IIPABHJIO, IO KOETO jaje-
HaTa omepauus jna npeoGpasyBa KpalHMTe MHOXeECTBA B PeKypPCHBHO HOMe-
pyemu Muoxectsal. Ciiell KaTO MMaMme IOHSTHETO H3YHCJMMA ONepalus, Moxe
Ja ce faie clenHara Ae(MHMIUA: eJHH ONepaTop, KOHTO mpeoGpasyBa apuT-
MeTHYHH (QYHKIUM B APUTMETHYHH (DYHKIMH, Ce HapHya HBUYHCJIHM, aKo CbIlle-
CTBYBA M3YHCIUMA ONEpalsd, KOATO, NPUIOXKEHAa KbM rpadukara Ha IHajnena
¢yHkus, naBa rpapukaTa Ha Hefinus o6pas; cbraacHo teopema 7 ot [5] Tasu
nedbunuys e expuBasenTHa ¢ Aebununuara Ha Kmuun. Y Ileiisuc [1] cpemame
neQUHHUIMSA, KOSITO € B ChUUA 1Y X, KakTo JeHHUIMSATa Ha Y ClIeHCKHI (M e eKBHB2-
JIEHTHA Ha Hesl), HO He H3II0JI3yBa ONepalud BBPXY MHOXKecTBa (BMECTO KpaiiHu

'MHOXeCTBa ce pasriexnar GyHKuuy ¢ kpafina pedununnonsa obaacr). [To-nara-

TBK. Ille ‘AajeM To4yHaTa (HOopMyJaHpoBKa Ha Tasu medunuumua (C exHa Majaka
monuduxanus: JleiBuc pasryiexna (QYHKIHMOHAIH OT HAKOJKO IPOUSBOJHU
GbyHKIMH, a HHe pasriexiaMe ONEpaTOPH OT efHA MNPOU3BOJNHA (QYyHKIUS);
OnepaTop, KOHTO YHOBJIETBOPSABA HeHHUTE YCJIOBHS, lIe HapUYaMe H34YHCJIUM

(de#tBuc ymortpe6sBa TepMuna ,completely computable“, T. e. ,HamblHO U3-
YHCIUM“).

1 Hue ynorpe6siBaMe TepMuHA ,PeKyPCHBHO HOMEDY €MO MHOKECTBO“ KaTO NpPeBOJX Ha pyc-

xtc)llm TEPMHH ,pPeKYPCHBHO-NEPEUNCINMOe MHOXKECTBO“ M Ha amramiickus ,recursively enumera-
e set“.
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Hapex cnC cnomenarure JAeHHHIMM CBUIECTBYBA €XHA JPYra, KOSATO
npousnusa ot paGorara [4] Ha Tiopuur. B Tasu paGoTa e BbBeNeHO NOHATHETO
M3YMCAMMOCT IOCPEACTBOM CMeTayHa MallMHa (MamiuHa Ha TIODHMHr) Ha efHa
GyHKIMA OTHOCHO JAajeHa (YHKIMA, OpHeMalna caMo JBe CTOHHOCTH. Pasiu-
KaTa MeXJy Ta3H HBYMCAUMOCT H OOGMKHOBEHATA U3YHUCIHMMOCT IOCPEACTBOM Ma-
muHa Ha TIOPHHT Ce CBhCTOM B TOB3, Ye Ceé JONyCcKa B ONpeJeNTeHH Ciaydau
MalmyHaTa Ja 3aJaBa BBIOPOCH 3a CTOHHOCTTA HAa HaleHara (DYHKIMA B HAKOSA
Toyka (TOYKAaTa Ce II0COYBA OT MaIlMHATA) M ce I[PeNrnoJara, 4e HCKaHATa
CTOMHOCT Ce NaBa BeJHara Ha MAallMHATa, CJeJ KOGTO MOCJAeIHATA PO bJ-
2KaBa cBosATa pabora. [To-mogpo6HO u 6e3 orpanuueHHero, ye nageHata (QyHK-
L¥s [pHeMa CaMo JBe CTOHHOCTH, CBUIOTO MOHATHE e HeduHupano y Kaunu
([2], § 67), xbneTo ocBEéH TOBa ce BBbBeXAA W NOHATHETO (DYHKIUSA, PaBHO-
MEpHO H3YHC/IUMA B CMUCBJA Ha TIODHHI' OTHOCHO JajieHH (YyHKUHH, T. €. IO-
HATHETO ONe[aTOp, MBYUCJIHUM B CMUCBHJI Ha Twopuur. Tpabea xa
or6enexum, ye y Kiuun nanenute QyHKuud B JeDHHMLIHMATA HA OTHOCHTEJHA
UBUHCAUMOCT Ce npefnosarar teduHuUpaHun HaBCsaKbIe. [lopagu ToBa TOH pas-
rJieXxJa omnepaTopuTe CamMo BBPXY Kjaca Ha HaBCAKbAe neduHupanure QyHk-
uud. I[lpu ToBa ycaoBue Kiueu J0KasBa, 4e BCEKH YACTHYHO-DEKYPCHBEH Ofle-
parop e usyncanM B cmucha Ha Tiopuar (teopema XXVII ot § 68) u o6paTho
(teopema XXIX ot § 69). He e Tpyxzo oGaye na ce MoAu(HUIUPa TOHATHETO
OTHOCHUTENHA H3YUCIUMOCT B CMUCBHJ HAa TIODHHT Taka, 4e Ha ca JIOMyCTHMH
M He HaBcAKbAe Aeduuupanu pafeHd QyHkuuu. 3a nearta TpaGBa ma ce mpej-
HOJIOXKH, Ye daKO0 INDU HAKOos curyanus (BX. [2], § 67) mauiuuara sajgaBa Bbl-
poc 3a CTOMHOCTTA Ha HAKOA OT JaJeHHTe (QYHKIUH B HAKOS TOYKA, TO NpPH
Tas¥ CUTYyallsd MallMHATA U3BBPIIBA JEHCTBUE TOraBa W CAMO TOraBa, KOTaTo
BBIOpPOCHaTa (QYHKIUA e AeHHUMpAHA B IIOCOYEHATA TOYKA, KATO B CaAyyail ye
QyuxuusTa e nepuHupana, NeHCTBHETO € CBUIOTO, KAKTO B AeduuAnmaTa oT [2].
ITpu ToBa paborard Ha MamMHATa MOXKE 1a Jaje Pe3yJaTaT camo B Cayyat ye
MaluuHara npeo6pasyBsa 'bpPBOHAYANHATA CHTYALMs B HAKOS 3aKJIOUUTENHA CHTYa-

At (CHTyalluH, IPH KOUTO Ce 3a1aBa BBIPOC, He Ca sakaouuTensy). Onucanara

MOZu(pUKaNKA 1aBa BB3MOXKHOCT Ja ce JeUHHpPA NOHATHETO HUHCTUMOCT B
CMHUCBI Ha TIOpHHI W 3a omepaTopH, KOMTO Ce IpHJaraT K'bM BCAKaKBH apHT-
MEeTHYHM (YHKIHMH, a.HE CaMO K'bM TaKHBa, KOUTO Ca Je(HHHUPAHH HaBCAKDBIE.
ObGaue noxasarencTBotTo Ha Teopema XXVIII ry6u cuna Ges npeanosioeHUeTo,
ye nazesure QyHKIUM ca AedHHHpaHH HaBCAKBJE, 3al(0TO B TOBA JOKAasa-
TeJICTBO Ce€ H3IOJ3YyBa CJeAcTBHeTO OT TeopeMa XIX or § 63, kbleTo nane-
HUTe (DYHKUUH CBINO Ce Ipejnosarar AeuHUPaHH HABCAKBIE.

~ Jla napeyem enuH omeparop u-peKypPCHBEH,ako MOXe Aa 6ble mc-
CTPOEH OT omepaTopH, KOWTO NpeoSpasyBar "AajseHuTe QVHKUHUM B HAKOS OT
TAX WM B HAKOA OT Ga3UCHHTE NPUMHTUBHO-DEKYPCHBHH (DYHKUHH, ¢ NOMOLITA
Ha ONepauuuTe CYNeprosullds Ha (yHKIUMTe-00pasy, NPUMUTHBHA PeKypCHs
U HaMHpaHe Ha HaW-MAJIKO YMC/iO (u-omepanus)!. B TakbB cyyall CIOMeHaTOTO
no-rope ciaexacrsue saenno c Tteopema XVII or § 63 na [2] uspassasa daxra,
ye aKO OMepaTOpPHTE Ce MpuJaraT caMo KbM HaBcaKble JeduHUpaHd (YHK-
IMH, TO KJAaCLT Ha YaCTHYHO-DEKYPCUBHHTE OIEPATOPH CBBIafa C KJaca Ha
U-DEKYPCHBHHTE.

1 Ilo-noppo6na neduBHIES HA p-PEKYPCUBHOCT Lie (QOpMyIupaMe NO-HaTaTbkK. TepMHHDBT
»#-PEKYPCUBHOCT fpousausa ot Kaumu (Bx.[2], § 62).
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M Taka, TpUTe KJaca OIepaTOpH: 4YacTMYHO-PEKYPCHBHH, HSUHCIUMH B
cMucha Ha TIODHHT M u-DEKYPCHBHHM CBBIAjaT, B CAydYail uye mpuiarame ome-
paTopuTe CaMO KbM HaBCAKDBIE nedunnpany (Qysknud. BB3HUKBA BBIPOCEHT,
KaKBH B3adAMOOTHOIIEHHUsS CbUIeCTBYBaT MeXJy Te3H KJacoBe, aKO pasriex-
JaMe OIepaTopuTe BbPXY BCEBB3MOXKHHTE apPUTMETHYHH GyHKIMH, a HE CaMo
BBPXy HaBCAkbAe Aedunupanute. B KHurara Ha Knuay He e JajeH OTIOBOP
HA TO3M BBNPOC; O0TOeNA8aHO € CaMo, Ye J0Ka3aTeJCTBOTO Ha TEOpEMA XIX
or § 63 ry6u cuna 6e3 IpeNONOXKEHHETO, Ye HaJeHHUTe ¢yuknuu ca pedu-
HUDaHU HaBCAKBJE.

Haji-Hanpes Heka ce CIpeM HA BBOPOCA 32 B3aMMOOTHOLIECHHETO MEXIY
nocienHuTe IBa KJaaca. KakTo e BHAMM, OTTOBOPBT HA TO3H BBNPOC Ce

chABPAKA MO ChliectBo B [2] JleACTBATENHO, aKO BHMMATENHO Ce pasrienar

noxasarenctBoro Ha teopema XXVIII or § 68 u nokasaTencTBOTO HA TeOpeMa
XXIX or § 69, moxe pna ce 3alelexu CISHHOTO: MNPENINOJIOKEHHCTO HA
reopema XXIX, ue nazenure Qynknud ca peduHHpaHM HABCAKDBAE, € CBBD-
3aHO CaMO C OBCTOSITECTBOTO, Ye B Ae(UHHMIHMATA HA OTHOCHTENHA M3YUC/IU-
MOCT, OT KOSITO H3X0XJa K/HMHH, € HampaBeHO CBUIOTO MPEArOJOXKEHHE. Ho-
KasareacTBoTo Ha Teopema XXIX ocraBa BaluJHO M TOraBa, KOraToO MOHATHETO
OTHOCHTEJHA U3YUCIMMOCT Ce PasLIMPH TaKa, KaKTO CIOMEHAaXMe MaJKO I10-paHo.
CBIIOTO NOKA3ATEJICTBO JaBa M u-DEKYPCHBHOCTTA HA Pa3rVI€X[aHHA Onepa-
TOp, MaKap TOBa M3DHYHO Za He e orOenssao. Illo ce Kacae X0 JokasaTes-
cTBOTO Ha Teopema XXVIII, Tam IO CBIIECTBO Ce IOKA3Ba, e BCEKH u-peKyp-
CHBEH OIepaTop e H3UMCJIMM B CMHCBHJ Ha TIOpHHT, 8alll0TO B ToBa JOKasa-
TEJCTBO OT YAaCTHYHATA PEKYPCHBHOCT BeJHara ce IIpaBH BaKJIOYeHHE 3a u-
peKypcHBHOCT (TMOHeXe JajeHuTe (QYHKIHM ce Mpeimosarar nerHUpaHH Ha-
BCAKBJE) M MO-HATATBK C€ MSNOJI3YBA CaMO u-DeKYPCHBHOCTTA, a HE U Ipel-
0JI0}KeHHeTO, Ye aajenure GYHKIHME ca AeUHUPAHH HABCAKBIE. [To Tak®bB
HAUMH BH)K/JAAMe, dYe IOHATHATA H3YHCIMMOCT B CMUCHI HAa TIOPHHT M u-pe-
KYPCHBHOCT ChBIAJaT M TOraBa, KOraro Ce IONYCKAT He HABCAKDBAE nedunu-
panu ¢yuxnuu. Kacae ce 3a €IHO M CBINO [OHATHE, KOETO IO-HATATBK 1€

| pasriexjiame, KaTO H3XOxJaMe OT Ae(UHHIHUATA HA u~pPeKypCUBHOCT.

[To TaxbB HAYMH OCTaBa BBIPOCHT, KaKBA € Bpb3KaTa MEXJIy KJaca Ha
y~PEKYPCHBHUTE OMEPATOPH U KJaca Ha YacTHYHO-DEKYPCHBHHTE (WM BCE EJHO
Ha uauucamMute) omeparopu? Twif karo B Teopema XVII or § 63 nHa 2] ne
ce mpemmonara, 4e jaieHure (QynKnuM ca JieQHUHMPaHM HABCIKBAE, OT TasH
TeopeMa cjelBa, Y€ BCEKM u-PeKyPCHBEH OIepaTOp € 4YaCTHYHO-DEKYPCHBEH.
O6parHoTOo O6aye He € BSPHO, KAaKTO Ile BHIMM [O-HATaThK C NMOMOLITA HA
npumepu. Hacrodmara pa6ora uma 3a Lesx Ji@ XapaKTepushpa u-peKypCHBHHTE

1 Pas6upa ce, 6uxMe MOMIM Ja NOCTABMM B OCHOBATA M3UMCIMMOCTTA B CMHCDHI Ha Tio-
puHr. B Tak®B cryuail HAKOW OT JIOKA3aTENCTBATA MOIAT CPABHUTEHO JECHO JNA Ce HMSIOMAT HA
eIMH WHTYHTHBEH ypOBeH, obade CTpyBa HH Ce, ye Iie e Heo0XOAuMO mopeue TpyA, 3a Ja
UM Cce Tpujaje I'biHA MaTeMaTd4Ha CTPOTOCT. )

2 BHuMaHMeTO HA aBTOpa 6e HACOYEHO KbM TO3W BBIpPOC GiarojapeHue Ha B. A. Ycnen-
CKulf, KONTO TOCTaBH BBUpOCA IIpel CeMHHApa IO aIrOPUTMHYHA TEOpHsl HA MHOXECTBATA B Mo-
ckoBckus yHupepcuter mpes. 1961 r. Ckopo crei ToBa 65iXa TNOCOYGHH TIpEMEDH 3d UBUUCTUMH
oIlepaTopH, KOMTO He ¢a u-peKypcuBHU, of A. B. KysHemnos u or aBropa (usmonsyBaxa ce CbOT-
BETHO TeopeMa 2 W 3 OT Hacrosmiata pabora, NOKasaHU nupekTHO). [1o-KBCHO aBTOpPBT JOKasa
HEOGXOUMOTO M IOCTATBYHO YCIOBME 33 u-PEKYPCHBHOCT, Koero ceé paBa or Teopema l. Tosa
ycaoBue Gele JOK/IAJABAaHO HA CTIOMEHATHS CeMUHAp 3aeQHO C OuIe HSKOY OT PesyJTaTHTE, OME~
CTeHH B Hacrosiuara pabora. S
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omeparopd MexXIy BCHUKH H3YuCIHMH omepatopu.! ToBa ce mocTura upes Teo-
peMa 1, KOSTO IaBa eIHO HeOOXOJIMMO U NOCTAT'bYHO YCJOBHE 32 pu-PEKYPCHB-
HOCT, KaKTO ¥ 4pe3 Teopema 8, KOATO II0Ka3Ba, Ye u-peKYPCUBHHUTE OIEPAaTOPH
ca, TBH Ja ce Kaxe, ,NOCTaThYHO MHOTrO“ (3ai[0TO BCEKH H3YUCJIUM OIlepa-
TOP MOXe Ja ce IOJY4d OT HOIXOJSIN u-PeKyDCHBEH OMNepaTtop upe3 enda
npocra onepauus). OcBeH ToBa 0T Teopema 1 ce mosjydyaBaT KaToO CJIeNCT-
BHSl HSIKOJKO HeOOXOJMMH YCJOBHS 3a u-DeKypPCHBHOCT (Teopemu 2, 3, 4, 5,
7); pasriexjar Ce M pasJMyHH IpUMepH, CBBp3anu ¢ TIx. Teopema 6 naBa
npuMep 3a JABOMKAa (QYHKIHMH, OT KOMTO BTOpara e o6pa3 Ha ['bpBaTa uYpes
HOAXOJAIL M3UMC/IUM OIEPaTop, HO He MOXe Ja ce IIOJYYd OT Hed Upe3 HH-
KaK'bB u-PeKypCHBEH orepatop.? '

Haxonxko aymu BBpPXY JIOrMYeCKHTe CPeICTBa, KOMTO H3mosadyBame. Pabo-
TaTa He YJOBJETBODSBA MHOIO OT M3HCKBAHMATA, CBBP3aHH C T'bHl HapeueHara
KOHCTPYKTHBHA IJiefHa TOuka. Hanpumep moustusaTa (QYHKIHS M ONepaTop He
MOTaT Ja Ce PasIyIeXJaT KaTO KOHCTPYKTHUBHM, aKO. B TAXHOTO pasbupaHe He
ce BHecaT HAKoM Moau(uxamuu. CBINO Taka JOKasaTeJICTBaTa Ha TeopeMa 6
¥ 7 ca gBHO HEKOHCTPYKTHUBHH (0COO€HO Ha mbpBara). Bce max cTapamu cme
ce Ja CBeJeM H3IO0J3YBaHETO HA HEKOHCTPYKTHBHM HAUMHU HA DasChXKJEHHe
I0 MuHMMYyM. Hanpumep usnonsyBaHeTo Ha 3aKOHA 3a M3KJIIOYEHOTO TPETO Ha
MHOTO MeCTa € M30Ar€aro, KaTO B 3aMsHa Ha TOBA Ce W3MOJ3yBa Tbi. Hape-
YEHHUAT ,JIEHHHTPAJCKH NPMHOMN®, u3kasan ot A. A. Mapkos [3]. Tosu npuH-
nun Moxke Aa 6bae GOpMyJHpaH [0 CleJHHS HAYUH: aKO €IHO YHCIO (HJIH
CHCTeMa OT YMC/IA) He INPHHAJJENKH HA JHON'BJIHEHHETO HA HSKOe PEKYPCHBHO
HOMepyeMO- MHOXKECTBO, TO TOBA YHCJAO (WIM CHCTeMa OT YHCJA) IPHUHALJIEXKH
Ha CaMOTO MHOXEeCTBO. biarosapeHue Ha TO3# NPUHIMI CTaBa JOMYyCTHMO OT
KOHCTPYKTHBHA IJIelHa TOYKA IPEMaxBaHETO HA NBOHHO OTPHIAHME IpeJ, TBBP-
IeHHsT OT BHMJA ,JalleHa YaCTHYHO-DeKypcuBHA Oyukuusi e neduHUpaHa B Ja-
JleHa TOYKa“ WIM ,CBIIECTBYBA YHCJIQ y TaKOBa, Yye CHCTeMara OT. Yucaa (X,
..., Xn, V) IPHHAJJIEXKH HA JNaJeHO DPEKYPCHBHO HOMEDYEMO MHOMKECTBO® W
npyrd nomoGuu. Jlo6pe e na orGenexum oGade,de GeneKKUTE, KOUTO TOKY-
[0 HanpaBHXMe, CTaBaT M3JHMIIHM, aKO 3aCTaHeM Ha KJacuyeckara rJejpHa
TOYKA, IIOHEXe BCHYKH DasChAKAEHHUA B paboTara ca JONYyCTHMH OT KJackyecka
rjefHa TOYKa.

2. MIpeasaputeanu JeUHHUME U 0603HAYEHHS

MHOX€eCTBOTO 'Ha HeJUTe HEOTPHUATENHH UMCJA Ile O3HauaBaMe CbC Z
M%}xeCTBOTo Ha BCEBE3MOXKHUTE PpeJuIHM OT K eNeMeHTH Ha Z npu & [ano
HEOTPHULATENHO Ille O3HayaBaMe ChC Z* (MHOXKeCTBOTO Z° ce CBCTOM OT efuH
eJUHCTBEH WJIeH — IMpasHara peauua ).

ApurmMeTuuyHa QYHKIMA HAa £ NPOMEHJHBA Ile HAapUIaMe BCHKO
C'BOTBETCTBUE, KOETO H300passaBa HAKOE INOIMHOXKeCTBO HA Z* B Z. Heka f
4 g ca rBe apurmerudynd ¢yuknuu. Ille xasBame, uwe ¢yukuusTa g e npo-
Abaxenue Ha QyHKuUATA f, ako neduHMIMOHHATA OGJacT Ha (yHk-
nuAra [ € INOAMHOXECTBO Ha Je(pUHHIMOHHATa 00JacT Ha (YHKIHATA
£ ¥ BBB BCHYKH TOYKH OT JeduHMIMOHHATa o6sacT Ha f xBere  (hyHK-

! 34 mpocToTa He IIe ce 3aHKWMaBaMe C OlEPAaTOPH, KOUTO Ce NpHJArarT KbM CHCTeMH OT
NoBeYe, OT efHa (YHKUHKS. :
2 BpupochT 3a chllecTByBaHe Hd TakuBa (yHKUMM Ge MOCTaBeH Chbllo 0T B. A. Ycnenckui.
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MM CBBIAZAT. 3a Ja M3pasHM, 4e g e MNPOABIKEeHHe Ha f, e nuuem g2 f
umi f Cg. OueBUIHO €, ye aKO € JaJeHO €IHO MHOXECTBO Yt OT apuTMe-
TUYHH (PYHKLHH, KOUTO IpUTeXaBaT OOIIO NPOABIXKEHHe, TO Te3H (YHKIHH
npuTexasar (TOYHO eJHO) o6mo MNpoIbKeHHe  C JAeUHHUIMOHHA 0OJacT,
paBHa Ha CyMmaTa OT TeXHHTe Je(UHHIMOHHH 00JacTH; TOBa OOIIO MPOXBJ-
enve Ha (QYHKUMHTE OT I lle HapHyaMe oOGe fIMHeHHe HAa QYHKIHHUTE
oT M. Ako f e enHa apuTMeTHYHa (QYHKIMSA HA £ IPOMEHIUBH U I (Xy,. . ., Xz)
e HAKAaKBQ YCJOBUe, HHe MOxeM na AeduHupame enHa (GHYyHKIUS Ha R Tpo-
MEHJUBU g 10 CJeIHUS HAuHH:

g(xy ooy Xe)=f (X100 vy Xi)yaKO U (Xyy 0 vy Xp):
CMUCBI'BT Ha Tasu Je(UHHIUS € TaKbB: C g € O3HaueHa engHa (QYHKIHS,
KodATo ¢ JnedUHHpaHA TOYHO 32 OHE3H CTOHHOCTH HA Xy, ..., Xz 32 KOHTO
‘TouKaTta (Xy,...,Xz) NPHHAJJIEXH Ha JAedHHUIMOHHATA 00JAaCT Ha (QYHKLHATA
f ¥ 3a KOHTO € M3M'BJIHEHO YCIOBHETO I (X4, ..., Xz); 3a TakuBa CTOHHOCTH
Ha aprymenTure (QYHKUMsATa g CbBHaja ¢ ¢ysxuuara f. [lo-ob6uo, ako ca aa-
HeHy n (DYHKIMM HAa k& TPOMEHJMBH fy, ..., f, U n ycaoBus Ay, ..., Ws.
MOXeM Ja HamuIleM cxemara :
[f1(Xp ooy Xa), a0 Wy(Xy, - ov s Xa),
g (Xyyee, Xp)= A
o (Koo oy Xp), aKO Wy (Xygy oo vy Xp)

dymkuuATa g, KosaTo ce AehUHUpPA Upe3 TasH CXeMa, NpeACTaB/IsBA 00e/HHe-
HHETO Ha (QYHKIUUTE L. .., 8L AeDUHHPAHH [O CJAEIHUS HAYUH :

8i (xl’ %y ’xk) :fl' (xl’ wony xk): ako 9; (Xl’ s ,xk);

pasbupa ce, TakoBa OOeIHHEHHe CBIIECTBYBA CaMO IPH YCJIOBHE, 4e Te3H
" QYHKIMM [pUTekaBaT OOLIO NPOAB/LKEHHUE.

Onepanusra p ce AedHHHMPA, KaKTO OOMKHOBeHO..Heka f e apuTMmeTHuHa
dyHkuus Ha k41 NPOMEHJHMBH, 4 Xy, ..., X, Ca IEJH HEOTPHULATENHH UHMCIA.
CuMBOIBT u Y[f(Xy, ..., Xm ¥)=0] e nebuHupan TOyHO TOraBa, KOraTo Cblie-
CTBYBA YHCJIO 2 CBC CAELHOTO CBOHCTBO : f(Xy,..., Xz 2) e XedHHUDAHO H e
paBHo Ha 0, a 32 BCAKO Y, KOGTO € MO-MaJKO OT 2, f(Xy,...,Xn V) € Ie-
¢uHMpano M pasnuyHo oT O; aKko TOBA YCJIOBHE e H3I'BJIHEHO, TO CTOHHOCTTA
Ha PasryIexIaHus CHMBOJ € (e JUHCTBEHOTO) YUCIO Z C'bC CIIOMEHATOTO CBOHCTBO.

Ille npexnonarame, Ye 4YUTATeNAT € 3alMO3HAT C OCHOBHUTE [OHATHA Ha
TEOpHUSiTA Ha PEKYPCHBHUTE (YHKIMH KaTO NPHMUTHBHO-DEKYDCHBHA, OOIO-
PeKypCHBHA M YaCTHYHO-PEeKYPCHBHA (DYHKIMS, DEKYDCHBHO HOMEDYeMO MHO-
XKeCTBO M JIp., KaKTO U C eJeMeHTapHUTe UM CBOHCTBa.!

[lonsaruero omeparop me ce ymorpe6sBa IO ClefHHs HauuH. Heka & u [
Cca IIeJH HEOTPHULATENHH YHCIA. APHTMETHYEH ONEepaTop OTTHI R—s!
e HapHyaMe BCSKO CBOTBETCTBHE, KOETO H300passiBa MHOXKECTBOTO HAa BCHYKH
apUTMeTHYHM (QYHKIHH Ha R NPOMEHJNUBH B MHOXECTBOTO HA apHUTMeTHYHHTE
¢ynxiuu Ha [ mpomenauBd. Axko F e apuTMeTHYeH omepaTop OT THN R —l,
a f e apurmernyHd (QYHKIMA Ha & npoMeHauBH, TO ¢ F[f] me o3HasaBame

1 TeopusiTa HAa peKYpPCUBHHTE d)yﬂxuun € H3JI0XKEeHA B pefuua KHuru, kato Hanpumep [2], [6], [1].
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T )

apurMeTHuHarta QYHKUMSA Ha [/ MPOMEHJHMBH, B KOSTO olepatopbT F u306pa-
3s1Ba (pyHKUUSTA f.

Tt xaTo e MMame paGoTa IaBHO C (DYHKIHH, KOMTO HE ca me(HHH-
paHHM HaBCAK'BJE, HEOOXOJNUMO € Ia YTOYHMM ymoTpebata Ha 3Haka =. Ja
HapeyeM T epM BCEKH HM3Da3, YUATO CTOMHOCT € UsVI0 HEOTPUUATENHO YHCJIO,
aKo BbOOILIe M3DasbT NpHTexaBa CTOHHOCT. TepmoBe Ca Hampumep H3pasH
Kato f(Xy,...,X,) u g(h(u, v), w), KbHETO f, g ¥ A ca 0003HAUEHHT Ha
apuUTMETH4HH (DYHKUMM Ha CBHOTBETHHA GPOH NPOMEHIHMBH, & Xyy..., X4 U,
U, W Ca LeNU HeOTPUUATENHH yucaa. (Duxme mormu na pedunupame nons-
THETO TePM MO-NIPelU3HO, HO TOBA ILlle OTHEMe MHOIO BpeMe, 6e3 ja € 0CO-
OeHo Heobxonumo B cayvas) Hexa t, u t, ca nBa tepma. PaenctBoto t,=t,
Ile CYHUTaMe BSIPHO, dKO € HBI'bJHEHO CJEIHOTO YCJOBHE: aKO €JHO LAJIO He-
OTPHNATEJHO YHCIO € CTOHHOCT Ha i;, TO e CTOMHOCT M Ha 1, U o6parHo.
CrnenoBatenno axko uspasute i, ut, UMar enHa W Cbla CTOHHOCT, PaBEHCT-
BOTO {; =1, € BAPHO, HO M aKO HHKOH OT TsX He IpPHUTeXaBa CTOHHOCT, pa-
BeHCTBOTO € NaK BApHO. B HAKOM Cilyyad CBC 3HAKA = I1e CBBP3BaMe M 060-
3HaueHusa Ha (QYHKIUW. B TO3M ciyuail sHakbT I1e MMa OOHYARHHA CH CMHUCBJ.

Axo t e enuH TepM, TO 3a Ja W3pas3UM, Yye TEPMBT ! NpHTExaBa CTOM-
HOCT, we nuuwewm |t Hanpumep, ako f e enHa apuTMeruyHa (yHknua Ha &
NPOMEHJIHBH, & (X;,...,X;) € TO4ka OT Z¥, To TBBpPAeHHEeTO |f (X;,...,X;) €
BADHO TOYHO TOraBa, KOraTO TOYKAaTa (Xy, ..., X;) NPHHALIEXH HA NedHHH-
uMoHHaTa 00nacT Ha QyHKuuATa f. AKO & U A ca apuTMeTHdHM OYHKIMHM Ha
ABE NDOMEHJHBH, a U, ¥ ¥ W Ca LeJd HEOTPUIATENHH YHUCJIA, TO TBHPAEHHUETO
1g (% (s, v), w)e BAPHO TOUHO TOraBa, KOraTO TOUKATa (i, ) NPUHAIIEKY HA
JedurunuonHaTa 06MacT HAa GYHKOHSTA A, & TOYKATA (S, W), KBAETO § € CTOMH-
HOCTTA Ha TepMa X (u, v), IpHHAZLIEXU HA AeDUHULUOHHATA 06JacT Ha DYHK-
nusTa g.

3a 1na sanmHCBaMe MO-CBKPATEHO HAKOHM ChXKIEHHS U YCJIOBHA, IIE CH CIy-
XHUM TOHAKOTra C JIord4ecka CuMBoJuKa. llle u3monsyBame ClefHHTE 3HALM : 3a

—_

KOHIOHKIMA &, 32 JUCIOHKIHUA \/, 32 UMIVIMKAlUs — , 33 €KBUBaJeHTHOCT =,

3a OTpMI]aHHe ~ |, KBaHTOP 3a BCeOOI(HOCT V, KBaHTOP 3a ChIleCTBYBaHe H.
KakTo 06uMKHOBEHO, I'bPBHTE YeTHPH e MUIIEM MEXAY CbXKIEHHUATA, KOHTO
CBBP3BaT, a OCTAHAJIUTE — IIPeJ, CHOTBETHHTE CBKJIeHUT (KBAHTOPUTE 3aeLHO
CBC C'BOTBETHATA CBbP3aHa MPOMeHIUBA). [IpoMeHJUBUTE HPOOSTBAT MHOMXKe-
CTBOTO Ha IleJHTe HeOTPHUATeNHH yucaa. [Tomskora mpu ymorpebara Ha KBaH-
TOpH Il NOJYHHABAME INIPOMEHJHMBUTE Ha AOI'BJAHHTENHM yCaA0BHA. Hanpumep
V x 9l osHauaBa ,3a BCAKO X, KOETO YIOBJETBOPABA HepPAaBEHCTBATA
I=x=a

l=x=ua, e usobiHeH0 ycJaoBuero ¥ dx9 o03HauaBa »CBIIECTBYBA

x < a
x <@, 3a KOETO € M3I'EJIHEHO YCJOBHEeTO [

3. PuHUTHH (DYHKUUH M TAXHATA HOMEpaLHs

Enxa aputmeruusa QyHKIUA Ine HapuyaMe QHMHHUTHa, ako AedHHUIUOH-
HaTa u o6nacT ce ChCTOM OT KpaeH Opoi Toukd. PUHUTHATE QYHKIMM Ha
JajJieH TOJNOXKHUTeJeH Opof NMPOMEHMMBU (KaKTO M BCHYKHTe QHHUTHH (yHKIUHK)
Ca u36pOMMO MHOTO M CJ€0BAaTEJHO MOrar ja G'bJaT HOMepupaHu (mo Ges-
OpOMHO MHOrO Das/MYHM HayWHM). Hue e wH3MOJA3yBaMe HAKOH CHEIHATHU
HOMepaluH, KOMTO Ca, Thil Ja ce Kaxe, epeKTHUBHU.

Heka %2 e nano nomnoxurenno uucao. Ja osHaumm ¢ M, MHOXeCTBOTO
Ha BCEB'b3MOXHHUTe MaTpuud 7 OT BHJIA
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KBJIETO p, Xy Ipu 1 =i=p, | =<j=k u y; npu 1 =<i=~F Cca LeIH HeOT-
puuatentu uucna (mpu p—0 umame npasma Marpuua). MHoxecTBOTO M) €
H36POI/IMO U 3Ha4Y{d MOXKe [a Ce€ yCTaHOBH B3aMMHO €JHO3HAYHO CHOTBETCTBHE
MEK Y Mk U MHOXECTBOTO Ha II€JHTE HEOTpMIaTeJHH 4YHucJja. 3a Hac 1me
Oblle CHIIECTBEHO, Ye TOBA CHOTBETCTBHE MOXe Ja ce usbepe IO TaKbB Ha-
YMH, IIOTO HAMHUDaHETO HAa MATPHULATA [0 HEMHMS HOMep M HAaMHPAaHETO Ha
HOMEpa IO JajJeHa MaTpulla Ja MOxe jga ce H3BbpiuBa edexTuBHO. [10-TOUHO
BSIDHO € CJEIHOTO TB'BPJEHHE.

Jema 1. Csujecmsysa eoro3nauno u obpamumo usobpaycerue v(T) Ha
MHONcecmeomo M, Bspxy MHOMCECMBOMO Z U NPUMUMUBHO-PEKYPCUBHIL
gyueyun 7 (n), (n, ), j=1, ..., k n(n, i) u o(n, xXy,..., Xp y) €8C c2€0-
Hume cgolicmaa :

a) ako T uma suda (1), mo

p==((T)),
xy=&@(T), i) npu 1 =i=p, 1 =j=k,

Yi=n((T), ) npu 1 =i =p;
6) axo T' ce noaywasa om T,Kkamo npunuuiem Omooay ouje eour peod
Xiyoooy Xpy Yy MO

v(T=0((T), Xy Xp, ¥);

B) ako p=0, mo »(T)=0.

[le cu mo3BOJMMM Ja NPOIMYCHEM JOKAa33aTEJCTBOTO HA TasH JeMa npen BUI
Ha TOBa, Ye MOXOOHM HOMEpAaIUM Ha KOHCTPYKTHBHH OOEKTH ca TBBpPAe 0O6H-
yaliHK ; BCe IaK MOXKEeM Ja HACOYMM 4YUTaTe]d Hanpumep KbM [6], § 4, 1.5 u 6.

B mo-EaTaTBUIHOTO H37MOXeHHe IIe MpejnostaraMe, ye ca HajeHH H300pa-
JKEHHE ¥ M INPUMUTHBHO-DEKYDCHBHH (QYHKIUH =, &, # U ¢ CBC CBOKHCTBATa,
¢dopmysupasu B Jema 1.

Ha Bcsika matpuna 7 or M, moxeM na CBIOCTABHM eaHa (PMHUTHA apuT-
MeTHUHa (YHKIHS HA 2 NPOMEHJNHBU @ 0O Caexuust Hauud. Heka 7 uma Buna
(1) u Heka Xx,,..., X; ca LM HEOTPUIATEJIHH UYMCJ]A; TOraBa THPCHM TaKoBa
USJI0 4MCJIO [, YIOBJIETBODPSABAMIO HepaBeHCTBATa | =< i =X p, e Xy =Xy, Xig=Xo,
ey X;p=X; AKO TaxkoBa UYHCIO HAMa, @ (X ..., Xz) He € AedHHHpAHO;
4aKO HMMa TaKOBO YHCJO, Jla O3HAYUM C f, Hail-MalKOTO MeXAy 4HCJaara i C
PasryIexAaHoTO CBOUCTBO M Aa MOJOXKHM

@( X1y 0 ¢ s Xp)=Vigr

Heka n e ussno meorpunarenno uucno. llle ossmayaBame c (p qumHaTa
(YyHKUHS, KOATO CHLOTBETCTBYBA II0 TrOpe ONUCAHOTO MPABHJIO HA OHA3U Ma-
tpuna 7” ot Mg, 3a xoaro v(7)=n. [lo To3u Hauu# mojyyaBaMe eXBa HOMe-
pauus Ha BCEBBb3MOXKHHUTE q)m-mﬂu apUTMeTHUHH (DYHKLHH HA £ NPOMEHJIHBH.
Ja oTbeseXuM HAKOM CBOHCTBA HA Ta3W HOMeEpAIHs.
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Jema 2, Apummemuunusm npeduxam PP, onpedeser ¢ exsusaierm-
Hocmma

k
P® (1, Xqye vy X)) =10 (4, .0y Xa),
¢ NPUMUMUBHO-DEKYPCUBEH.

JlokasaTeJCTBO. YCIOBUETO !(p(,f)(xl, ...,Xp) € PaBHOCWJIHO C YCJNO-
BHETO .

di v/ ; )= X;).
lgigi(n) 1§,J_sk (& (n, D=x))

Jlema 3. Axo nosoocun v
k
y’(k) (IZ, Xire ooy xk):(p(n)(x], veey xk);
dyukyuama w®. e wacmutHo-pexypcusHa.

JoxasaTeusctso. Uactndnata pexypcuBHOCT Ha Qynkumsara y*) ciensa
OT PaBEHCTBOTO

W® (n, xq, .0 x0)=n (1, ¢ (1, Xy ..o 5 X8))
KBbAETO ’

/ 7 (n) k
e 5y m=ai ([ limr+ 3 e 9=xi1=0)
j=1

r=1
Jema 4. Apummemuunusm npeduxam QP, onpedesen ¢ exsusaiexm-
nocmma Q® (m, n)E’(‘P(n’f) c o),

e NpUMILMUBHO-PEKYPCUBEH.
NokasaTeacrtso. [Ipeau Bcuuko me orbenexum, de dyHxiuara p(*),
3a KOATO CTaBa JyMa B JeMma 3, IPUTeXaBa NPUMHUTHBHO-PEKYPCHBHO IPOLBJI-

xenne w®, Tosa crenBa or Qakra, ye ynkuuara ¢(n, Xy,...; Xg) HpUTe-
XKaBa UPHMHUTHBHO-DEKYPCHUBHO NpOAb/uKeHHe. Ho B TakbB cayyail Moxem nd

H3noJsa3ysame, 4e YCJOBHETO (pﬁ,f) C (pék) € PaBHOCHJIHO C YCJIOBHETO

1 'Vi ((P)(k) (l’l, &1 (m’ i), cees br (ma i))&;(k) (m’ 51 (m’ i)»' o Er (mr i)):
= isa(m .
=y® (n, & (m, Q), ..., & (m, i) ))
Jlema 5. Axo gyunryusma B ne e Oegunupana 8  motKama

(X0, x) u nosoxcum

: l PB(xyy - ooy Xz), QKO (A (X, .+« Xr)s

‘w(x.l,...,xk)z .
l YO ako x;=x0,...,x,=x0,
mo gynxyusma ¢ cssnada ¢ gyuxyusma ¢, xeoemo

n=o(n, xO,...,xQ, yO).

IlokazaTeacTBo. AKO KbM MaTpuliata C HOMep 7, HA KOATO CBOT-
BercTByBa (yHKImATa ¢F), npunuineMm OTAONY peaa
Xy vy X0, ¥,
lle MOJYuYMM eJHA MaTpHIa, Ha KOATO CBOTBETCTBYBa (YHKUMATA .
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4. U34UCIUMOCT M u-peKypCHBHOCT Ha ONeparopu
W Bpb3KaTa MEWAy Te3H NMOHATHS

Hexa £ e LSO NOJOXMTENHO YMCJO, & [ € IS0 HEOTPUIATENHO YHCJIO
¥ Hexa F e aputmerHuen oneparop or Tull k£ — /. Caensaiixu lewiBuc [1], e
Kagpame, ye omepaTopbT F e KOMIAaKTeH, aKO € U3I'BIHEHO CJeJHOTO
yc/0BHe : IIPH BCeKH M360p Ha apuTMeTHyHara (QYHKIMS HA £ [POMEHTHBH f
M Ha 4ucaaTa Uy, ...,U4, U OT Z PaBeHCTBOTO

©) Ff] (..., m)=0

e W3M'bJHEHO TOraBa M CaMo TOraBa, KOraTto ChliecTByBa (HMHATHA (DyHKIUA
@ Cf, 3a KoaTo '
(3) Flpl(ay, ..., wm)=0.

Ille xaseame, ue omepaTopbT I € H3YHCJIMM, aKO TOH € KOMNAKTEH U QYHK-

uusra
Or (7, #y,. .., w)=F[oP] (@, ..., w)

€ YaCTHYHO-PEKYPCHBHA. .

3abenexka Bonpekn ue B JeQUHHIHMATA HA IIOHATHETO H3YHUCIH
oreparop ce Impejmnofara, 4e € Jajena HsAKAaKBa HOMepauMsa HA (QUHUTHMTE
GyHKIMY, KOSTO € OT pasrjefadud MO-rope THI, MHOXECTBOTO Ha H3YHCIIH-
MHTe OlepaToOpd He 3aBUCH OT KOHKDeTHHs H360p Ha Tasu Homepauus. M Ha-
vctuna, axo v, (T)uvy(7T) ca nBe usobpaxerus Ha My BBPXY Z, KOHTO yI0B-
JIETBOPSABAT YCJIOBHUATA Ha Jema 1, JeCHO ce BHXKJA, Ye Ilfe ChINeCTBYBa IpHU-
MUTHBHO-pPeKypcuBHa (YHKIus o (7) Takasa, ye 3a Bcaka matpuua 71 ¢ M, na
Oblle UBI'BJAHEHO PaBeHCTBOTO vo(T)=po (»(T)), a0T TOBa BeiHara CcJelBa, ye
MOHATUATA 34 M3UMCJIUMOCT, NMOJYYeHM C [OMOLITA HA Te3d JBe HOMepaluy,
C’bBIAJAT.

Heka k e (uxcupaHo UANO NOJIOXKHUTENTHO uyHca0. [loHsTHETO ,u-peKyp-
C4BEH omepaTop OT THI R — [“, K'bIeTO [ B3emMa NMPOUSBOJIHU IeJM HEOTpHIa-
TeJIHH CTOMHOCTH, Ce BBbBexJa C IOMOIITA Ha CJeJHaTa HHIYKTHBHA JAedu-
HUIUA (B KOATO f O3HAauaBa NPOU3BOJNHA apUTMeTHuHAa (YHKUMA HA R 1po-
MEHJIUBY) © '

I. Oneparopsr F ot tun k& — 0, Kolito ce ompemesss C PaBeHCTBOTO

(4) F[f10) =04

€ [i-DeKyDCHBEH.
II. OnmeparopsT F oT Tun k'— 1, koliTo ce onpejens C paBeHCTBOTO

) Ffl@)=u+1,

e u*heKkypCcUBeH.
II. Axo i u [ ca menu NONOXKUTENHH uHucaa u i==I, T0 onepaTopsbT F
oT THN k—s [, KOHTO ce cmpeless C PaBeHCTBOTO

(6) Flfl@y, ..., w)=u,
e u-peKypCHBeH.

1 AKo g e apuTMeTuyHa (yHKUMs Ha O npoMeRauBY, TO C £ () O3HAYaBaME CTOMHOCTTAa Ha
dyHxuusTa g B €IMHCTBEHAaTa TouKa Ha Z0, B ciyyail ye g e jeduHuUpaHa B Tasy TOUKA.
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IV. OnepatopsT F oT THD £ — &, KOHTO ce ompenenst C paBeHCTBOTO

() Flf]=/,
€ u-DEKYDCUBEH. ‘ ‘

V. Axo Fy,...,Fn,(m=1) ca u-pekypCHBHM ONEPAaTOPH OT THI £ —> [
({=0), a F, e u-pexypcuBeH omnepaTtop OT THI & —sm, TO omepatopsT F or
THI & — [, KOHTO Ce ompeliessi C PaBEHCTBOTO

@  Flfl@ ... ) =F[fIF:[f1 @yt Fulfl(, .. ., w)),

e u-pPeKypCHBEH.

VI. Ako F, e u-pexypcuBen omeparop or Tun k —Il—1(l=1),a F, e
U-DEKYDCUBEH omepaTop OT Tun £Z-—/[ -1, To omeparopsT F or tunm & —l,
KOHTO Ce ompejeJsi NOCPEACTBOM DaBeHCTBATa

9) F{fl(ay ...,y O)=Fo [fl (s, ..., 8:_y),
(10) Ffl(uyy .. gy wp+10)=F [f] (@, ..., 8—p, us, F[F] @y iy, ),

€ u-peKypCHBEH.
VII. Axo F, e u-pexypcusen omepaTtop ot THI 2 —[-+1(/ = 0), T0 omne
patopsT F oT Tun £ —/, KolTO Ce ompeneis C pPaBeHCTBOTO

(11) F[f](uli ey ul)zluy(FO[f] (”'1’ ceey Uy y):O):

€ u-peKypCHBeH. :

3a na moxem ja ¢dopMmynHpame Teopema 1, KOoSTO nmaBa eIHO He06Xo-
JUMO U JOCTaT’BYHO YCJIOBHE 33 u-DeKYPCHBHOCT, Lie TPAOBa Aa JaieM Ollle
enda nedununuda. Heka £ e IA/10 HOMOXKHUTENHO UMCIO, 4 [ € UsAI0 HEOTPHUIa-
TEJHO YHCJIO U Heka I e apuTmerHueHn oneparop or tun £ —/I. HacouBama
omepanus 3a onepartopa F me Hapuuame Bcsika cucTeMa OT R apur-

meTuyHH QyHKUMM Ha [+-1 npomensuBu (dy, ..., ), KOSTO IpHUTEXaBa CJael-
HUTE CBOHCTBA:

a) Ko Ja e OT QYHKUMUTE dy, . .., O € AeduHupaHa B TouKaTa (7, &y, ..., i;)
TOYHO TOraBa, KOraro
(12) —IF[eP] @y . .., u) &Hp ((p;,k) D P &IF [q;fyk)] @y, ..o 1));5

6) axo OQyHKUMHTE &y, ..., O Ca nedunupanu B Touxkara (7, iy, ..., ;)
H aKo

o;(n, Uy ..., w)=x; mpui=1,..., k%

TO
(13) —p® (..., %8) & V(0P D p® & IF [0F)] (i ..., 1) 1P (.., ) ),

Axo (8, ...,0,) € enHa HacoyBalla OIepaiys, lile Ka3BaMe, Ye TasH olepa-
U € YaCTUYHO-PEKYPCHUBHA, ako QyHKIUUTE &y, ...,d; Ca YaCTHUYHO-
PeKypCHBHH.

[Ile npuBenmemM HAKOJAKO INpuMepa KbM JedHHMIUATAZ HA HACOYBAILA
orepartusi,

[Tpumep 1. Heka F e nocrosimen omepatop OT TN R —/, T. €. Heka
32 BCeKM JiBe apUTMeTHYHU (YHKIMH HA £ TNPOMEHJUBH f, U f, Ia HUMame
F[fi]=F|[f.) Ha pasraename cucremara (dy, ..., ds), KBAETO &y . ..,0; ca
¢yHEKIUM ¢ npasHa xedunHiMonHa obuact. [lo TpuBHAaNeH HAYMH ce NPOBEPBA,
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ye TasM CHCTeMa INpPeJCTaB]fgBa eJHa YacTUYHO-PEKYpPCHBHA HAcOYBalla omepa-
uus 3a omeparopa F.
[Ipumep 2. Heka F e onmepaTopbT OT THN R — R, KOHTO ce neduHHpA

C paBeHCTBOTO (7) Ha nmonoxum npu i=1,...,k
i (n, Uy, ..., YQ=1M; aKO —r'qofk)(ul, . u,i
JlecHo ce npOBepHBa 4ye cHUCTemMara oOT (byHKunu (04 . - -, 0z) mpexncTaBnsABa

eJlHA HAacoyBalla olepauus 3a omeparopa F. Bp3 ocHoBa Ha Jema 2 MOXe
Ja ce TBBPIY, Ye Tasy HACoYBal[a ONepalus € YaCTHYHO-PeKYypPCHBHA.
[Ipumep 3. Hexa F e omeparopsT or tunm 1 — 1, onpeneneH mo ciaei-

HUSI HAYMH:
{f(u 1), ako —i(u=0),

, ako u=0.

Flfl(w)=

Jla TOJIOXHUM
o(n, )=u—1, ako —| (=0)& 1! (u—1).

He npepcrasiasBa TPYAZHOCT Ja Ce IPOBepH, 4e CUCTeMara, ChCToAlld Ce OT
eIMH uleH — QyHKUUsATAa J, NPEJCTaBIsBa YaCTHYHO-DEKYPCHBHA HACOy-
Balla Qmepanus 3a omneparopa F.

[Tpumep 4. Hexa F e omeparopsT oT Tun 1—0, onpeneneH ¢ paBeH-

CTBOTO
Flf1O)=wz(f(2)=0).
[ 0, ako —ilg()(2),

2 (n, 2)= {l 1, axo! g (2) &1 (o) (2)=0).

Jla 1oJ0KuM

Ako ¢ 6 osHauum ¢yHKUHATA, OlpejeNeHa C PaBEHCTBOTO
o(n)=wuz(x(n,2)=0),

TO CHCTeMaTa C eJIMHCTBEH UleH d NpeJCTaBIABa YaCTHYHO-DEKYPCUBHA HACOY-

Balla omnepanus 3a omeparopa F.

[Mpumep 5. Heka F e omeparopsT or tun 1 — 0, nedunupan mo crexn-
HUSI HAYHH ;

F[f]1()=0, ako A x! f(x).

Jla momycHeM, ye ChHIeCTBYBA -HacoyBaula omepanus 3a oneparopa F. Tasu
omepanusi me ObJe CHCTeMa OT eJHAa eJUHCTBeHa (YHKIMA Ha €JHa IIPOMEH-
muBa 6. CwraacHo B) oT aema 1 nedununyonsata obnact Ha yskuuaTa o)

e npasHa. OTTyK ¢ IoMoInTa Ha a) oT Ae(MHHIMSITA HA HACOYBAIlA ONepanus
gakatouaBame, ye (GyHkuusTa § e gpedunupana B Toukara 0. Jla mosoxum
p=0(0, 6(0)+1,0). Crraacio 6) or nema 1 dyskuuaTa <p(‘) e nehHHUpaHA B

elHa eIUHCTBEHa TOYKa, a MMeHHO Toykara ¢ (0)41. OqumlHo ¢ o) &
&!F[qo<1)]() Cobraacuo 6) or xeduHHIMATA HA HAcouBala omepauus 6 TpsAG-
BaJIO (PyHKIHATA gp“) Ia 0pze fedurupana B Toukara d (0), KoeTo He e BSIPHO,

[Ipumep 6. HeKa M e DeKypCHBHO HOMepPyeMO IOJMHOXEeCTBO Ha Z,
IOI'bJIHEHUETO HA KOETO He e PeKypPCHBHO HoMepyemo. [a meduuupame ore-
paropa F or tunm 1-—1 0o caenHAS HAYHH

Flf](w)=0, ako ue¢ M\/!f(0).
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Ia nedunupame aputTMeTHuHaTa (QYHKIUS HA 1ABe NPOMEHJMBH J TaKa:
(_S(n, u)=0, ako (we M)&—1 1M (0).

JlecHo ce mpoBepsiBa, 4Ye CHCTeMaTa C €NHHCTBEH 4ieH J MpeJCTaB/lABa Ha-
couBala onepauust 3a omeparopa F. ®ynxuusara é He e YaCTHYHO-DEKYPCHBHA,
KOETO ce BHXKJA OT TOBAa, 4¢ MHOXECTBOTO Ha oHe3u U, 3a Kouto |4(0, u),
CBBIAJA C JON'BJAHEHMETO HAa /M M CleNoBaTeJHO HE € pEeKypCHBHO HOMe-
pyemo. Llle moxaxem, 4e omepaTopbT I He mpuTexaBa Apyra HacoyBalla one-
panus oCcBeH TOKY-IO nocoyedata. M mamctuna Heka (J;) € NPOU3BOJNHA Ha-
coyBamia omepanus 3a F. OT ycaosuero a) orT pneduuuIUATa Ha Hacodsalla
omepanys cleiBa, ye JedHHUIMOHHATA o6nacT Ha (QyHKUMATA J; CBBIOAAA C
nedununuonHata obnact Ha ¢yHknuaTa 8. Heka (n, #) € NPOMSBOJIHA TOUKA
or neduHunMOHHATa O6MacT Ha ;. [la mosnoxum & (n, w)=x. llle mokaxenm,
ye x=0. Heka p=o(n, 0, 0). PynkusaTa (p;)l) e npoI'b/KeHHe HAa (DYHKIHUATA
@ V; nedunumuonnara o6nact Ha ¢() ce nonyyaBa OT Je(HHULUMOHHATA 0G-
mact Ha @V, KaTO HPUCBEJMHHM KDbM [OCHE/HATA TOUKATA 0 (—11¢$)(0),32-
mwoto 16 (n, u)). Twit kato ocsen Tosa |F[ef] () (monexe Le(l(0)), yero-
BHeTO 6) OT Ae(PMBHIUATA HA HWacouBama omepamus zaea, de lgf)(x). O

chIoTO ycaosue cienpa, ue —| g (x). Ho B TaKsB cayuyait AcHO e, ue x=0.
[lpeny Za NPONB/LKUM MO-HATATBK, Ie OTOENEKUM, Ue ONEpaTOpUTe, pas-
raejaHy B Ipumepure 2 — 6, ca usuucauMH. [1OCTOSHHMTE OMEPATOPH, Das-

rJefaHH B IpuMep 1, He BUHAarM ca M34MCIMMH. 3a Ja Oble eIVH IOCTOSHEH
oreparop HM3YMCJIHM, HEOGXOAMMO M LOCTATBYHO € ¢GyHKuuATa, B KOATO OIle-
paTopbT npeoGpasyBa GyHKUuHTE OT Ae(DUHUIMOHHATA CH obnact, na ObIe
uacTHYHO-peKypcuBHA. Omneparopure, pasriefand B INPUMEPUTE 2,3 u 4,ca
u-pexypcuBHH. [locTodHeH omepaTop, KOHTO npeo6pasdyBa (yHKIMHTE OT je-
¢unnnMOHHATAa CH 006JACT B HAKOS UYd4CTHYHO-PEKYPCHBHA. GyHKLIHS, CBILO €
u-peKypCHBeH (IOKa3aTeJCTBOTO HAa TOBA TBBPJEHHE MOXEM Ja NPENOCTaBUM
HAa YMTaTess; NPHU NOKAa3aTeJCTBOTO € yHA0OHO Aa Ce M3XO0xk A OT HHAYKTHBHATA
neUHAMA HA TOHATHETO YaCTHYHO-peKypcuBHA (YHKIMs, KOATO IPOM3THIA
ot teopema XVIII u ciepcreuero or Teopema XIX ot § 63 Ha [2]). Omepa-
TOpHUTE, pasIvieJaHd B mpumepure 5 M 6, He Ca u-DEKYPCHBHM M TOBa IH€
CTaHe SICHO OT TeopeMaTa, KOATO CJieJBa.

Teopema 1. Hexa F e edun apummemuter 0nepamop. 3a da 6vde one-
pamopsm F u-perypcuser, neo0xo0umo u 0OCMAMBIHO € da 6s0am u3nsa-
HeHl cAe0Hume 08e YCAOBUA: :

A. F e usuucaum onepamop.

5. 3a onepamopa F cwujecmsysa nowe eOHQ 4acmUMHO-PEKYPCUBHA Ha-
cousaua onepayus. :

I[Mpenyu ma TPUCTBIOMM KBM JOKa3aTeICTBOTO Ha Tasd TEOpeMa, Iie ot6e-
JIeXKUM, 4e HUKOe OT ycuaoBuara A m b He e cieicTBue OT ApYyroro. Hamnpu-
Mep OmepaTop, KOHTO IpeoGpasyBa BCUUKM (QYHKIMH Ha JaieH 6poit  mpo-
MEHIHBH B €/Ha W CbINA (DYHKIUA, He € W3UMCIHM, aKo TadW (QYHKIHMA He e
yacTHYHO-peKypcuBHa. OT Jpyra Crpasa, B mpuMep 1 BHJAXMe, Y€ 3a BCEKH
TaKbB ONEpaTop CbIeCTBYBA YaCTHYHO-PEKYPCHBHA HACOYBAIlad ONeEpalHsL. [pu-
Mep 5 OT CBOsi' CTpaHa NOKasBa, Y€ €JUH OIeparop MOxe Ja O'bJe H3YUCIHM,
Ge3 na CHIECTBYBAa KaKBaTO M Ja € HACOYBAlla ONepalys 3a TO3H Omeparop.

[IpemMuHaBaMe KbM [0Ka3aTeJCTBOTO Ha TeopeMa 1.
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Heo6xodumocm Ha ycarosuemo A. Kakro Beue oTOens3axMe B yBOJHHTE
Genexxkd KbM HacTosmara pa6ora, teopema XVIII or § 63 Ha [2] mnokassa,
ye BCEKHM u-DEKYPCHBEH OMepaTop e YacTHYHO-peKypcdBeH. Tbit KaTo, OT Apyra
CTpaHa, BCEKM YaCTHYHO-PEKYPCHBEH OIEPATOp € HM3YUCAHM, fCHO €, e BCEKH
u-peKypcuBer omnepatop e wuauucauM. C IpYrH AyMH, HeoOXOZUMOCTTA Ha
ycnosueTo A e (axr, KOHTO e H3BecTeH. 3a IIBJIHOTA O6aye HHE BCe IaK IIe
IaneM eIHO JUPEKTHO XOKa3aTeNCTBO, 6e3 Ja U3MOJ3yBaMe eKBUBATEHTHOCTTA
Ha MOHATUATA YaCTHYHO-DEKYPCHBEH M HM34McaIuM omepatop. ToBa Jokasaresn-
CTBO IIle ce CBCTOU OT 7 JIeMH, CHOTBETCTBYBAIUM HAa CeJeMTe NYHKTa OT
nebVHULIUATA HA u-PEKYPCHUBEH omepatop. BbB BCHUKM Te3d JeMU Ce NPenno-
Jara, 4e R € ISJI0 IOJOXHUTETHO YHCJIO.

Jlema 6. Onepamopsm F om mun k— 0, koimo ce onpedeis c pa-
sencmsomo (4), e ws4ucAuM.

INokasarenctso. Komnakraocrra va F e oueBuznna, a Op (7)=0.

Jema 7. Onepamopsn F om mun k—s I, koimo ce onpedens ¢ pasex-
cmeomo (5), e U34UCAUM. .

Joxasarenctso. Kovnakrdocrra Ha F e oueBunHa, a O (n,u)=u--1.

Jlema 8. Axo i u | ca yeau nosoxcumesnu uucaa u (=1[, mo onepa-
mopsm F om mun k— 1, koiimo ce onpedeass ¢ pasencmsomo (6), e us-
HUCAUM. : ‘

JokasareactsBo. KommaktHoctrra Ha F e cblo oueBMigHa, a
Or (1, uy,...,0)=u;.

Jema 9. Onepamopsm F om mun k—k, koiimo ce onpedensi ¢ pagen-
cmeomo (7), e us4ucAiM.

JdokasartexncrBo. Jla ce ybGeaum Hal-HampeX, de onepatopsT I e
xkoMnakTeH. Hexa 3a HAxkos apuTMeTnyHa (QyHKIMS Ha & NpoMeHauBH f M 32
HSKOW YUCHA Iy, ..., U;, U OT Z € USI'bIHEHO PaBeHCTBOTO (2) or Jedunu-
IUsiTa HA KOMIAKTHOCT. ToBa osHayaBa, ue f(, ..., #;)=wv. Jla o3Hayum C @
byukuusTa, KosaTo € nedunHpana camo B Toukata (i, ..., H4;) H KOATO IpHeMa B
Tasu ToYka CToHHOCT ©. OueBUAHO ¢ e QuuauTHa Qynkmus, ¢ Cf u paBed-
cTBoTO (3) oT medHMHHUMATA HA KOMIAKTHOCT e H3mbiHeHo. O6parHo, Heka f
e apuTMerHyHa (QYHKIUS Ha K NPOMEHIMBH M HeKka 3a HAkosf GyHkuua ¢ Cf
€ HSI'bJIHEHO PaBeHCTBOTO (3), KBACTO Uy, ..., U; 1 ¥ Ca HAKAKBH YHCAA OT
Z. ToBa o3HauaBa,de @ (Uy, ..., 4;)=T, OTK'BILTO CJeIBa, 4e H f(ly,...,U) =17,
T. €. BAPHO € U (2).'

3a nma 3aBBPIINM J0KA3aTeJACTBOTO Ha Jema 9, ocTaBa Ja MOKaXeM, 4e
¢byuxupara O e wacTuyHO-pexypcuBHa. Ho ToBa csiemBa oT Jema 3 M OT pa-
BEHCTBOTO

O (1, tyy - -, ) =" (. . ., 1),

Jema 10. Awo Fiy..., Fw (m=1) ca uswucanmu onepamopu om min
k—Il(l=0), aF,e usbtuC/LuM onepamop om mun k— m, mo onepamopsn
F om mun k—1, koiimo ce onpedeass c¢ pasencmaomo (8) e Uu34ucAuM.

,HOKasaTEJICTBO. Hexa 3a Hskos apuTmernyda (yHKIMSA HA K IpO-
MEHJHMBH f M 3a HAKOM YHCNA Uy, ...,H;, U OT Z € H3I'bIHEHO paBEHCT-
BOTO (2). Torasa !F[f](uy,...,u;) u svaun |F;[f](uy, ..., u) opu i=1,...,m,
Ha nonoxum ,

Filfl@y ooy w)=0; npu i=1,,,,, m,

Folfl(@y, ... :'vm);'v'

2 Vizpectps Ha Marematuyeckus pHCTHTYT, ToM VII

OueBuzHO HMaMe
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Toi xaro omeparopure F,, Fy, ..., F, ca KOMIaKkTHH, CBUIECTBYBAT
(GUHUTHE BYHKUMH @q, @i. ..., Pm TaKHBa, Ye f € NPOABJKEHHE HA BCAKA OT
TAX ¥ Ca UBI'bJHEHH DPABeHCTBATa

Fo[(po] ('Z}l’" . ,'Um)='v,
Filod Wy, .. ., w)=v; npu i=1,...,m.

Jla osHauuM C @ OOeNMHEHHETO HAa (QYHKIUHUTE Qg @15« -5 Pme QOueBUIHO @
e ¢Quuurna OGyuxkimus U @ Cf. OT KOMIAKTHOCTTA HAa ONEpaTOpHUTE Fg Fys
..., Fu ¥ 06CTOSATENCTBOTO, Y& @ € NPOJBIKEHHE HA BCAKA OT dbysxnuuTe |

@os Py -+ - » Pmy CIACNABAT PABEHCTBATA :
Folo] (01, - » Um)=7, |
i
Filol @y ..., wm)=1v; npui=1,...,m.
OT Te3u paBeHCTBA CJIe/iBa, 4 € WBI'BIHEHO PAaBEHCTBOTO (3). O6paTHo, aKo
3a Haxos (uuurTHa (QyHKIMA @ Cf W 8a HAKOM 4HCIA Uy, ..., M, U € MBI
HEHO PaBeHCTBOTO (3), TO HBMONSYBAMKM KOMIAKTHOCTTA HA ONEPATOPUTE Fo,
Fy,...,Fn, Bennara sakmouaBaMe, 4e 3a (QyHKIHUATA f u 3a chuMTE YMCIA €

B cuia paBeHcTBOTo (2). KommakTHOocTTa Ha omeparopa F e jokasana. Ya-
CTHYHATA PEKYPCHBHOCT HAa (YHKIHUATA OF CirelBa OT PaBEHCTBOTO

Or(r, wyy .- .5 ) =05, (7, OFl(n, By <55 W busy O, Ly oooyly))

Jlema 11. Axo F, e uswucaum onepamop om mun k—I—1(l= 1), a
F, e nswucaun onepamop om mun k—l+1, mo onepamopsm F om mun
k —sl, kolimo ce onpedeas nocpedcmeom pasencmsama (9) u (10), e us-
YUCAUM.

MokasarencTso. Hall-Hanpen ¢ MHAYKIMS MO OTHOIIeHHe Ha /i Ime
JoKaxeM, 4e omeparopbT F(® or tun k — [—1, KOHTO ce ompelens C paBeH-

CTBOTO
F(h) [f] (ul’ ey ul*l)___F[f] (ula sevy ul——lx h)7 R

e xomnakTeH. JlelicTBUTEIHO omepaTopbT F© cbBmaxa ¢ omeparopa Fo, a ako
KOMIAKTHOCTTA Ha F® npu HsAKoe £ € yCTaHOBeHa, TO KOMMNAKTHOCTTa Ha |
F(+1 cnemsa OT PaBeHCTBOTO |

F(+1) [f] (ul’ “alel ul*“l)zFl [f] (uls ceey Wi—yy h: ) [f] (uv s sy ul—l))

ypes pasChK/EHHd, KaKBHTO MMaxme C/Iyyail a HAmpaBuM Beye I J0Kasa-
reqcTBOTO Ha Jema 10. Obaue or kommakTHOCTTa Ha F*) mpu mpousBoaHO /
OuYeBHIHO CJIeABA KOMIAKTHOCTTA Ha F. :

OcraBa na TokaxeM, de (ysxmuara Op e dYacTHyHO-pPeKypcuBHA. ToBa
o6aye cjaelBa OT PaBEHCTBATa

OF (1, Uy, - -+ s thi—yy 0) =0 (2, 8y« 5 Ui_y),

OF (7, tyy ey gy tyH1)=0p, (M, 1y« ooy Bymyy Uy O (s 8y ooy Uiy u))).

Jlema 12. Axo F, e uswucaum onepamop om mun k— I4+1 ({=0), mo ‘
onepamopsm F om mun k—l, xoimo ce onpedeas ¢ paserncmsomo (11), e §
U34UCAUM. . , i
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INoxaszaTeacTBo. Heka f e apurMerHuna (QYHKIMA Ha K [POMEHJIMBH
¥ HeKa U, ..., U; ¥ U Ca IeJ¥ HeOTPUIATeNHM uucja.Jla NIpeiloJokKuM, ye e
UsI'BJIHEHO paBeHCTBOTO (2). ToBa 03HauaBa caepHoTo: mpu 2 = !Fy[f] (4,
v Uy @), ka0 Fo[f] @@y - -+, 4 v)=0,ampu 2<<v —1(Fo[f](@y,- - -, s, 2)=0).
[Topaju KOMIAKTHOCTTA Ha omepatopa FynpH BCkO 2==v CbiuecTByBa ¢u-
nuTHa QyHKIUA @, C f Takasa, ye :

FO[(pZ](ul’ ceey Wy z):Fo[f](lll, ceey Uy Z).

Ila 03HAUUM C ¢ OOeJVHEHHETO Ha (DYHKIHMHUTE g, Py, - ., Pz 112K TOPALH
KOMIIaKTHOCTTa Ha F, e uMame Npy 2 =7
Fo [¢] (lll, ceey ll[, Z)=FO [(pz] (lll, sy u[, Z),

OTK'BJIETO CJeJBa, 4e € H3I'bJHEHO paBeHCTBOTO (3). OOparHO, aKo 3a HAKOA
(uantHa QyHKIMA @ Cf e USI'BIHEHO PaBeHCTBOTO (3), TO Ile HMame
' Folo] (s . - ., #, 2) 32 BciKO 2 =, KaTo NpH ToBa Folp](Uy - ..,y 0)=0
u — | (Fylel(4y, - - ., 4, 2)=0) npu z<v. [lopagyu KOMIaKTHOCTTA Ha Omeparopa
F, npn 2=o me ObJe U3I'BIHEHO PAaBEHCTBOTO

Folfl @y, -, s, 2)=Folol (..., 2),
OTK'BAETO CJeJBa, ue Ile e B cuia paseHcTBOoTO (2). C TOBa KOMINAKTHOCTTA
Ha omnepatopa F e ycranoBena. OT jgpyra cTpaHa, OT PaBeHCTBOTO

O (2, thy « -, ) =1y O, (1, s, - ., 1 $)=0)

caenBa, ye (pyHkuuara fp e yacTHYHO-peKypcuBHA. Jlema 12 e Hoxasaua.

OT neHHUIHUATA HA u-PeKyPCUBEH omepaTop M or Jemute 6 — 12 ciensa
Heo0XOMUMOCTTa Ha YyCJ0BHETO A.

Heo6xo00umocm na ycaosuemo b. Hexa F e apurmernden omepatop oT
tun k—/[ (k= 1, [=0). Jla Hapedem HacoOuYBaImoO MHOXecTBO 3aF
BCSIKO IMOAMHOXeCTBO M Ha Z*H+1, koero npuTexaBa CJeIHHUTE IBe CBOKCTBA :

a) aKo IpY HAKOH M300p HAa LENUTE HEOTPUUATENHH HHCHAA 7y Uy, ..., U
e M3IbaHeHO ycaoBueTo (12), TO CBIIeCTBYBAaT ILeJM HEOTPHIATeNHH UHCIa
Xqy+ .+, Xp TAKMBA, Y€ TOUKATA (M, Uy, ..., Uy Xy +.., Xp) TPUHALICKH HA
MHOXeCcTBOTO M ;

) axo ToukaTa (A, Uy, ..., U Xy, ..., Xz) IPHHANIENRH HA M, TO. H3I'BI-
HeHO e ycaoBuero (13).

3a ma ycTaHoBUM HeOGXOJMMOCTTA Ha Yyc/aoBuHeTo b, mie Jnoxaxem Io-
HanpeJ CJIeIHOTO TBBbPIEHHE : ‘ ‘

Jlema 20. 3a 8cexu u-peKypcuser onepamop Coujecmsysa MOHE eOHO
PEKYPCUBHO HOMEPYEMO HACOUBAULO MHOICECMBO. '

TokasareacTBoTo Ha Jema 20 Iue pasuwieHUM Ha 7 JIeMH, CHOTBETCTBY-
Ball¥ Ha CeJeMTe MyHKTAa OT JeDUHHMIUATA Ha u-PEKYPCHBEH OIEPaTOp.

Jlema 13. Onepamopsm F om mun k —0, xoimo ce onpedeis ¢ pa-
sercmaomo (4), npumescasn peKypcusro HoMepyemo HaAco48aily0 MHOJICEC 0.

Jlema 14. Onepamopsm F om mun k—1, xoimo ce onpedeis ¢ pa-
sercmsomo (5), npumedicasa PeKypCiusHo HOMepyemo HAro48au,0 MHOMCECMEO.

Jdema 15. Axo i u | ca yean noroxcumesnu wucia u i=1, mo onepa-
mopsm F om mun k—l, koiimo ce onpedeas ¢ pasencmsomo (6), npume-
JHCABA PEKYPCUBHO HOMEPYEMO HACOUBALL0 MHOICECITLBO.

Jlemu 13, 14 u 15 ce moKasBar IO €JUH M CBII HAYMH, a UMEHHO IPO--
BepsiBa Ce, ye NPAsHOTO MHOXECTBO € HaCOYBalll0 MHOXKECTBO 3a Oneparopa F.
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Jlema 16. Onepamopsm F om mun k— k, wxoiimo ce onpedeas ¢ pa-
sencmaomo (7), npumestcasn peKypcusHo HOMepPYeMO HAco18au0 MHONHCECMEO.

IloxasateacTBo. Jla osHauuM C M MHOXeCTBOTO Ha TOYKATE OT
72k+1 oT BURA (M, Uyy .« oy Uiy Uyy + + - 5 Up)y KDIETO 11, Uy, ..., Uy CA TAKUBA, U€
—11® (g, . . ., uy). OT Jema 2 crensa, ue M e pexypCUBHO HOMEDYeMO MHO-
xecTBO. 10 TpUBMaleH HayMH ce IpoBepsiBa, ye /M e HACOYBAIIO MHOXKECTBO
3a omeparopa F.

Nema 17. Axo Fy, ..., Fn(m=1) ca uswucaumu onepamopu om mun
kE—1 (I=0), a F, e uswucaum onepamop om mun k—m u axo ecexu om
onepamopume Fo, Fy, ..., Fn npumescasa pexypcusno HOMepyemo Hacot-
saw0 mHoxcecmso, mo onepamopsm F om mun k—sl, Koiimo ce onpedens
¢ pasencmsomq (8), CBUL0 npumescasa PeKypcusrO HOMePYeMO HACO48aUL0
MHOHCECMBO.

Ioxasarteacrtso. Ilpu i=0,1,...,m na oO3HauUUM C M; HfAkoe
PEKYPCHBHO HOMePYeMO HACOYBALLO MHOXECTBO 3a OIeparopa F; OueBunHO
M, C Zktmt a mpu i=1,...,m M;C Z&+A+L Jla osuauuM ¢ P MHOXeCT-
BOTO HA OHESH TOUKM (1, Uy ..., Uy Xgy ..oy Xg) OT ZFHA1 33 KOHUTO
IFi[o®] (g, -« ., &) mpu i=1, ..., m 1 TOYKATA

(n, Fylo®] @y« -y i)y - - s Fmn (@8] (s« oo s Ua)y Xgy e v vy Xz

npuHaIIexu Ha MHOXecTBOTO Mo Twhit kato AM; e pexypCHBHO HOMEpyeMO
MHOXeCTBO, a omeparopure Fy,..., F, ca usuucauMu, MHOXeCTBOTO P e
peKYPCUBHO HoMepyeMmoO. [la MOJIOXUM

M=M,UM,U...UMnUP.

Karto cyma Ha KpaeH GpOil PeKYPCHBHO HOMEPYEeMH MHOXECTBA MHOXECTBOTO
M e cbiio. pekypcuBHo HoMmepyemo. llle mokaxem, 4e M e eaHO .HAacoyBaulo
MHOkecTBO 3a omeparopa F. Ille moxaxem Ha#-Hampex, 4e MHOXECTBOTO M

. IpUTEXaBa CBOHCTBOTO @) (0T Ae(HHHUMATA HAa HACOYBAILO MuoxecTBo). Heka -

M, 1y, ..., W CA UeJd HEOTDHIATENHH YHC/I, 32 KOUTO € USI'BJHEHO YCIOBHETO
(12). Ia nomycueM, 4e He CHIIECTBYBAT LeJH HEOTDHIATENHH YACIA Xy, . . ., Xg
TaKUBa, 4e TOUKATA (M1, Uy, <+« Uty Xyp -+, Xp) na npuraggexu na M. Torasa
npu i=1,..., m He CBIIECTBYBAT LeIM HEOTPUNATENHH YHCAA Xi,..., X
TaKuBa, Y€ TOYKaTa (M, Uy« -+ Uiy Xyy e ey X,) Aa mpuHamnexu Ha M; u He
CHIECTBYBAT MeJM HEOTPUNATENHH UHCHA Xy, ..., Xp TAKHBA, Y€ TOYKATa
(y Uy ooy Uy Xy« v, Xp) JA IDHHAJLIEKK  HA P. Heka 1=i=m.OuyeBUrHO
dp (qal‘f) DB &!F; [«p;k)] (g, . - -, w)), Toit Kato [F[p®] (g, . .-, uw)=IF; [qr,ge)]
(44 - -, ). OTTYK cnesBa, 4e CHAKIEHHETO | Fi[@P] (g, - - -, W), HE MOXe
na 6bIe BSPHO, SAIIOTO MHAYe GMXMe HMalM MPOTHBOPEYHE C'hC CBOHCTBOTO
a) na muoxecrsoro M, 3uaun !F;[@P](ay, ..., u) npu i=1,..., m. Ia no-
noxuM F; [p®] iy, . . ., w)=0;npu i=1,. .., m. Tpit kato —il Flo®(ay,. .., w),
oueBuaHO BsApHO €, ue —I!Fy[p®¥](vy, ..., Un). OT Apyra cTpana, 1ecHo e Aa
ce y6emuM, ue o p(zp(’f) D M &I Fy [¢P] (v, - - -5 Um));  JEHCTBUTENHO OT
qag‘)Dtp(”k) caelBa, ye ‘

Flo®] (g ..., 0)=F [¢®] (03 1+ - 1 V)

T
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B rakbB cayvait oT CBOHCTBOTO a) HAa MHOXecTBOTO M, cieaBa, 4e Cble-
CTBYBAT I1eJIM HEOTPHULATEJIHN YHCIA Xy, . . . , X, TAKUBA, Y& TOUKATA (M, Uy, « ..y Upp,
Xi+-+,Xz) Ja TpUHAIIEXKH HAa M), T. e. CBIIECTBYBAT IeJH HEOTPHIA-
TeNHM YHCNA Xy, ..., X; TaKWBA, Y€ TOUKATA (M, Uy, ..., Us Xy ..., X;) J4
npuHagiexu Ha P. Ho Hue mo-paHo moJyusxMe, Ye TaKHBA 4HCAA Xy, ..., X
He CBINECTBYBAaT, U 3HAYM Cera JOCTHTHAXMe JO0 NPOTHUBOpeune. CJief0BaTeNHO
JONyCKAHETO HH, Y€ He CBIIECTBYBAT leJH HEOTDHUATENHH YHCAA X, ..., X4
TaKHBA, 4e TOUKATa (7 Uy, - .., Uy, Xy . . ., Xz) L4 IPHHALJNEXKH HAa M, e HeBspHO.
C ToBa e noxasano, ue M mpuTexaBa CBOHCTBOTO a).

Jla ce 3aHWMaeMm cera cbC CBOHCTBOTO B). Hexa Ttoukara (m, uy,...,u,
Xy -+« Xp) TPHHALNENHU HA MHOXecTBOTO M. Torasa T4 Ie NpUHAIJIeXH HA
Hsikoe cpbupaemo or cymara M;UM,U...UM,UP. da npeamonoxum, ue
pasriiexnanara TOYKa NpUHAJJIEXKHM HAa MHOXecTBOTO M, kbrero 1=_i=m.
CoraacHo cBOHcTBOTO f) Ha MHOXeCTBOTO M; e uMame

TGP (e, X &Y P () D g B &I [0 (1, -, 1) =Lt (-, 53).
Ho Torasa oueBunno me 6bre Bapuo u chxienuero (13), samoro ! F[p g”]
(oo, m) = IF; [(p}(,k)] (#y ..., w). Hexa cera touxara (n, uy,..., u,
X1y« 5 Xz) IPUHAJICKH Ha MHO KeCTEOTO P. ToBa 03HauaBa, ue | F; [0 2y ..., 1)
mpu i=1,...,m u axo nonoxum F;[»®](uy, ..., u)=v; npui=1,..., m, o
TOYKATa (M, Uy, . . oy Upy Xy, - - - , Xz) IPHHALJIEKH HA MHOKECTBOTO M,. CBrIacHo
CBOKCTBOTO f§) Ha MHOXeCTBOTO M, Lie HMame

THEP Xy, X) &V p (@) D B &I F [pP] (04, . ., V) = PP (Xy5. .« -5 X).

Ho B raxeB cayuait nak me Gbre BapHo cwbxmennero (13), 3amoro or
q;g*’t)q)glk) crlenBa, ge

Flo®l, . . .,u) =Fo®](vy, ..., vm).

[To TakbB HauMH JOKa3axMe, ye MHOXeCTBOTO M IpUTe!aBa M CBOHCTBOTO f)
¥ CNENOBaTeNHO NPENCTAaBJsBA HACOYBAIIO MHOXECTBO 3a omeparopa F.

Jlema 18. AxoF, e usuucaum onepamop ommunk —1—1(=1), a F, e
usuucaum onepamop om mun k—l+41 u axo scexu om onepamopume F,
u Fy npumeoicasa perxypcusno. Homepyemo Hacousauo MHONCECMBO, MO
onepamopsm F om mun k-1, koiimo ce onpedeas nocpedcmsom pasen-
cmsama (9) u (10), cou0 npumescasa pexypcusro HOMEPYEMO HACOHBALULO
MHOHCECMBO.

Hoxasarteancrso. [la osHauum ¢ M, HAKOe DeKYPCHBHO HOMepYeMO
HAco4Balo MHOXECTBO 3a omeparopa Fy, a ¢ M, pma osHayuM HAKOe pe-
KYPCUBHO HOMEPyeMO HACOYBAIl0 MHOXECTBO 3a omeparopa F,. OueBumHo
M, CZ¥, a M,C Z*+2 Hexka L, e MHOXKECTBOTO HA OHE3M TOUKH
(ywyy o ooy gy tyy Xy ..., Xp) OT ZFHFL 33 kOoMTO TOUKATA (ny gy .0y
X1y ..., Xp) TpuHAZAexyu Ha M,. Tl Kato MHOMecTBOTO M, € PeKypCHBHO
HOMepyeMo, MHOXeCTBOTO L, € CBINO pekypcHBHO Homepyemo. C P jpa 0sHa-
JHAM MHOXKECTBOTO Ha OHE3H TOUKH (11, Uy, . . . , Uj—y, W, Xqy . - - , Xp) OT ZFHHL 32
Kouro |FlopP](uy, . .., w_y, w) u Touxara (n, u,,. .., m_q,w, F [T (s,
Uiy, W), Xy, ..., X) OpuHaniexu wa M,. Tt Karo MHOxecTBOTO M, € pe-
KypcuBHO HOmepyeMO, a oneparopbT F e wuauucium (mo Jsema 11), MHOXe-



29 S fi. Cuopres

Loy

crBoTO P e pexypcuBHO HoMepyemo. Jla osHauMM c L; MHOXECTBOTO Ha

OHE3U TOUKH (7, Uyy -« « 5 Uiy, gy Xyy'o oy Xg) OT ZFTITL 33 KOMTO € H3NBJ-
neno yciosuero dw (1, ty, . .. 5 U—y, W, Xy, .., Xz) € P). Muoxecrsoro L,
w<uy

CBIIO € PEeKYPCHBHO HOMEPYEMO. *
Crnen xato cme jgeduHMpann MHOXecTBaTa Ly, M L;, 12 MOJOXUM

M=L,JL,. .
Karo cyma Ha J1Be DeKyPCHBHO HOMEDYeMH MHOXKeCTBA M MHOXECTBOTO M
ChIO € pexypcuBHO HOMepyemo. llle moxaxem, ye M e HACOYBAIIO MHOie-
cTBO 3a omeparopa F.

Heka 7,4y, ..., U, ¥ Ca LeJId HEOTPHIATEJNHH UHCI3, 38 KOUTO € us-
rbaHeHo yenoBueto (12). Ilomyckame, uye He ChIIECTBYBAT NeJH HEOTPHIa-
TeJHH YMCHA X, ..., X; TakuBa, 4e TOUKATA (M, Uy .oy Uiy, Uiy Xy ooy Xp)
1a npuHajexd Ha M. B rakpB Cayyall He CBINECTBYBAT MM HEOTDHIE-
TeJHH UHCAA Xy, ..., X TAKUBA, 4e Tasu TOUKA [a NPUHAJIERKH HA Ly H He
ChIIECTBYBAT IeNH HEOTPHLATENHH YACHA Xy, ..., Xp TAKHBA, ue T4 Ja TNpU-
nagnexxd Ha L, Ja pomycuem, ue —IIFo[o®] (ay, ..., u—y). Tt karo
!F[<pff>] (s o oo s W—gy ) =1 Fy [<p§f>] (g ..., 4, ), me OBIe BAPHO ChHXKIe-
ruero H p (¢ Dol &IF, [90] (. . ., tiz—y)). Ho rOraBa cwriacHo cBOHCT-
BOTO a) HA MHOXECTBOTO M, Ile CBINECTBYBAT ILe/MH HEOTDHIATETHH UHC/Ia
Xy . .., Xp TAKUBA, 9e TOUKATA (7, Uy, ..., Uiy, Xy, -+ -5 Xp) JA TPHHAIJIEKH
Ha M,, T. €. IUe CBLIECTBYBAT UeJHM HEOTPHLATENHH YHCAA Xy, . . ., X; TAKHUBA,
ge TOUKATA (7, Uyy. .« s Ui—yy Uy Xpp o ooy X;) HMa mnpuHauaexu Ha L, M Taxa,
nomyckanero, ue —|!Fo[oP] (wy, . .., 8;—), He Moxe 1a 6pae BApHO (TIpH
bpBOHauaNHOTO Aonyckane). 3uaun ! Fo[o®](uy, ..., wy), T. € VF @] (124,
ve., Uy, 0). Hexa w<Tu, u uexa |Flop®](u,, ..., 4, @). Ile moxaxew,
ue |F[pW] (uy,...,%—y, w-+1). Ja nomoxum Flo®|(ay, ..., U, @) =2
B Tak®B cayuail 3a BCAKO p, 3@ KOETO qo})k)___)qy(nk), e ObIe HBI'bJIHEHO pa-
BEHCTBOTO

Flo®(uy, - .oty W+ =F,; [m;k)] (e 3 iy Wy 2)
Toil KaT0 w--1<u,;, 32 BCIKO p le HMame :

IF ) (- tps ) = F o] (g - -5 sy @1).

Ortyk ¥ oT (aKTa, ye yucaara #, Uy, . . ., l—y, U YAOBICTBODABAT YCIIOBHETO
(12), cnensa, ue d p((pfuk)qujf)&!Fl [ga;’”] @y ... Wy, @, 2)). Ho B Tax®ps
cayuait couaennero —F [p®] (uy, . . ., 4y, w+1) HE MOME N2 O'blie BSIPHO.
JlefiCTBATEHO, B IPOTUBEH cayuait 6uxme umand — | Fy [p®P] (uy, . . ., #y—y, @,2),
OTK'BIETO C MOMOINTA HA CBOHCTBOTO ¢) HA MHOxecTBOTO M; OHM cienBano,
Ye CHIUIECTBYBAT LM HEOTDHIATENHH UHCAA Xy, ..., Xp TaKHUBa, ye TOUKATA
(7, Uy o o vy Uy—yy Wy 2y X+ oy Xp) JQ TPHHAIVIOKH HA M,, T. e. TOUKATa
(1, tyy . .y iy, W, Xy, ..., Xp) 12 IpuHALNERH HA P. Tl KaT0 W <1ty OT0
TYK Ie CcJeiBa, Ye CBIIECTBYBAT eI HEOTPULATENHH YHCIA Xy, . .. Xk
TaKUBa, e TOUKATA (7, Ly - - -, Uiy, Uy, Xy, -+, X) JAQ TPHHAAJENKH HA Ly, 8
[I0-paHO HME TOJNyYHXMe NPOTHBHOTO. 3HAUM NP BCAKO @ <4 UMaMe

\F [qagz“] (s < s iy w) = Fo®] (- - -y -y, W+ 1).
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Ho Torasa me moxenm na saxmounm, ge 1 F[p®)] (u,,. . ., u, u,), a ToBa npo-
THBOPeuH Ha (axra, e UMCHATA 7, Uy, ..., Uiy, 1 YNOBIETBOPSABAT yCJIO-
Buero (12). CnenoBaTeNHO NONYCKAHETO, Y€ He CBINECTBYBAT LENH HEOT-
PHLATEJHH YHCHA Xy, . . . , Xp, 32 KOUTO TOUKATA (7, Uyy - .« Up—y, gy Xy, - . ., Xp)
Ia npuHainexu Ha M, HU JoBele 10 mporHBopeure. C TOBa e IOKasaHO, ue
MHOXeCTBOTO /M mNpuTexaBa CBOHCTBOTO a). :

Hla mposepuM cera, 4e € Hamuie M CcBOHcTBOTO f). Heka Touxara
(n, 0y ..., U4—q, Uy Xqy - .-, Xp) OPUHAAJEKH HA MHOXKecTBOTO M. ToraBa Ts
IpUHALJIEXKH HAa HAKOE OT MHOxecTBaTa Ly L,.[la npeamosoxuM, 4e pasriex-
JlaHaTa TOYKa NpuHamaexu Ha L, ToBa 3Haud, 4e Toukarta (7, Uy, ..., Uy,
Xy -, Xp) TIPUHALIEXH HA MHOXeCTBOTO M, CbriacHo CBORCTBOTO f) Ha
MHOXeCTBOTO M, OTTYK caieiBa, ue ‘

TP (xp. o, XR) &V p (0 D P &IFo [P (uy, - - thi—y) = PP (Kyy ooy X))
Ho Torasa oueBMano me 6bae BAPHO M ChaxJeHHeTO (13), 3aI0TO 32 BCSKO p
lF[(p(pk)] (ul: ey Up—yy lL[) = ! F0 [‘791(;?)] (ul: cees ul—l)'

Heka cera Touxara (7, &y, ..., W—q, Usy Xqy« - ., Xz) A2 IPHHALJIEKH HA MHO-
xectBotro L, Jla u3bepeM w < u, Taxa, 4e TOYKaTta (M, Uy, ...,U;—y, W,
Xiy .., Xz) Aa IPUHANIEXKH HA MHOXECTBOTO P; TOBa € BBH3MOXHO CBIVIACHO
AeuHUIMATA HA MHOXeCTBOTO L;. B Tax®B Cayuait me umame |F [¢®)] (uy,...,
Wy, @) U aKo nonoxuM F[p®](uy, ..., 0, w)=2, ToukaTa (1, Uy, ..., 10,

W, 2, Xy, - - ., Xz) 1le NpHHALIeRH Ha M,. CBrIacHO CBOHCTBOTO f) Ha MHO-
XKeCTBOTO M; OTTYK CnelBa, 4e

THEP (g, XE) &V p (@ D P &IF [0P] (1, 4y, - -+, iy, W@, 2)=
, = 1P (Xy, - .y X8)
Ho B rak®e ciyudail nax me 6be BAPHO chxjeHHero (13), 3a110T0 3a BCAKO p
UF (@] (g -« gy @)=V F (0] (1 - -+ gy WA 1), '
a mnpu (p‘(ﬂk) D ¢!f) usI'b/IHEHO € PaBeHCTBOTO
. F [‘p,(;k)] (ul’ ceey Uy 'w‘f“l):Fl [wf,k)] (ulv oy U, W, z)

C ToBa e J0Ka3aHO, 4e MHOXeCTBOTO /M mpuTexaBa U CBOHCTBOTO f) U Cie-
JIOBaTeJHO NpeJACTaB/]ABa HACOYBAIl0 MHOXECTBO 3a omeparopa F.

Jema 19. Axo Fy e uswucaum onepamop om mun k—I1+1 (I1=0) u
ako onepamopsm T, npumescasa pexypcusro HOMEPYEMO HACOYBALULO MHO-
acecmeo, mo onepamopsm F om mun k—sl, xoimo ce onpedeas ¢ pasen-
cmsomo (11), caujo npumedcasa pexypcusro HOMEPYEMO HACOLBAULO MHO-
arcecmaso. '

HoxasareancrtBo. Jla o3nauum ¢ M, HAKOe DeKYPCHBHO HOMepyeMo
HacoyBalll0 MHOXeCTBO 3a omeparopa F,. QOueBuunno M,C Z*t+2 C P na
03HAaYUM MHOXECTBOTO HA OHESH TOUKH (M, Uy, .« .y Uy &y Xyy o ooy Xp) OT ZFHAE2
3a KOMTO € M3II'bIHEHO YCJIOBHUETO : .

ng’ (1Fo[@P] (g, « - -, iy @) &1 (Fo [0 (uy, « . ., wsy w)=0)).
z
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[lopagd M3YHCIMMOCTTAa Ha omeparopa F, MHOXeCTBOTO P e pexypcHUBHO
nomepyemo. Ciel Karo CMe Ae(UHUDATH MHOXKeCTBATA M, u P, ma osHayum

¢ M MHOMECTBOTO HA OHE3U -TOUKM (7, Uy, ..., Usy Xyy« -+, Xg) OT ZFFTHH, 32
KOWTO CbIIECTBYBA LU0 HEOTPMIATENHO YHCJIO 2 TaKoBa, Y€ TOYKATa
(7, tyee ooy Uy 2y Xqy- - o5 Xz) J@ TPHHAJJENKH HA CEUEHHETO Mo P. OueBuaHO

MHOeCTBOTO M CBIO € pexypcuBHO Homepyemo. llle mokaxcem, 4e M e Ha-
COouYBalI0 MHOXeECTBO 3a omeparopa F. :

 Jla noxaxeM, 4e MHOXeCTBOTO /V mnpuTexaBa CBOHCTBOTO a). Hexa
Myl . ..,1 C4& LeJH HEOTPHIATENHH YMCJI4, 33 KOHTO € HMSI'BIHEHO yCJIOBHETO
(12). Homyckame, ye He CDBUIECTBYBAaT LeNH HEOTPULATENHH HHCAA Xi, ..., X
TaKuBa, 4e TOUKata (M, Uy, ..., U, Xy, ..+, Xp) A& TPUHATIENKH HA M. Usbu-
paMe IAMOTO HEOTPHIATENHO YHCJIO ¢ IO TAKbB HAYMH, 4e wg’ﬂjq)g‘)&!F[mgﬁ]
(#y -, 1), M TOJArame F[(p(qk)] (4y,...,u)=v. Hexka 2z=v u Hexa

VwlFy[o®] (- - -, 4, @). B TakbB Ciyyalt 3a NPOU3BOMHO W < z e uUMame
w2
Folo®] (g, .« . -, w, w)=Fo [@P] (s, - - ., 111, @)

u caenosarenno —I| (Fy[@®](uy, . . ., w, w)=0). OT nepurunuaTa HA MHONCE-
CTBOTO P CclefBa, 4e MpH NPOU3BOJIEH M300p HA IEJMTE HEOTPUIATENHH YMCad
Xiyoeoy Xp TOUKATA (M, Uy, o ooy Upy 2y Xyy e /ey Xp) llle TIPUHAIJIEXH Ha MHOXE-
ctBoTo P. OTTYK W OT HAIPaBeHOTO B HAYamoOTO JONyCKaHe CJeJBa, 4e He
CHIIECTBYBAT IL[eNM HEOTPHUIIATENHM YHCAA Xy, ..., X, TaKUBA, Ue TOUKATA
(7, 4y . oy Uy 2y Xyy oo, Xz) JQ TPUHAJIEKH HA MHOXKECTBOTO M,. Toit xaro
MHOXeCTBOTO M, IpHTexaBa CBOKCTBOTO o), 3aKJIOUaBaMe, 4eé HAMA 1 (6%5:(3
U3II'JHEHO YCJIOBHETO

- —iIF, [‘Pﬁzk)] (uD KRR ué, z) &dp (‘Pge) D tpﬁf" &!Fg [‘Pﬁ,k)] (Lll, cees W Z))
BropusaTr 4JeH HAa TasH KOHIOHKIUS 06aue e BAPHO C'BXKJEHHE, 3aL[OTO OT
¢bakra, ue 2=, CJIeJBa, ue !Fo[qpflk)] @y, ..., 2). 3HAUM CBKIEHHETO
—IF,[@®] (uy, . . ., w, 2) He MOXKE Ja 6bae BapHO u ciefosaTenHo | Fo o]
(... U 2). [To TaKepB HAuMH HMe MOKA3axMe, ¥e aKO 27 M aKoO
Z’gz; L Fo[o®] (y, - - -, t, @), TO I Fy [@®] (uy, . .., up ). Ho OTTYK cirenBa, ue
I Folo®] (44, - . -, W, 2) 82 BeAKO 2 =v. B Tax®B cayuadf 32 BCAKO 2==7 IUe
O'bZe BSPHO DaBEHCTBOTO ‘ : '

Fo [‘p(pk)] (T3 z):Fo [‘P(nk)] (ul’ cees U z)’

OTKbIeTo BHKAame, ye v=mu 2 (Fo[p®™](4y, .. ., w, 2)=0). ToBa oGaye noxassa,
ve |F[pP] (..., w), KOeTO npoTHBopeun Ha yciosuero (12). W Taxa no-

yCKaHeTo, Ye He CBIIeCTBYBAT Ie/u HEOTPHLATEHH YUCAA Xy, . . ., X TAKHBA,
ye TouKaTa (7, Uy, ..+, Uiy Xy - -+, Xg) AQ NPUHANIEKH HA M, su nmoBene IO
NPOTHBOPEYHE..

[IpemuHaBaMe KbM CBOHCTBOTO f). Heka ToukaTa (1, Bay s iy Uiy Xy « w5 %)
NpUHAJEXH HAa MHOXeCTBOTO M. Vsbupame LANOTO HEOTPUIIATENHO YHCJIO Z
N0 TaKbB HAYHH, Y€ TOUKATA (M, Uy, ..., Us 2 Xq5 -+ -5 X) AA NPHHAIIENKH HA
ceuennero My P. Ot ¢akra, ye Tasd TOUKa INPHHALIEKH HA MHOXKECTBOTO
M,, u oT 06CTOsATeJNCTBOTO, 4Ye M, mnpurexasa cBoiicTBOoTO f), C7enBa, 4e

UG (- 50) &V P D 9P &I Fo [0 ] (W, - -5 1 2)=
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= 1@®) (Xy, o vy X))

OrTyK, pasbupa ce, € fCHO, Ye I'bPBUAT YNeH HA KOHIOHKIMATA (13) e Bsapno
chKeHue. [la ce 3amuMaeM ¢ Bropus uYneH. Heka HANOTO HEOTPHUATENHO

YHCJIO p € TaKoBa, 4e gu;,k)anglk)&lF[(pI(f)](ul, ooy u). Ha monoxum Flpl® ]
(..., u)=0v. OueBumHo Fy [<p})k) 1@y, - .., 4, v)=0. Twit karo TOUKaTa

(Fy Uyy« ooy Usy 2y Xgy + 5 X) TPHHAIIEKH U HA MHOX€eCTBOTO P, 1ie HMaMe
VZ” (l F, [(pszk)] (ul’ cees Uy ‘ZLU) & (FO [‘pﬁ,k) ] (ula ey Uy W) =0))
w2

B raxbB Caydall OT KOMIAKTHOCTTA Ha omepatopa F, ciexsa, 1e Vw—I(F, [(;0(;;)]

w2
(e, . -, s, w)=0). SlcHO € TOraBa, ye =2 U CJeJOBATEIHO 1T, [q);f)](ul,. e

U, Z). CBbraacHO KasaHOTO MO-rope OTTYK MOXEM Ja 3aKJIOUuM, d€
Lol (X, - - - , Xz). C ToBa € J0Ka3aHo, 4e W BTOPUAT UIEH HA KOHIOHKIHMATA
(13) e BapHo cbxjenue. [To TakbB HAYMH JOKA3aTENICTBOTO HA JEMa 19 e
3aBbPILIEHO.

Or nemute 13 — 19, oT aeduHunuATa HA p-PeKypCHBEH ONepaTop M OT
U3YMCJAMMOCTTA HA u-PEKYPCHBHHTE OIEpaTopy CJjelBa BEPHOCTTA HA JieMa 20.

3a na JOKaxeM cera Heo6XoAMMOCTTa Ha ycniosuero B, me 6bre nocra-
TBUHO A ce yOemum, 4e OT CBIIeCTBYBaHeTO HAa PEKYPCHBHO HOMEDYEMO
HACOYBAIIO MHOMKECTBO CJeJBAa CBIeCTBYBAHETO HA YAaCTHYHO-PEKYPCHBHA
HacoyBalla omepamys. 3a IleJTa Illle H3IoJ3yBaMme CjeJiHaTa TeopeMa OT Teo-
puATA HA DeKypcHBHUTE (YHKIUH!: :

Heka S ¥ £ ca LeJH NOJOXUTeJHH YMCJaa M Heka R € DeKyPCHBHO HOMe-
pyeMO TOJMHOXeCTBO Ha Z*1% B Tak®B  Clydyall CBIIECTBYBA CHCTEMA OT k
Ha OpOH YaCTHYHO-PeKYPCHBHH (YHKIMM HA S NPOMEHIHBH (05 - --» Or) CBC
cBoficteara 1 u 2, ¢opMyJHpaHH MO-AOJY.

1. Kos na e oT pyukuuure dy, ..., d; € neduUHHpaHa B TOUKATA (- 5ts)
oT ZS TOYHO TOraBa, KOraro CbIIeCTBYBAaT IeJH HEOTPUUATENHH 4HHC/Id
Xgy -+ Xp TaKHBa, 4e TOUKATA (fyy...)ls Xip-res Xp) HAa TPHHAJIEXH HA
MHOXeCTBOTO R.

9. AKO 3a HAKOM I[eJd HeOTpMIATeJnu uwicaa fy,...,fs QYHKIMHTE
4.+, 0 ca nebunupand B TOUKATa (£, . . . , £5) U AKO MOJOKAM 8i(tyy ..y ls)=
=x; opd i=1,..., k, TO TOuUKaTa (f1,..., by Xppe+) Xp) TIpDHHAMJIENKH HA
MHOXeCTBOTO R.

Hexa F e wusumcauM omeparop or tum 2— !l (k=1, [=0) u Hexa M e
PeKyPCUBHO HOMeDYeMO HACOYBAIIO MHOXecTBO 3a F. OueBugno MCZFH1,

Jla o3HauuM ¢ () MHOXeCTBOTO Ha OHE3H TOYKH (M Bgy ooy Uy Xgs e ey Xp) OT
Zk++1 33 KOUTO € U3M'BJAHEHO YCJIOBHETO ,
dp@PDeP &IF loP] (@5 - - - u)). S

OT M3YMCIUMOCTTA Ha omepatopa F u or sema 4 cuaejBa, ue MHOXKeCTBOTO
Q e pexypcuBHO HOMepyemo. Ho ToraBa W cedyenuero M NQ e 6bIe pe-

1Bx. Hanp. [2] — Teopema XXV or § 65 (reopema 3a HeONPEACIEEOTO onucaHue)  WIH
[6] — Teopema 3 or m. 1 § 10 (reopema 3a yuudopmusanusTa). B [2] teopemara e (popMyiaupana
3a cnyyass k=1, a B [6] — camo 3a ciyyas k=1, s=1, HO chbc sabeiexka, ye € BApPHA 3a MpO-
M3BONHO §. BepHOCTTa Ha TeopeMaTa NpU TPOMSBOJHO Kk CieiBa OT HeAHaTd BAPHOCT npu k=1,
KATO Ce MMa Tpel Buj, Y€ TPH TPOU3BOJHO HSJIO TONOXHUTENHO k (blIECTBYBA: TPUMHTHBHO-

peKypcuBHO B3aWMHO €JHO3HAYHO CHOTBETCTBHUE MEXIY Zu Zk.
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KYDCHBHO HOMepyemo. Jla o3HauMM TOBa ceyeHHe C R U Ja NPUIOXKHM KBM
Hero TOKY-1I0 LuTHpaHara TeopeMma (npuy S=I[41). CbriacHo Tasu TeopeMma
e cbiecTsysa cucrema (dy,...,9d;) OT k& Ha OpOH YaCTHYHO-PEKYPCHUBHH
¢dbyHkuuMM Ha [+ 1 IPOMEHJHBH CBC CJIeJHHTE CBOHCTBA: ’

1) xos1 na e or (ynxuuure J; e gAedunupana B Toukata (A, Uy, ..., )
oT Z'*1 ToYHO TOraBa, KOraToO ChUIECTBYBAT ILeJH HEOTPHUATENHY . YHCJIa
Xiy..., Xy TAKUBA, Y€ TOUKATA (71, Uy ..., Uy Xqy ..., Xp) JA NPUHALJEKH Ha
MHGXKeCTBOTO R;

2) axko 3a HAKOW IIeJH HEeOTPUUATENHM 4YUCIA 171, Uy, ..., U4; (QYyHKIUUTE
04 ..., 0 ca mebunupanu B TOYKata (M, Uy, ..., ;) U AKO TIOJOXKUM 0; (7, Uy,
ey W)=x; npu i=1,...,k, Toukata (n, Uy, ..., Wy Xy, ..., Xp) OPHHAAJIEKH
HAa MHOXKeCTBOTO K. . ’

Cera me ce yGenum, ye Taka HamepeHara cucreMa (dy,...,d;) Ipeacrae-
JsIBa HacoyBallla omepainusi 3a omneparopa F. [la uposepum Ha#-ganpern, ue ce
YJIOBIETBOPsIBA YCJIOBHETO a) OT AedHHUIMATA HA HacoyBaIla omepanus. Hexa
¢yHkuusra J; e nebunupasa B Toukata (, iy, ..., #;) OoT ZTL B rakbB
cayyait cbraacHo 1) moxeMm jga usbepeM ILeNdTe HEOTPUUATENHH YUCHA
Xiy«+.y X TaKa, ye TOUKATA (7, Uyy ..., Uy Xip .., Xz) A4 TPUHAJJIEIKH HA
MHOXeCTBOTO R. Ms6upame TakuBa uucaa. Torasa Toukarta (M, iy, ..., U,
Xiy ..., Xp) Le TPHHAZJEKH Ha MHOXecTBOTO M. CBriacHO CBOKCTBOTO f)
Ha M —11g® (xy, ..., x). da monycuem, ue I|F[e®](uy, ..., ). Tvi xaro
P® Dp® max cBokcrBoTo ) Ha MuoxectBoTO M maBa @) (xy,.. ., xz),
KoeTo He e BApHO. 3maud —|IF[@®](uy, ..., 0, T. €. I'bPBUAT 4YleH HA

KoHIOHKUMATA (12) € BAPHO C'BXKJeHHe. BTOPHAT UleH CBIIO € BAPHO ChAJe-
HHUe, 3alI0TO TOUKATA (M, Uy, ..., Ujy Xyy- .., Xz) TPUHANIEHKH M HA MHOXKe-
crBoTo (. O6paTHO, HeKa IeNuTe HeOTPULAT @IHH UUCHa 71, Uy, . . ., Il; Ca TaKuBa,
ye na Oble HambiaHEHO ycaoBueTo (12). Ile mokaxem, ye BCsKa OT (QYHKIMHTE
d:(i=1,..., k) e nedunupana B Toukara (#, iy, . .., 4;). ¥l HauCTHHA CBIIACHO
CBOACTBOTO ¢) Ha MHOXeCTBOTO M Ime CBhUIeCTBYBAT 'LEJIH HEOTDPHIATENHH
YHCIA Xy, ..., X TAKUBA, Y€ TOYKATA (M, Uy, ..., Uy Xy ..., Xp) JA TOPHHAL-
nexu Ha M. Vsbupame cH TakuBa yucaa. [loHexe BTOPHUAT WIEH HA KOHIOH-
kuusaTa (12) e BSPHO CBXKJIEHHE, TOUKATA (M, Uyy v ooy Uy Xqy«« oy Xp) M€ TIPH-
HaJJIeXXH U Ha MHOXeCTBOTO (). 3Haud Tasy TOYKA NPUHALJEKH HA MHOKe-

crBoto- R. Ho B TaxkbB cayuaii cbriaceo 1) QyHKIHHTE Jy,. .., dp e Obiar

nebuHupanu B Toukara (#, iy, ..., #;). [Io TOSM HAUUH HHE INIPOBEpHXMe, ye
cucremara ot QyHKuuu (dy, ..., o) NPHTERKABA CBOHCTBOTO a) OT HedHHH-
UMATa Ha MOHSATHETO HaCOouBalla omepauus. lla ce 3aHMMaeM C YCJaOBHeTO O).
Heka ¢ynxuuute 64, ..., d, ca nebunnupasd B Touxara (7, iy, ..., i) U Heka
8:(ny by, ..., u)=x; upu i=1,..., k. B TaxpB cayuail ChIVIaCHO 2) TOYKaTa
(yUyy .oy Uy Xy .., X) NPUHANJIEXKH Ha MHOXecTBOTO. R. Toraea Ta mie
NPUHANJIEHH HA MHOXECTBOTO M M ChbIVIacHO CBOHCTBOTO f) Ha M me Gbue
usnbaHeno ycaobuero (13). Ilo taxpB HauMH HHe JlOKasaxMme, ye CHCTeMara
oT GyHKIUH (dy, ..., ;) IpHTExaBa M CBOHCTBOTO 6) OT NeuHUIMATA HA
HacoyBama onepanus. C TOBa e MOKa3aHO, 4e UYaCTUYHO-PEKYPCUBHA HACOU-
Balla oOmepanus CBHIIECTBYBA 3a BCEKM H3UHUCJIMM ONEPATOP, KOUTO NPUTexKaBa
PeKypPCHBHO HOMepyeMO HacouBauio MuoxecTBO. OTTYK M or Jjema 20 cienBa
He0OXO0AUMOCTTa Ha yCJOBHETO b. ‘ ‘ ‘
Locmamasunocm wa ycaosusma A u B. Hexa F e wnsuucaum omneparop
or tan k-l (k=1, [=0), sa xoiiro CDBUIECTBYBA YaCTHYHO-PEKYPCHBHA
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pacousama omepanus (8y, - -
KypCHBeH. 3a LeiTa Ile BbBeleM HAKOIKO TOMOIIHHE omneparopa,

CJeJHUTE :

., 6z). llle moxaxem, 4e ONMEPaTopmT F e u-pe-
a HUMEeHHO
& — or TUn k—>1-+1, onpexnens Ce ype3 pPaBeHCTBOTO
O[f](ny gy .o, w)=F(O1 (B g5 -+ a)y - Op( Uy - ,1));
S — oT Tan k£ —[+1, onepenens ce 4pe3 pPaBEHCTBOTO )
S[f1( gy -« y ) =0(1 01 (1, Uy - -+ Wy ovy (M, gy v s W),
D[f1(n, gy - -+ 5 W)
N.-— or tan k—[-+1, onpenens Ce ype3 paBeHCTBATA

N[f](ul’ ceey U O):O’
N[f](@y .-, ts r+1)=S[fIIN[f] @y .-+ s )y Biys sy Ug) 5

[ — or Tun k—[-+1, onpenens Ce 4pe3 paBeHCTBOTO

T[f] Gy e ey iy D=y (NI @y oo ey 1)y Uy oo B

- kbIeTo (QyHKuMATa y ce AepuHEpa CBC cxemarat

0, axo 10 (1, Uy, - -+ 5 W),
y(thy - ul):{ 1, ako 18, (1, tyy. + - » W);
R — or tan k— [, ompelensa ce yped PaBEHCTBOTO
R{f1(y .. w)y=nrC[f1 ey @ r)=0);
N; — ot tun k—/, onpejiels ce upe3 paBEHCTBOTO

Nolf] (@, - - » ) =N[f] (@ - -, s R[f] @y - - 1))

KaxTo oT6essizaxme M0O-paHo, apUTMETHUYEH OIEpaTop, KoliTo mpeoGpasysa
BCHUKH apUTMeTHYHH (QYHKIHM HA JaieH 6poli IPOMEHJIHBA B e/lHa H ChIIA
YaCTHYHO-PeKYpPCHBHA (DYHKIMS, € BUHArK u-peKypCHBEH. Karo ce uma mpen
BHI Tasy 3abejexKa, ACHO e, 4e BCHYKM ONEPaTOpH, KOUTO nedaHupaxme

npefid MajKo, Ca u-PeKyPCHBHU.
Ille mokakeM, 4e € BaIMLHO CJIEIHOTO DaBeHCTBO, OT KOETO BeAHAra

caefBa, ye onepatopwT F e u-peKypCHUBEH:

(14) F[f](lll, R ul):'eF(NO[f] (u'b se vy u’l)’ Uy o eovy ul)'
3a mesra Ie JOKaxeM eJHO IIOMOIIHO ’I;B’prLEHI/Ie, a .MMEHHO :

Jlema 21. Hexa f e apumumemuina HYHKUus Ha k npomenausu, HeKa

Uy oo,y U N CA Yel HEOMPUYAMENHH HULAQ U HEKA

N[fl1(@y ..., 4, 1)=n
Tozasa ¥ C f u depunuyiuornana obracm Ha PYHKyUAMA
ont v mo4Kku.

@®) ce czemon

1]la or6enexuM, de He € Bb3MOXHO eNHOBPEMECHHO Ja umaMe ! Pg(n, Uy, - . . ,up)
161(n, 1y, . .., u;) nopanu CBOACTBOTO a) Ha HACOYBAILATA oOrepauus (61 - - - Ok
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Hokasateactso. [Ipu r=0 TBbpAEHUETO & OYEBHIHO, 3aIOTO Hedu-
HUIHOHHATA o6nacT Ha dyHKIMATa @f? e npasHa. Heka TBbpAEHHETO € yCTa-

HOBEHO MU r=/ M HeKa uMame
N[fl @y ..., u, h+1)=n.
ToBa o3HauaBa, ye
S[f](N[f](ul’ ceey U h): Ay ey ul):n'

Cnenopatenso IN[f](4y, ..., ts, k). Ha momoxum N[f](uy,...,u, b)=m.
Torasa Iue ¥MaMe PaBEHCTBOTO

» SUfImyuyy ..., w)=n
WM BCE €JHO

o (m, 8y (My gy« ooy W)y ooy Op(mmy Wy oy, P, gy sy w))=n.
OT NOC/TEJHOTO DABEHCTBO CaelBa, 'de 18;(m, uy, ..., 4;) npu i=1,..., k.
Jla nomoxum &; (my iy, . . ., w)=x; npu i=1,..., k. ToraBa umame
o (M, Xuy o vy Xpy PLF1(m, 1y, . .., W))=1
Ot TOBa paBeHCTBO caeisa, de | D [f](m,uy,. .., u;). OueBUIHO

O[f1(myuyy ..y w)=f(Xy -5 Xp)
'y 3Haun | f(Xy, ..., Xz): CBIIACHO HHAYKTMBHOTO IpEANOJONKEHHE PP Cfu
nedunanuonsara obaact Ha @) ce cbCTOM OT A TOYKH. CbraacHo CBOHCT-

BoTo 6) Ha HacouBamara omepauusi (o, ..., 6;) TOUKATa (X, ..., Xp) He IpH-
Hajiexu Ha AeduHMIMOHHATA obaacT Ha QyHKmusaTa @if). OT cBojicTBaTa Ha

yukmuaTa o crensa, de ®C @ u  HepuHUIHOHHATA obnact Ha @® ce
nosy4aBa, KaTO MPUCHENMHUM KBM A€uHuMIMONHATA 00JaCT Ha (yHKIUATA

@® Touxara (xy,..., Xz); IPH TOBA MMame

PGB (X4, e vy X)=F(Xy o0 Xn).
Ot Ka3aHOTO € ACHO, Ye ¢ C f u nedunnuuonHaTa 00JacT Ha @® ce cbcron
oT A-+1 TOYKH. §

Crnen xaro nokasaxme jema 21, MoxeM Ja NPUCTBIOMM KBbM JOKasarel-
crBoTo Ha paBeHcTBoTo (14). Heka mnpu Hakoii u360p Ha apuUTMeTHYHATa
dyHKIMA HA 2 OPOMEHJHMBM [ M HAa IeJUTe HEOTPUIATENHH HHCIA Ly, ..., I
nscHara crpana Ha (14) na npurexasa croiiHocT. llle moxaxewm, ue JABara
NPUTEXABa CbIATa CTOHHOCT. [[efCTBUTENHO OT HANPaBEHOTO MPEIONOKEHHE
cnensa, e | No[f] (4, - - -» @) Ha momoxmm No[f](uy, ..., w)=n. B Taxk®B
chayyall e uMame '

N{f] (@ ---» s RNy, .- o5 w))=n.

Orryk camexsa, ue IR[f](uy,..., %) Ja mnonoxum R{fl1 (..., w)=r.
Torasa 1e UMaMe DaBEeHCTBOTO '

N[fl @y ..., u r)=n
Ceraacuo Jgema 21 ¥ C f. OveBupHO -
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Flot] (i, -+ s 1) =05 (No [f] Wty - - + s )y Hay -+ - )

u crepoarenno | F[p®](uy, ..., u;). Ho Torasa, usnosnsyBaiiKu KOMNAaKTHOCTTA
Ha omeparopa F, Beguara 3akiioyaBame, 4e JABaTa CTpPaHa Ha PaBEHCTBOTO
(14) npuTexaBa CbluaTa CTOHHOCT, KaKTO JAsICHATA.

Cera Heka I'bK € JajeHo, 4e JsBara CTpaHa Ha (14) mpuTexasa CTOH-
Hoct. llle mokaxcem, ue W JfcHATAa CTpPaHa MpUTeXaBa CTOMHOCT (CBIVIACHO
JIOKA3aHOTO Tasd CTOMHOCT e Oble, pasdupa ce, cbiuara). Ot mnpexanoso-
JXKeHHeTO, 4Ye JgBaTa cTpaHa Ha (14) npuTexaBa CTOMHOCT, U OT KOMNAaKTHO-
cTTa Ha omeparopa F crensa, ye cbulecTByBa ¢unntHa QyHKmua @ C f TaKasa,
ue ! F[r](uy, ..., w). Hexa nepununvonnara obnract Ha (QyHKIUsTa ¢ C€
cbCTOM oT m Touku. llle mokaxem, ue

3r Rigl(ey.. ., 2)=").

Jla momycrem mpotuBHOTO. Hexa A= ¥ HeKa 3a BCAKO r<_/ € HM3IbJHEHO
YCJIOBHETO

(15) Clp] Uy ...t )=1&IN[p] (@, ..., u, r+1).

[lle moxaxeMm, 4e TO € M3I'BJHEHO M Npu r=/k. [lpexy BcHuKo 3abensasBaMe,
ye paBeHCTBOTO .
Cle] @y .. .5 wy £)=0

He MOxe jaa Gbje BSIPHO, 3al[0TO HHaue BJH3aMe B [POTHBOpPEYHE C HANIETO
nonyckane. Oueuano ! N[p](uy, ..., 4, £) (mpy £=0 cbraacko JAepuUHHIHATA

Ha omeparopa N, a npu £ >0 — cBrIacHO HaNpPaBeHOTO IPENIONOXKEHHE 32
k). Ha nonoxum N [p](4y,...,u, k)=n_Tsit xato —I(r (1,1, ..., 14)=0),
MOXeM Ha TBBPIUM, 4e |10 (n, iy, ..., 4), T. & —IIF[@P](w,, ..., &). Or

Apyra crpana, ot Jema 21 ciezxsa, ye @) (C@; ACHO € B TaKk®BB CIydai, ye

dp (,pgas D P &IF o] (1, . . -, hg))-

CbriacHO CBOKCTBOTO a) HAa HAcoyBamiaTa omepauus (dy, ..., dz) 3aKIHOUABAME;
e 10;(n,uy,...,u) opu i=1,..., k OTTyk Ipend BCHUKO CJeJiBa, 4e
v(muy, .. u)=11.¢eTl[p](uy, ..., u k)=1.Ja noroxum d:(ny uy,. . . 1) =
=x; npx i=1,..., k. Cwriacso cBoiictBoTo 6) Ha HacodBalaTa Olepalus
(% ..., 0x) MOXEM Ja TBBPAUM, Ye Vp(ml(]k) Dok &!F[(pz(rk)] (.. )=
:llrp;)’” (X4 ..., Xz)). ToBa maBa cremuanso, ue le(Xy, ..., X;) ¥ 3HAUHA
1P| (n,uy, ..., u). Crenosaremso |S[p](n, iy, ..., 1), T. &
IS[p](N[o] (tgy - - -5 tsy )y gy - oy Uy)
v sHaud | N[o](#y, ..., #;, £-+1). [To TaxpB HayuH, M3XOXJAHKH OT IPeANO-

JIOXEHHETO, Ye yCaoBHeTO (15) e H3I'bJHEHO. 3a BCAKO r<_ /i, HHE ycCmaxme
Ia TOKaxeMm, ye TO Ie GbJe M3I'BAHEHO U 3a r=Ah. Tbit KaTo A Gelue Ipo-
M3BOJIHO YHCJIO, HEHaJMHHABAIO m, OTTYK CJenBa, de yciaouero (15) mie
ObJe HSI'bIHEHO 3a BCAKO F= 7, B 4acTHOCT npu r=m. Clel0BaTeJHO
IN[o] @y - .., u; m-+1). Ja noxoxum N[p](uy, ..., 4, m-+1)=q. Ceraacko
nema 21 ¢ C o u nedununponnata obnact Ha QyHKuuATa ¢ ce CBCTOM

o1 m-+1 Touky, Toa 06aye ¢ HEBBHIMOAKHO, 3a(OTO AedUHHLUORHATA 0614CT
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Ha @ ce ChCTOM OT m Touku. M Taxa, Hallero JonyCkaHe HH JOBeLe J0
npotuBopeure. OTTYK 3axiroyaBame, ye

IR[p] (ay, . .., w).

KommakTHOCTTa Ha omepartopa F naBa B TaxkeB caydad, uelR[f](4y, ..., w)
Ia mosmoxum R[f](&y, ..., #)=c. e umame I'[f](ay ..., u,0)=0, T. e
y (N1 @ -« s Wy @), Ugy -, 8)=0 mmt Bce emnno y(No[f](uy,..., u),
iy,...,u)=0. OTTYK oGade CiexBa, 4e JACHATA CTPaHA HA PaBeHCTBOTO (14)

npuTexapa cToiHoct. C TOBAa ' paBeHCTBOTO (14) € yCTAHOBEHO, a 3aefHO C
TOBa M u-peKypCHBHOCTTA Ha omeparopa F. JlocTaTbyHOCTTA Ha yciaoBuaTa A
u b e 1oxasana. ; ’

Karo caexctBus OT Teopema 1 (O-TOYHO OT OHA3W He¥HA YacT, KOSTO
ce oTHACH N0 HEOOXOJMMOCTTA) Ie IOJYYUM HAKOH MAPYTH TEOPEMH, KOUTO
ZaBaT HEOOXONMMH YCJOBHSI 3a u-pPeKyPCHBHOCT. 3a Ja (opMyiaupame Te3H
Teopemy, nie GbAe YAOOHO Xa HajeM HAKOM MOI'bIHMTENHH JeQHHHIUH.

Heka F e apurmeruuer omepatop oT Tum 2—/ (k=1, [=0) u Heka ca

JafeHH TOYKaTa (X, ..., Xz) OT Z*F u rTouKaTa (4y, ..., 4;) ot Z. lle xas-
BaMe, ue TOYKAaTa (X...,Xz) € CHI[ECTBEHA 3d H3YUCIAABAHETO
Ha onepatopa F B Toukara (4...,4), ak0o 3a BCsIKa apPUTMETHYHA

¢yHukuust f Ha £ IPOMEHIMBU € BSDHA WMIIMKALUSATA
TE[f1 (- o 1) SVf(Xg - - %)

(Ila orGenexum, ye aKo onepaTopbT F e KoMmakTeH, TO JOCTaTBbYHO € Ja
Ce MCKa rOpHAaTa MMIVIMKauus jga Obje BspHa 3a BcAka (QUHUTHA (QYHKUMSA
Ha £ TPOMEH/IHBH.)

Heka F e apuTmertuueH omeparop ot tun 2 —1! (R=1, [=0) u Hexa e
JajeHa Toukata (i, ..., 4;) or Z. llle xasBame, ue omeparopsT F e mo-
CTOSHEeH B TOuKaTa (4y,..., ), aKo IIPH BCeKH U300D HA aDUTMETHYHHUTE
(YHKUMH HA k£ TPOMEHJHMBH f; U f, € M3I'BJIHEHO PaBEHCTBOTO

F[fl](ub ceey ul):F[f2](u1’ cey ul)‘

(Axo omepatopsT F e KOMIaKTeH, TO JOCTaTbYHO € Ja Ce HCKa TOPHOTO
paBeHCTBO Ja ObJe MBI'BIHEHO, KOraro f; M f, ca TPOUSBOJHM (HHHTHH
GyHKIMK HA R TPOMEHIMBH.)

Hait-ceTne Hexa ce YCJOBHM Ja O3HauaBaMe C [ apUTMeTHYHATa (QYHKIHS,
yusTO jedUHUIMOHHA 06J1acT e HpasHa.

Teopema 2. Hexa F e u-pexypcusen onepamop om mun K—l(k=1,
[=0) u Hexa e Oadena mouxama (Ui, ..., w) om Z'. Axo onepamopsm F
He e nocmosHen 8 moukama (U, ..., 1), MO COLULECMBYSam Ueal Heompl-
YAMeAHI HUCAG Xy, ..., Xp MAKUBA, 4e MOUKAMA (Xy ..., Xp) € Colujech-
8eHa 3a usuucaseanemo Ha onepamopa F 8 mouxama (Ui, ..., i)

HoxasateancrtBo. Hexka (dy,..., d;) € eqHa Hacoysaiia orepanus 3a
onepatopa F; Taxkasa CbIeCTBYBa CBIIacHO Teopema 1. AKO JomycHeM, ue
'F[¢](uy - .., @), TO IOPaZM KOMIAKTHOCTTAa Ha omepatopa F 3a Bcska apur-
MeTHYHA (YHKIUS HA B IPOMEHJMBH f Il HMame

FUA@ - 2)=Flel (@ - - 1) |
¥ omeparopsT F me G'bae HOCTOsHeH B Toukara (dy, ..., 4;). CaemosaTenno
“IF[¢](#y - - -, w). Axo nomycuem, ye —|H p! Flo®¥)(uy, ..., ), Torasa sa
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pesika unnTHA BYHKIHUA Ha £ npomenausy @ e umame — I Flop](4y, ..., u;), otT-
K'bIeTO 6H CeLBalo, 4e onepatopdbT F e OCTOSHEH B TOUKATa (Uy,. . ., U;). 3HAUH
dp!Fle®l (..., u;). Kato cu cnomemmM, de (=@, MOXKeM Ja HamuIIeM

—F [p] (@, - - - ) &H p (¢ D o &IF [@®)] (s, -+ v, W))-
C'brIacHO CBOHCTBOTO @) Ha Hacousamara omepauus (dy, ..., dx) QyHKIUHTE
d4y. .., 0 ca gedunnpanu B toukara (0, 4y, ..., u;). Ja nonoxum

0; (0, ey ..., u)=x; mpu i=1,..., k.

CbriacHO CBOHACTBOTO 6) Ha Hacousamiata omepamus (dy, ..., dx) 3a BCfKa
(unuTHA QYHKIHS HA £ [POMEHIMBH @ mle GbJe BSPHA HUMIVIIKANMATA ‘

IF gl @y w) =1 (g - oo s Xa)-

CrnesnoBaTenno Toukara (X, ..., Xz) € CBHIIeCTBEHA 3a M3UMC/ABAHETO HA
oneparopa F B Toukata (dy, ..., ).

Teopema 3. Hexa F e u-pexypciser onepamop om mun k—1l (k=1,
[=0) u nexa e dadena moukama (U, ..., W) om Z'. AKO He Cvujecmsysa
moura om ZF, koamo 0a 6vde Colyecmeera 3a US4HUCASIBAHEMO HA onepa-
mora F 8 mouxama (i, ..., ), mo \F[g] (4, -, ).

Noxasartenctso. Jomyckame, we —IIF[¢](#y,...,u). Hexa fe
npCUsBOJHA apuTMeTHyHa OYEKIEA Ha A& mpomerauBH. CpiJIGHHETO IF(f]
(g, - - ., U;) HE € BAPHO, 32IIOTO B NPOTUBEH Ciydall ONepPaTop®T F 6u ©6un
HELOCTOsIHeH B Toukata (i, ..., 4;), OTK'BJETO IO TeopeMa 2 6U CJeBalo,
ye CBIIECTBYBA TOUKA OT ZF, C'bINECTEEHA 3a M3UHC/ISBAHETO Ha omeparopa F
B TouKata (uy,..., #;). ClejoBaTeJHO TpH BCeKH H300p HA apUTMETHYHATA
(ynxnus wa k npomennusu f umame —IIF [f](uy, . . ., #;). Ho Toraea ouesuno
BCsiKA TOUYKa OT Z¢ me Oble CBINeCTBeHa 3a M3UYUC/SIBAHETO HA ONepa-
topa F B Toukara (4, ..., #;). [lo TakbB HayuH JOIYyCKaHETO, 4e —11F[¢]
(4yy ..., 1), HL AOBeie JO NPOTHBOpeYne M C TOBa TeOpeMara € JIOKasaHa.

Teopema 4. Hexa F e u-pexypcusen onepamop om mun k-l (k=1,
[=0) u Hexa ca O0adeHu apummemusHa (HYHKUUS Ha k npomerusu fou
mouka (y ..., u) om Z' maxusa, 4e \F|fo](uy, ..., ;). B maxss cayuai
mexncdy gynxyuume fC fo, 3a woumo \F|f](uy, ..., w), uma eora, uusmo
OepuHUYUOHHA 00aacm e Hall-MAIKa.

JlokasaTeacTBo. 3a onepatopa F e 6bJaT UBI'BJIHEHH IPEAIIOJO-
JeHuara, NP KOMTO H3BBPIIMXMe JOKa3aTeJCTBOTO Ha JOCTaThYHOCTTA B
Teopema 1. Hexa N, € u-DEKyPCHBHHSAT OlIepaTop OT THN Kk — [, pasrielad B
TOBa JoKas3aTencTBO. ChrIacHO paBeHCTBOTO (14) umame

F(fol (@, - - ) =6 (No[fol (@, - - s )y gy, t)-

Ortyk caensa, ue !No[fo](#y, ..., u). JHa nomoxum No[fol (- .., #)=n.
Ille nokaxem, ge @ e QyHKuUsATa, YKETO CBUIECTBYBaHE Ce& TBBPAM B Ha-

crosiarta Teopema. Ilpes BCHYKO OT PaBEHCTBOTO
F @@y, - - - 5 ) =08 Nolfol (@, - -+ s 1)y gy - - -5 )

crensa, ue IF[p®](uy,...,n). Hexa fCf, u Hexa IF[f] (- - s @)

B Taxk®B Ccayuaii or pasenctBoTo (14) caemsa, e | No[f] (44, ..., #). Ilo-
paau KOMIIAKTHOCTTa Ha omepaTopa N, e Obje H3NDBIHEHO PaBCHCTBOTO
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No[f](#y, . .. ,u;)=n. Ho Torasa ot nema 21 (1 oT medHHHIUATA HA OmepaTopa
N, upes omeparopure N u R) crensa, ue ¢ C f.

[penu na mPONBJKHUM IIO-HATATBK, lIe MOKAXeM, 4e HHKOe OT HeoHXo-
JUMHTE YCJIOBHS 32 u-peKypPCHBHOCT, KOMTO Ce JgaBaT OT Teopemure 2,3 U 4,
He e JOCTaT'byHO, LOpPH JAZEHHAT ONepaTop Ja € H3YMCIMM. 3a Ienra Ja
pasrmename oneparopute F, u Fy or Tun 1—0, neduHMpand MO CJAeAHUA

R FL[£]0=0, axo Lf(0)&H x (x>0 &1 £(x); |
Falf10=0, a0 (F(1)=0& @) =0)\/(f(2) =1 &£(0)= D\/(F(0) =2 & (1) =2).

OueBunno F; u Fy ca wsumcaumu. Onepatopsr F, ynoieTBopsiBa HeoOxo-
JUMHTE YCJOBHUS, KOHTO Ce JaBaT OT -TeopeMdH 2 M 3, 3amoro Todkara O e
CBII[eCTBEHA 3@ U3YUCJISIBAHETO HA omeparopa [Fy; BBIPEKH TOBa YCJOBHETO,
K3Ka3aKo B TeopeMa 4, He e YJOBJETBOPEHO, TBHU. KaTO HalpuMep B Cayyas,
Korato f, e xoHcranTtata 0, Mexny ¢yskmuure fCf,, 3a kouto |F,[f](),
HAMA TakaBa, yuaATO JedHHUIMOHHA o6sacT e Hap-manka. OTTYK e ACHO, ye
onepaTopsT F; He e u-peKypeHBeH, a yCJOBHATA OT TeopeMd 2 M 3 He ca
nocrarpynd. OT Apyra crpaHa, onepatopsT F, yIOBIeTBOpsiBa HEOGXOIUMOTO
yCJOBHE 3a u-peKYpCUBHOCT OT Teopema 4. [leficTBuTenHO, Ja O3HAYUM C
Xos X1 U xo QuUHUTHHTe QYHKIMM Ha eIHA IPOMEHJMBA C MATDHIH CBHOTBETHO

HIO 2 1 ‘02

»

2 0 01 1 2

Axo fe apurMernuHa (YHKUHMS HA efHA IpoMenauBa, To ! Fy[f]() TouHO TOraBa,
Korato 7, C f\/ 11 C f\/ 1 C.f Hekae nanena apurmMeruysata QyHKINS HA €JHA
npomenauBa f, taxaBa, 4e |Fy[fo[(). ToraBa moxem jpa usbepeM YHCIOTO §
(0=i<2) raka, ue y; Cf, JlecHo e nma ce ybemum, ue ¢QyHKIMATA ); UMa
Hail-mankata pneuHMIMOHHA o6gacT Mexny ¢yskuuure fCf,, 32 KOHTO
IFo[f](); ToBa cnepBa OT 00CTOATENCTBOTO, Ye HHUKOM JBe OT (YHKUHHTE
Xo» Z1s X2 HAMAT o6mo mpoxbixenue. C ToBa e HpoBepeHO, ye Fy yIOBIeTBO-
paBa yCJIOBHETO OT TeopeMa 4. ¥YcioBusiTa, CHADBPKAILU Ce B TeOpeMU 2 U 3,
o6aue He Ca H3I'bJHEHH, TBH KaTO He CBIUIECTBYBAa TOYKA, CBIIECTBEHA 3a
u3yuciaBaHeTo Ha oneparopa F, OTTyx ce BuxZa, 4e omneparopsT L, He e
u-PEKypCHBeH, a yCJIOBHETO OT Teopema 4 He e gocrtarbuHo. OT pasriena-
HUTe NPUMEDH Ce BHXKJA OCBEH TOBa, Ye YCJIOBHETO, NaJeHO C Teopema 4, He
€ CJe[cTBHE OT YCJOBHATA, JaJeHH C TeopeMH 2 M 3, HHTO I'BK O0OpaTHO.
(1o ce xacae mo camuTe YCJIOBHS OT TeopeMH 2 M 3, JOKasaTeJCTBOTO Ha
TeopeMa 3 NOKa3Ba, 4e BTOPOTO OT TE3U.YCJOBHH CJ€IBA OT I'bPBOTO; CBIIO
TaxKa JIeCHO ce yO6exJaBaMe, 4e aKo 8a eIWH KOMIakTeH omeparop F or Ttun
k— 1l e U3I'BJIHEHO YCJOBHETO OT TeopeMa 3, TO He e BB3MOXKHO Ja Ce [OCOYH

TOuKa (U4, ..., ;) OoT Z' Takama, ye omepatopbT F na Oble HENOCTOSHEH B
Toukara (i, ..., i;) ¥ BBIPEKH TOBA 1A He CBIIECTBYBa TOuKa OT Z%, cbiie-
CTBeHa 3a HBYMCJABAHETO Ha omepatopa F B Toukata (Ui, ..., U;).)

Teopema 4 gomycka €IHO HemoCpeICTBeHO 0000IeHHe, a MMEHEO
CIeIHOTO : ' A

Teopema 5. Hexa F e u-pexypcusen onepamop om mun k—l (k=1,
[=0), nexa f, e apummemuuna @ynxyus Ha k npomerausu, Hexa M e
noomnoowcecmso Ha Z' u neka gyrrxyusma Ff,] e Oegpunupana 88 acuiru
1mOUKY KA MHONcecmsomo M, B maxse caywai medxncoy dyuruuume f C fo,
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3a xoumo F[f]| e Oepunupana 8s8 scutrxu mouxu na M, uma eona, 4usmo
OdegpuHuyionna obaacm e Hal-MaaKa.

HdoxazateanctBo. Hexa (#y,..., 1;) e mpousBosHa Touka oT Z-
CernacHo teopema 4 mexny ¢yskuuure fC f,, 3a xouro |F[f](uy,..., u),
uMa ejHa, uyuATo Je(HHHIMOHHA 0O6JacT e Haf-Manka; Ja O3HAYUM Tasu
¢bynkuus ¢ g .- %), Hexka & e oOenuHeHueTo Ha (QyHKUHHTE gEn---s4)
CbOTBETCTBYBAIld HAa BCEBB3MOXKHUTE TOUKH (Uy, ..:, ;) oT M. Ila B3emem
IPOUBBOJHA TOYKA (U, . . . , &) OT M. OueBunno gt -+ 4) C gu | Fgts .- 4]
(@4, ..., w); orTyx obaue caensa, e |F[g](uy, ..., #). 3Haun OQysxuusara g

e nebuHHpaHa BBB BCHYKM TOYKM Ha M. Heka fCf, u Heka F[f] e nedu-
HUpaHa BBB BCHYKM TOYkM Ha M. ToraBa mpu Bceku u360p HA TOYKara
(4, ..., u) or M nmedpumuumonnara obsact Ha QyHknuara g .-+ %) me ce
CBABPXKA B neUHUIMOHHATA 00JMacT Ha QyHKUuATA f; OTTYK o0aye ClelBa,
ye pedHHUIMOHHATA 06sacT HA GYHKIMATA g CHUIO Ce CHABPKA B HeduHu-
uMoHHaTa obsnact Ha Qymknuara f. CaegoBaTenHo g e QYHKIUATA, YHETO
C'BIIECTBYBaHe Ce TBBPAU B HACTOAIIATA TEOpeMa.

Heo6xonumoTo ycnoBue 3a u-peKyPCHBHOCT, KOETO JaBa Teopema 5, He
e JOCTaT’byHO, 3alOTO, KAaKTO II0OKA3Ba [ 0Ka3aTeJCTBOTO HA TeOpeMaTa, TOBa
yCJIOBHE € C/IeICTBHE OT YCJOBHETO, KOETO JaBa Teopema 4.

C momomiTa Ha TeopeMa 5 INe IOJYYUM DOpuMep 3a JBOKHKA (YHKIHH,
eHaTa OT KOMTO e 0o0pas Ha JApyrara 4upe3 IOAXOJIN H3YHCIHM OIlepaTop,
HO He MoOxe Ja Oble IOJIyYeHA OT Hesd Ype3 HUKAaK'bBB u-PEKYPCHBEH
oreparop.

Tecopema 6. Cawecmsysam usuucaum onepamop Fy, om mun 2 — 1 u
QpumMMemu4Ha PYHKUUA Ha 08e NPOMEHAUSU [, MAKusa, 4e paseHcmsomo
Flfol=F,[fo] ne e usnsaneno 3a Hurxoi u-pexypcusen onepamop F om
mitn 2 — 1.

HoxkasareancrBo. Heka F, e oneparopbr or tun 2 — I, xo#ito ce
JeduHupa mo c/aeNHMA HAYMH :

Fo[/1(x)=0, axo Hy(f(x,y)=0).

OuesugHo onepartopst F, e usuncaum.

[Toctpoennero ma ¢ynxnuara f, e mo-croxHo. BaeMame CH HAKaKBO
IOAMHOXecTBO L Ha Z, KOGTO He e PeKypCHBHO HOMepyeMmo. Jla medunupame
elHa (DyHKIMA Ha JBe NPOMEHIUBU g, MO CAEIHHS HAYMH:

Zo(x, ¥)=0, axko x¢L.

Cren toBa na monoxum ho=F,[g,]. OueBunuo ¢ynxuusra i, moxe na ce
Iehuaupa U Taka: v ‘
hy(x)=0, axo x¢L.

Hexa A e MHOXECTBOTO Ha BCeBB3MOXHHUTE u-PEKYPCHBHHM omepaTopu F ot
THI 2 — 1, KOUTO INpUTENKaBaT CJIIHOTO CBOHCTBO: CBUIECTBYBA (DYHKIHUS
g C g, Taxasa, ye F[g]=4h, JlecHo e na ce yGenum, ye TaxuBa OmepaTOPH
uma Ges6poiHo MHOro. T'bil KaTO BCHYUKHTE u-PEKYPCHBHM OIlepaTOPU Ca H3-
GpoMMO MHOrO, MHOXECTBOTO A chIN0 Ime Obae HaSpoumo. [la Hapeaum
eNeMeHTUTE Ha A B eJHA pejula ‘ '

\ Fy, Fo Fay. o

3 Wssectua na MatemaTnueckns mHCTHTYT, T. VII
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Hexa cera m e TNPOMSBOJHO IO MOJNOXHUTENHO dHucao. OueBHAHO
Fo[go] D ko, T KaTO ky=Fn[g] 8a waxos ¢ysxmusa gC Lo Snaun (QyHK-
nusara Fn[go] € AeduHupasa BB BCHUKM TOYKH HA MHOXKECTBOTO L. Cpraacso
Teopema 5 Mexny OQyHkuuure g C g 33 KOHTO (YHKIHATA Fnlg] e nedn-
HUpaHa BBB BCHUKM TOYKH Ha [, UMa efHa, uMATO NeQUHMIMOHHA OOJaCT €
Haji-vasnka, Jla O3HAUMM Tas¥ (DYHKIHUA C g, & HefiHaTa JedHHMIMOHHA 06-
nact ¢ D, Vis6upame dymxuuara gC g, N0 TakbB Hauud, 4e Fn[g]l=4h,.
Tt KaTo h, e mebuHHpaHa BbB BCHYKH TOUKM Ha L, me umame g, (g H
cnenoBaTento Fp[gm] C Fmlgl=he HO THil KaTO Fy[gn| € nepunupana pbs
BCHUKH TOUKH HA L, OTTYK caensa, ue F[gm|=ho Tl KaTo QyHKuMsATa A,
He e YAaCTHYHO-DEKYPCHBHA, OT TOBA PABEHCTBO CJeJBa, Y& (QYHKIHMATA Ln
e e Quuutna. CresioBaTeNHO HefinaTa JeduHunMonHa obiact [y cé CBCTOU
oT 6e30pOfiHO MHOTO TOUYKH.

Axo M e monMHOXecTBO Ha Z2%, TO ¢ mp;M. J1a.03HAYMM MHOXKECTBOTO

Ha OHe3M IENH HEOTPUIATeNHH uHcaa X, 3a kouro d y((x, y)¢ M). Cera e
NOCTPOHM eJHO MHOXecTBO D (C Z? CbC CJIeJiHMTE JBe CBOHCTBA:

a) mp; D=L;

6) D He cbIbBpkKa HUKOE OT MHOXECTBATA D im=152; 8¢ »-)
3a nenta AeHEEpaMe elHA PeJMIa OT NOJMHOXeCTBa Ha Z?

MOa M17 MQ" .o

Mo caenHus HauMH: M, e IpasHOTO MHOXeCTBO; a0 0p; Dp C Mm—1, TO
M, =M,_;, B IPOTHBEH CJIyyail B3eMaMe eIHO YHCIO X, NPHHALNEKAIIO HA
pasauxata npy Dp,—np; Mp—i W €[JHO YHCIO Y, TaKOBA, Y€ TOUKATa (Xmy Ym)
na npuxaanexu Ha D, ciex xoeto ¢ M, oO3HauaBaMe MHOXECTBOTO, KOETO
ce mosyuaBa, Karo KbM Mp_| NPUCHEIHMHHM TOYKATa (X, Ym+1). Caen
KaTo cme jAepUHMpa;H Te3U MHOMXKECTBA, roJjarame

M= U] Mn

m=1

C K 7a 03HAuuM MHOXKECTBOTO HA OHe3M TOUKHM (X,y) OT Z2, 3a KOHUTO
x¢L—mop, M, y=0, 0 1a N0JOXUM

D=MU K.

Iile mokaxem, ue MHOXecTBoTO D) mpurexasa cBoiictsara a) U 0). Tbit karo
NpH BCAKO m € Haiuue BKJIKYBaHeTo np; D, C L, npu BCAKO m Iie HMaMme
np, M, C L. Cnegoparemno np, MC L. Ot apyra CTpaua, np; K=L—mnp, M.
B TakbB caydait oT paBencTBoro mp, D=np, M U mp, K cnensa, 4e op, D=L,
T. €. MHOXeCTBOTO [) mpuTexaBa CBOHCTBOTO a). 3a Aa NOKaxeM, 4e & Ha-
JMne H CBOMCTBOTO G), Ie OTGesexuM, ye BCHUKH MuOxectBa M, ca kpaiiun
¥ e 3a BCAKO X CDHUIECTBYBAa Hali-MHOTO €JHO J, 33 KOETO TOuKaTa (X, )
npuramnexu Ha D. Jla jomycHeM cera, 4e 3a HSKOe /7 € HSII'BJIHEHO BKJIOY-
panero D, D. Axo np,D, ce coprppxa B np; Mu—1, TO MHOXECTBOTO
np,D,, ce CbCTOM OT KpaeH OpO¥l TOUKM M 3HAYM M CAMOTO MHOXECTBO D,,
TpsAGBa Aa ce CBCTOM OT KpaeH Opoi Toukd (Thil KaTO 3a BCAKO X MOXe Ja
ChIECTBYBA HAll-MHOrO €LHO ¥ TaKoBa, 4e TOuKara (X, y) Aa NPHHAIJIEKH
Ha D,). Toa o6ade e HeBb3MOXHO. 3Haud np; D, He ce CBHABPKA B
np, My—_;. ToraBa MoXeM [a pasrviefiaMe TOYKATA (Xm, Ym), KOATO IIe NpU-
Hannexu Ha D, TOuKara (Xm, Ym-1) TNpUHajIeRH HA MHOXeCTBOTO D),
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-CJIEIOBATENHO TOYKATA (X, V») He npuHamiexu Ha [. ToBa oGadye NPOTHBO-
peun mHa Bkatoueaneto D, C D. Ilo TaxbB HAuMH HME MOKa3axMme, Ye HHKOE
or mHoxectsara D, He ce ChABPxKAa B D, T. e. HalUIe € M CBOHCTBOTO 0).

Ia osuaunM cera c f, apurMmervysHata (QYHKIHA Ha JBE IPOMEHJIHBY,
KOSITO Ce gnedHHHUpA IO CJAeIHHS HAYMH :

fO (X, .y):O’ aKo (xy J’)ED

Toit kato np, D=L, we Oble u3NBIHEHO paBeHCTBOTO F[fo]=4,. Ha no-
nmycHeM, d4e ChIIECTBYBa u-peKypcuBeH omepatop F, sa xofto F[fy]|=h,.
OnepatopsT F Ile NpUHAIJIeKH Ha MHOXeCTBOTO A, moHexe f,C g, Heka
F=F,. Toraa ¢yukuusara F,[f,] me 6bre nedpunupana BbB BCHYKH TOYKH
Ha MHOXeCTBOTO L ¥ 3Hauu JedununuoHHata o6saact Ha QyHKunuAra f, e
CHIABPKA TA3H HA Gy, T. C. MHOKECTBOTO [ Ie CBHABPXKA MHOKECTBOTO D,
Hue o6aue BuasxMe, ye TOBA € HEBB3MOXKHO.

Hue dopmynupaxme HIKOJTKO HEOOXONUMH YCJOBHS 3a u-PEKYPCHBHOCT,
KOMTO ce OKasaxa HegocTarbund. llle dopmymupame oie erHo HeO6XOIUMO
yCIOBHE, KOETO CcbHIl0 He Ie ObIe NOCTAT'buHO, BBIPEKH Y& MOXKe Ja Ce
JIOKaXKe, 4 TO € I[I0-CHJIHO OT YCJOBHATA, CBIBPXKAINIM Ce B TEODEMH 2,
3,4 u b.

Teopema 7. Hexa F e u-pexypcusen onepamop om mun k — 1l (k=1,
[=0), Hexa ca Oadenu apummemusna HYHKYus Ha Kk npomenausu f u
mouka (Uy,...,u;) om Z' maxusa, ue —|F[f]l(uy,...,u;) u cowecmsysa
apummemutHa @YHKyUs Ha k npomenausu g, 3a Kosimo g, D f&IF[g)
(4, -+ ., ). B maxss cayual couwecmgysa mouxa om ZF, Kosmo He npu-
HaoaexHcl Ha OepunuyuorHama obaacm Ha @GyHKkyusma f, HO npurao-
Aexcl Ha OepuHuBUORHAMA O004QCMm HA BCAKA QPUMMEMUMHE (DYHKYLL
Ha k npomenausuy g, 3a xkoamo g D f&!F[g](uy,..., w).

JlokasartencTBO. Bsemame ¢unurHa ¢ynakuus ¢ C g, Takasa, 4e
Flg] (y,- . ., #;). OT paBencTsoto (14), npunoxkeHo 3a. QYHKUMATA @, CIe/BA,
ye 10 (N [@] (@1, . - -5 M), Uy, . ., #;) (MBNIONBYBaMe O3HAYEHHATA OT JOKaszaTel-
CTBOTO HA JOCTAaThbuHOCTTA B Teopema 1). OTryk ciexsa, ye !Ny [o] (iy,. .., 1)
u suaud !R[p](@y,..., w). Ha nomoxum Rp](ay,..., #)=e. Ile umame
PaBeHCTBOTO , ;
Nolo] (@, <« ., w)=N]o] (&y,. . ., w, 0),

OTKBIETO € sicHo, 4e !N[p](4y,. .., #;, 0). Or nebunumuara Ha omepatopa N
caensa, ue V rIN[op] (4. .., u, r). Ha mnonoxum N o] (%y,..., u, r)=n, npu

r=e
r=0,1,...,0 OueBunno umame !0 (n,, iy,..., u;), T. & |F[o®] (uy,..., w).
Q
[Topamu KOMIAKTHOCTTa Ha omeparopa F sakmouaBame, ye | ((pﬁz")c f). Ia
0

03HAUHM C 7, HAH-MaJKOTO MeXJy LeJHTe HeOTPHLATEJIHH YKCJIA 7, 32 KOHTO
— (p(”]? Cf). UucnoTo 7, e pasnuyno ot 0, samoro n,=0, a ¢! =¢ C f. Ha

pasraename (yHKIHATA (pflkr) . Ouesunno ¥ o f u crenoBaTeNHO
- g

0 0
—IF[o® (#g-++» w). Or Jnpyra crpana, Hp((p;)k)s(pgfr) _ & Fle]
0
(#y,...,u)|; 32 na ce y6enum B TOBa, AOCTATBYHO € fa H30epeM p Taka,

te g¥=q. CBIIACHO YCIOBHETO a) or IeMHHIMATA HA HAcOYBaUla OINepa-
uust saxmouaBame, ue !8;(Mr—1, Uy, W) 0pn i=1,...,k Jla momoxum
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T

5 \
(51(ﬂr0-1, Uiy - oy 111):xi npu i=1,...,k Ille mnokaxem, de (Xi,...,X;) €
TbpCeHaTa TO4YKa OT Z*.

[Ipenu BcuMuKO uUMaMme

n,O:S[qo] (”fu—l’ Uiy ooy u,):o (”’o—l’ Foiye + =g Xty B[ Hopp » o xk)).

CaeoBaTeNHO fpﬁz’? 1C(p£l") v nedununuonnara obnacT Ha %) ce CbCTOH
0~ o T

0
OT TOUKUTE Ha JeUHHUHMOHHATa O6aacT Ha @'F) | H OT TOYKaTa (X5 oy X)-
-
0
Ila nomycHem, 4e (Xy,..., X;) NPUHAINeXH Ha Hedununuonnara obiact Ha f-
ToraBa @ (Xy,. .., Xz) = 8o (Xp.+ oy Xp)=F (Xq,. .., Xp) ¥ 3HAUH ¢£:’i) Cf, koero

He e BapHOo. ClnenoBaTenHO TOUYKATa (Xy,..., Xz) He npnﬂézmemno Ha JHeduHu-
nuoHHaTa o6Gnact Ha ¢yHkuuara f.

Hexa g e apurvernysa (yHKIMS Ha K& TNPOMEHNHMBH, 32 KOSTO
gD f&!Flgl(uy,...,u). Ule ce ybenum, ue 1g (x4, ., xz). Ja usbepem

dunuTHa Qysxkuus @ C g Taxasa, ye !Flg](uy,. .., w). Thi kato zpﬁlkr) o cf
1,

ue umame @) ,C& Baaronapenne Ha TOBa MOXeM ja oOpasyBame 00ejH-
e
0

HEHHeTO Ha (DYHKLHUUTE @ H PP . Ila osHauuM TOBa oOefuHeHHe C @*.
:,
i 0 .
OueBuzno «p*:jgnjfr) _I&IF[rp*] (uy.. .., ). Cpriaceo ycnosuero 6) ot pedu-
0

HMIMATA HA HAacouysala onepaunusa Qymkuuara o me Obae nedunupaHa B
TOYKaTa (Xy,. .., Xz). [1aK OT CBUIOTO YCJIOBHE CJENBA, 4€ | Lo 1(xl, ceey Xp)
o
0

OT Teau ZBe Hella CJIeABa, 4e TOYKATa (X,,..., Xz) NPUHALIENKH HA HeUHH-
[MOWHATA 064acT Ha (DYHKIHMATA ¢, a 3Ha4d W Ha AeduHHUMOHHATa 00JacT Ha
g. C ToBa J0Ka3aTenCcTBOTO € 3aBbPLIEHO.

3a 7a ce yBepuM, ye YCJOBHETO, KOeTO Ce JaBa OT Teopema 7, He e
IOCTATBYHO 33 u-PEKYPCHBHOCTTA Ha €JIMH M3YUC/IMM olepaTop, Ja pasrie-
Jame OTHOBO cmeparopa F ot tum 1 — 1, KoiiTo nedunupaxme B npumep 6
KbM JedHHMIEATAa HA HacoyBaila onepanus. Kaxto orGenssaxme TOrapa, TO37
omeparop He € u-peKypcHBeH. BbIpekd ToBa YCJIOBHETO, KOETO Ce JAasa OT
TeopeMa 7, € U3I'BJIHEHO 3a TO3M Oleparop; JIEHCTBUTENHO, aKO 33 HAKOA
apuTMeTHuHA (YHKIMS HA eJHa NPOMeHJMBa f W 3a HAKOe NAIO HEOTpHHaA-.
reano z umame —|!F[f](x), To Gyukuusta f me e neduHHpaHa B TOUKATA
0, a BC9xa apuTMeTHYHA (YHKIHMA Ha elHa [POMEHJHBA g, 34 KOATO 1Fg] (w),

e nepunupana B Toukara O (monexe u ¢ M).

Pepunara npuMepH, KOWTO pasriefaxme, NOKa3BaT, Ye KJachT Ha u-pe-
KY[CHBHHTE OIEPATOPH € CBIIeCTBEHO NO-TeCeH OT KJaca Ha H3YUCIMMUTE
OMepaTopu ; CBUIECTBYBAT Jaxe TBBbPJAE IMPOCTH U3UUCIUMH OIEPATOPH, KOUTO
He ca u-PeKYPCUBHU. BDBOpPeKH TOBa HHe 1€ JOKaXeM eJ[HAa TeOopema, OT
KOSITO Ce BHX/4, Y& BCEeKM MBUMCAMM ONepaTop Moxe jJa Oblie MOJyYyeH OT
[0IXOJAIN u-PeKYPCHBEH OIlepaTOp upes eJHa [POoCTa Onepalus, KOATO Cera
e ONUIIEM. ‘

Heka F e apuTmeruueH omepatrop or THn kB — [, a F, Hexa e apuTme-
THUeH omepatop oT TuD k —[41. Ille xasBame, ue onepa\&opm F e
npoeknusa Ha omepatopa F,; axko e M3I'BJHEHO * CIEJHOTO YCJIOBHE: MPH
BCeKH M300p Ha apuTMeTHYHaTa (YHKIMA Ha & [POMEHIHBH f # Ha uemure
HEOTPULATENHH YMCAA Uy, . ., U, U PABEHCTBOTO
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Flf] (..., u)=2
€ U3I'bJHEHO TOYHO TOTaBa, KOraTo

dm (FO [f] (u1’~‘ < Uy m) :7})'

Teopema 8. Bcexu usuucaum onepamop om mun k — 1l (k=1, [=0) e
NpOeKyust Ka no0Xo0su, u-pexypcuser onepamop om mun k —s [+1.

HoxasaTtenctBo. Heka £ e mPOUSBOMHO IANO MOJOMXKHTENHO YHCIIO.
llle nedunupame enuH u-pexypcuBen omeparop U oT THI £ — 1 ¢bC cren-
HOTO CBOMCTBO: IIPH BCEKH M300D HA apuTMeTHYHAaTa (YHKUHS Ha k IPOMeH-
JUBY [ MHOXKECTBOTO Ha (PMHUTHHTe QYHKIMM @ C f CHBHAZA C MHOXKECTBOTO
Ha ¢ynkuuuTe OT BHEA ¢ff), KbBAeTO 7 e croiHOcT Ha dymkumara U[f]. 3a
uenxTa Ja IOJIOXKUM HaB-Hampes

_ {1, ako x=y,
l(x, y)‘{O, aKo — (x:y).

‘DyHKIHMATA 1 OYEBMJHO € NPUMHTHBHO-peKypcuBHA. [lo-ararek na medumu-
pame omeparopa U, OT THIO £ — 2 HO CAefHHMA HAYHH :

U, [f] (m’ l):l(f(gl (ITL, L)’ s ér (m7 l))’ n (m: l))’

KBACTO &yy...,&5 M 7 Ca NPUMHTUBHO-DEKYPCHBHHTE (YHKIMH OT Jema 1.
Cnen roBa na nedunupame eaus omnepatop U; OT THN £ — 2 IOCPeACTBOM
PaBeHCTBOTO

U /1(m, =T [ UsL£1 (m, 0),

=1

P
Kbero npu r=0 IsAcHata cTpaHa cuurame paBHa Ha 1. Crex kaTo e medu-
HUpaH oneparopwr U, oneparopsr U ce nedunupa 4pes paBeHCTBOTO

, Ul/1(m)=m. Uy [f1(m, = (m)),

K'bJIeTO 7 € NMPUMUTHBHO-DEKYPCHBHATa (yHKuHMa oT sema 1. He e Tpyamo na
ce yGenum, ye oneparopsT U e u-pekypcuBeH (TOH € naxe NPUMUTHBHO-De-
KypCHBEH, T. e. MOXe 1a Oble MOCTPOeH, Karo Ce H3MON3YBaT CaMo NyHKTO-
Bere [—VI or pmedunuuuara Ha u-pexypcusen omepatop). Cera Ime mokaxew,
ye omeparopspT U mnpuTexana (HOPMYJHPaHOTO B HAYAJOTO CBOHCTBO.

Hexka f e apurmernysa OYyHKUMS Ha £ TIPOMEHJMBH M HeKa e najeHa
Gunutna dyskuus @ Cf. Hexa pedunumponsata o6aact Ha dyHkuuaTa ¢ ce

CBCTOM OT TOYKUTE (Xip,..., Xz), i=1,...,p, KOATO ca paSJHYHH €JHA OT
Apyra. Jla monoxuMm @ (Xi,..., Xg)=y; 0pd i=1,...,p u na o3HauuM ¢ T
MaTpHIaTa

X11 Koo - X Y1
x21 x22 e XQk y2
xp1 xn2....xpk yp ‘

Hexa »(T)=m. OvueBugno o¢®=¢. Or npeanonoxenuero, ue ¢ C f,

cnenpa, ue '
Vi (fEm ). .., & (m, D)=n(m, D).

1<i=, (m)
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Orryx saxmouasame, ¢ Vi (Up[f](m, i)=1) u 3Hauu H Uy [ f] (m, i)=1.
1gi=a (m) —1

Cnenosatenno U, [f](m, n(m))=1, 1. e. U[f](m)=m. Tosa moxasea, ue

uucaoto m e croumoct Ha ¢yuxmuara U[f].

O6parHO, HEKAa IAIOTO HEOTPHIATENHO HHCIO 7 € cTodHOCT Ha GYHK-
masra U[f]. Axko n=0, 10 ¥ =; Cf. Hexa n>0. Msbupame LAJOTO He-
OTpHUIIATEJNHO YHCJIO 7 1O TAKDBB HAYMH, 4e U|[f](m)=n. TlociensHoTo pape#-
cTBO 03Hauasa, ue m. Uy [f] (m, a(m))=n. OTTyK CnenBa, ye VU, [ f1(m, = (m)).
Twit karo U, [f](m, i) He npuema  Jpyra CTOHHOCT OCBeH 0 u 1, crofiHocTTa
na U [f](m, 7 (m)) Be MOxe na Gbie Hpyra OCBEH 0 wmu 1. Ta He Moxe
na 6bge 0, sauoro n>0. CrenoBatesHo T4 € 1. ToBa paBa, ue m=n "
a(n) -

HUO [f1(n, i)y=1. Twit xaro U,[f](n, i) ne Bsema Jipyra croitEocT ocser 0

=1

u 1, ortyx ciepsa, ye Vi (Ug[f](n,i)=1). Tlocrepnoro o3HauaBa, qe MpH
1<i=n (n) : ;

1<i<an
=i==() Fean s Sl D)= (m, ).

Ia pasraename ¢ysxmuara ). OT ChKIEHHETO, KOETO TOKY-IIO JOKA3AXME,

clexBa, e 3a BCAKA TOYKA (Xy,..., X)) OT neduHANMOHHATa 00/1acT HA @ €

UBI'BJHEHO pPABEHCTBOTO f(X,. .., Xg)=@ (X .., Xp). $ICHO € OTTyK, ue
; :

PP Cf.

Crex Karo yCTaHoBHXMe, ue omeparopbT U IpUTeKaBa XKeEJIaHOTO CBOH-
CTBO, HHe JIECHO lIe WM3BBPIIMM JO0Kas3aTeJACTBOTO HAa Teopema 8. Heka [ e
/10 HEOTPHUIATEJHO YHCIO M Heka F e u3uuMcauM oreparop OT Thif k—l
Ila nedunupame omeparopa Fy oT THI k —5[-4-1 upe3 paBeHCTBOTO

Folf1 (- - -» s m) =0 (ULF)(m), ., 1),

OneparopbT Fy € u-peKypCHBeH, 3allOTO ONEPaTop®T U e u-pexypcHBeH, a
dynxiuara O e YaCTHIHO-DEKYPCUBHA. [lle moxaxem, ue omepaTopnbT F e
npoeknus Ha omeparopa F,. Heka ca nanend apuTMETHHHATA bynkuua f Ha
k TPOMEHJMBH M ILieJMTE HEOTPHLIATENHH 9ACAd Uy,.. - Ui v. Axo e H3NBJI-
weno pasencrBoto F [f](uy,. .., #)=7, TO CBIIECTBYBA ¢bunutHa QYHKIHSA
@ C f raxasa, ue F[e](4y,. .., #;)=20. CpIIacHo cBolicTBoTO Ha omneparopa U,
KOeTO YCTaHOBHXMe, @ MOXE€ [1a Ce NPeJCTaBd BBB BHIA @, xpleTo n e

crofinoct Ha @ymxmuara U|[f). Vsbupame yMCIOTO 7 TaKa, Hqe U[f](m)=n.

Ille umawme .
Fo [f1(s,- - -, iy m)=0p (U[f](m), gy .., )=
=9F(n,ul,...,u,):F[qo(nk)](ul,...,u[)-—-fv. '
O6parHO, HeKa NPH HAKOM 1360p HAa UYHCJOTO 7 € HM3I'BJIHEHO PaBEHCTBOTO

Fof] (4s,- - -,y my=2. Torasa O (U[f](m), uy,.. ., ;)=7 U CIeJ0BaTeJHO
YU [f](m). da momoxum U[f](m)=n. Ot TOBA, KOETO SHAEM 54 orneparopa
U, crensa, ue ¢ C f. PasenctBoro br (n, uy,. .., )=" TMOKa3Ba, ye Flp® ]
(ty,. .., W)="7, OTKDBAETO B3aKJIOYaBaMe, 4e F[f1(uy...,u)=0. Teopemara
e J(OKasaHa.

ToKy-Il0 NOKa3aHaTa TeopeMa 8 MOKa3Ba, Ye TMOHATHETO HSUHCIHM Ome-
parop moxe ja Gbie jgeduHMpaHO MHAYKTHBHO C IIOMOIITA HA MpaBuiaTa
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[—VII (npu 3aMsHa Ha TePMHMHA ,u-DeKypCHBEH® C TePMHHA ,H3YHCIMM®) H
JOM'BJIHUTENHOTO [IPABUIIO , .

VIII. Ako F, e usuuciuMm omepatop OT THn & — [-}-1, a omeparopsT F
oT THN k— [ mpejcraBisBa Ipoekius Ha omeparopa F,, To omepatopsT F e
CBIIO HMBUUCIUM. .

Ue BCeKM M3UUC/JAMM OIEpaTop MOXe Ja ce HOJydd C IOMOIuTa Ha Ipa-
Buiata 1— VIII, toBa caensa ot teopema 8. O6paTH »TO TBBbPAEHHE, a UMEHHO,
ye BCeKH OIeparop, IMoJydeH ¢ momoura Ha mpasunara [—VIII, e usuncaum,
MOXe na 6bre OGOCHOBAHO C MOMOIITA HA JeMure 6—12 M Ha ome ejnHa
JeMa, KoATo cera e (dopmysupame.

Jema 22. Hexa F, e uswucaum onepamop om mun k—Il+1(k=1,

- 1=0) u nexa onepamopsm F om mun k—1 npedcmasasnsa npoexyus Ha

onepamopa F,. B maxss cayuail onepamopsm F e csuyo usuncaus.
JNoxasaTeJacTso. Jla nokaxeM Hall-Hanpex, ye oneparopsT F e xomnak-
Ten. Hexa f e aputmernyHa QYHKIHUA HAa K TPOMEHIUBHM U HEKA Uyy..., U U ¥
ca IeJM HeOTpUIATeNHH uucJa. Jla MNpeamosoXuM, 4e e H3I'BAHEHO DABEHCT-
Boro F[f](#y,. .., u;)=v. VIsOupame uucJOTO m Taka, 4e Ja OGbje H3N'BI-
HeHo paBenctBoto Fo[f](4y,..., 1, m)=v; TOBa e BB3MOKHO, 3amoTo F e
npoexnus Ha F,. Caen toa usbupame ¢unutHa GyHkuusa ¢ C f Taka, 4e na
6ble H3N'bAHEHO paBeHCTBOTO Folo](#y,...,#, m)=v; TOBa € BB3MONKHO
Gmarojapende Ha KommaktHoctra Ha Fo Twii kato F e mpoexmus na F,
oTTYK caexsa, ue Flg] (4y,...,#)=v. O6paTHO, Heka 3a HAKOA (UHHTHA
dynxnua @ Cf e usmbaHeHo paBenctBoto Flg] (4. . ., #)=v. H36upame
YUCJIOTO M Taka, e Ja 6bjae U3I'bIHEHO PaBeHCTBOTO Fylp](dy,..., u, m)=wv.
Torapa e 6bJe H3MbJAHEHO M paBeHcTBOTO Fo[f] (..., 1, m)=v, OTKBAETO
cnenxsa, ye F[f](uy,- .., #)=2v. KomnakrHocTTa Ha oneparopa F e jpokasaHa.
Cera me ce yOexum, de Oynkiusra Op e yacTH4HO-peKypcuBHA. Hexka
M, 1y,..., 0,7 Ca IPOM3BONHH IeJM HEOTPUIATENHH uHMC/Ia. PaBeHCTBOTO

Or (1, 1y, . .., U;) =7 € U3I'BIHEHO TOYHO TOTaBa, KOraTo EIm(GFO (nyuyy ...,y m=
= 0). Toit karo dynkmuara (p e YacTHYHO-PeKYPCHBHA, OTTYK CleJBa, ye

rpaduxaTa Ha QyHKUEATA Op € PeKyPCHBHO HOMEpPYeMO MHOXEeCTBO M 3HAYH
camata (Qysxuus Op e yacTduHO-pexkypcuBHa. C TOBa HBYMCIHMOCTTA HA Olle-
paropa I e ycraHnoBsena.

M Taka uHAyKTMBHATa JAe(QUHMIMA Ha IOHATHETO HBYUCIHM ONeparop ¢
nomomira Ha npasuiata [—VIII e exkBuBaJeHTHA HAa I'bPBOHAUYANHO (HOPMYH-
panara jgedununus. [IpaBunoto VIII oGaye uma elivH ChIIECTBEH HEIOCTATBK
B cpaBHeHHe c mnpasunara [—VII: ToBa mnpasuno He € INPUJIOKHUMO KBM
BCHUKM omepaTopd. J[leficTBUTENHO, aKO omepaTropdsT F, or tum £—I+1 e
TaK’bB, e NPH HAKOH M360p HA apuTMeTHYHaTa (QYHKIHMSA HA k NpoMeHauBH f
W Ha ILEJMTe HEeOTPHUIATEeJHH 4uCAa U,..., 4 Hu3passr Fo[f](u,...,uw, m)
IpueMa IIOBeye OT eJHA CTOHHOCT, KOraro m- Ce MeHH, TO OYeBHIHO e, ye
He cbhlectByBa omepatop F or tun £ — [, koHTO fa Oble NPOEKIUS Ha
onepatopa F,. BbB Bpb3Ka C TOBa 06CTOATeNCTBO BB3HMKBA 3ajadara 3a Ha-
MHpaHe Ha JOCTAaThUHO NPOCTA UHAYKTHBHA Ne(DUHULUS HA MOHATHETO H3YHC-
JUM OmepaTop, B KOATO BCHYKY INpaBu/ia Ja Ca CBOGOJHHM OT MOCOYEHHs He-
JOCTATBK.

Hocmsnusa wa 15. IV. 1962 .
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BbIUVIC/TMMBIE 1 u-PEKYPCUBHBIE OINEPATOPHI
JI. CkopuaoeB

(Peswne)

[ToHATHe BBIUMCAMMOrO ONEPaTopa AONYCKaeT MHOIO D43MHYHBIX OIpefe
nenuil. Taxk, Hampumep, B KHHre Kummu (2] comepxarcs mo MeHbLIed Mepe
TPY ONpeJeNeHHs MOHATHA BBHIYMCIHMOCTH ONEPATOPa: YaCTHYHAA DEKYPCHB-
HOCTb, ONPEAeJUMOCTh MOCPeJCTBOM cxeM I—VI (u -peKypcHBHOCTB) M BLIYH-
cauMocTh 1o Toropunry. M3 pa6oThl YcmeHnckoro [5] BeITeKaeT JApYroe onpe-
JieJleHHe, KOTOPOMY DPOJCTBEHHO ompejenenye, nansoe JlsiBucom [1]. [Tocien-
HMe JBa OIpeJeJeHUs = OSKBUBAJEHTHBl ONPENENEeHHMIO  YaCTHYHO-DEKYPCHB-
HOrO OmepaTtopa; SKBHBAJIEHTHBl MeXJy COO0H TaKxe u-peKYPCHBHOCTD
U BBUHCIUMOCTH N0 Thiopurry. Ms [2] BuAHO, 4TO B Ciyuae, Korja HaCc MH-
TepecyeT pe3yJabTaT NPKMEHEHHS OIePaTOPOB TOJHKO KO BCIOAY ONpeiereH-
HbIM (DYHKIIUSIM, [ePBBle TP YIOMSAHYTBHIE ONpeNeNeHUs] SKBUBAJIEHTHBI MEXIY
coB0H, TaKk uTO BCE NATh OMpeJeNenuil, 0 KOTOPHIX IJIa peyb, B 3TOM CcJyyae
Al0T OMHO M TO xe. [Josoxenue, 0JHAKO, UBMEHSETCH, €CIM NPHUMEHHTH OIle-
paTophl ¥ K He BCIOLY OIpefieneHHbBIM GVHKIUAM. B sTOoM cnyyae Kiacc
W -PEKYPCUBHBIX OIepaTOPOB OKashiBaeTCA CYIECTBEHHO J»Ke KJjacCa BCeX ua-
CTUYHO-PEKYPCHBHBIX ‘OT€PaTOPOB.
© . B macrosmiefi paboTe HCCIeYIOTCH CBS8H MEXIY YNOMAHYTBHIMH JBYMS
KJiacCaMH OllepaTopoB (IpUYeM B KadyeCTBe OINPEJeJEHUs BTOPOrO U3 HHX IPH-
HUMaeTCs onpejeienue J[iBHCA; BEIYHCIMMEIMU OIlePaTOPAMHM HasbiBaeM Ja-
Jee Kak pa3 ajeMeHTBl 3TOro kaacca). C 5TOH Lleablo BBOJUTCS TOHATHE
HampaBigiollell onepalyu A [1aHHOro apumetuyeckoro omepatopa. [lycrs
F -~ oneparop tuma & ->1[ (1. e. o6nacTh npuMeHumMocTH F cocTout u3 Bce-
BO3MOXHBIX apH(MeTHuecKUX (YHKIMH. OT £ NepPeMeHHBIX, a Pe3yJbTaThl HpHU-
MeHenusi oneparopa F saBisiorcsd QysknusmMu ot [ mepemenHssix). Ilpeamoso-
UM, 4TO flaHa Hexoropas 5Gb(eKTHBHAs HyMepalus BCeX apHpMeTHIECKUX
byHKUME OT & TepeMeHHEIX, 06J1aCTb ONpejeNeHHs KOTOPHIX KoHeuHa ((QyHK-
UM ¢ KOHEYHOH 06JacThio omnpejesieHus OyleM Has3blBaTh (DUHHUTHBIME). MBI
roBOpUM, uTO CHCTEMA (d,..., ;) H3 k apudmermyeckux ¢yuxnuit or [+1
IepeMEeHHBbIX sBJISETC HampaBJsloIlell omepanuell Aad oneparopa F, eciau
BBIIOJHSAIOTCS CJeLYIOIUe JBa YCJOBHUA :

.
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a) 06macTU OmpeJleneHus yHKUuH dy, ..., d, COBNANAIOT, NPHIEM TOUKA
(n, uy,...,u) NPUHALJIEKAT 067aCTH  OIpeJeJeHHs KaKoh-1ubo H3 3THX

(yHKUME B TOM M TOJBKO B TOM Clydae, KOrla pesy’ibTar IpUMEHeHHUs one-
patopa F k ¢uuuTHOH dyHKUME C HOMEPOM 7 He OIpeleleH B TOYKEe
(@, ..., U) HO CYIIECTBYET unuTHAs QYHKIMSA, SBAAOLIAACA TPOLOKERAEM
(puHETHON DYHKUMHM C HOMEPOM 71, TaKas, 4To pesyJbTar npuMeHeHus omnepa-
topa F K Heill yxe Ompeiesien B TOUKe (g5 =« = yit1)3

6) ecau TouKa (M, Uy, - - ., 1;) MPUHAIJIEKHUT 06JaCTH ONpeNeNeHns ¢dbyHK-
uuit by ,...,0, ¥ ecam & (7, Uy, ... W)=X; TPH i=1,...,k TO TOUKA
(Xy ..., Xz) HE NPHHAIJEKAT o6nactd ompenenenus (GUHMTHON YHKIHUH C
HOMEDPOM 72, HO TIPHHAMIEXKUT OONACTAM OIpPELECHUA BCEX eé (DMHUTHBIX TPO-
JOMKeHHUH, A/ KOTOPEIX pesyabTaT NPUMeHeHus Omeparopa F ompenenen B
TouKe (Uy, ..., W) -

HampapJasioniyo onepamuio (04, ..., 0) HA3BIBAEM YaCTUYHO-PEKY PCHBHOM,
ecay QYHKUUH Oy, . . ., Op YACTHUHO-DEKYPCHBHBL

JlokasblBaeM Cielyloulee YTBEDKIEHHE :

Teopema 1. Jas mozo, 4mo0b. apugpmemutecKull onepamop F Owoin
1L ~PEKYPCUBHBLM, Heo0X00umo 1 00CMmamotHo 00HOBpeMEHHOE BuNOAHERIE
pOpMYAUPYEMbLY HUINCE YCAO0BUIL A u b.

A. Onepamop F swucaui.

B. Jlas onepamopa F cywecmayem 4acmutro-pex ypcusras HANnPasAsio-
yas onepayls.

[IpUBOAMTCS MPOCTOH MPUMEP BBIYMCIUMOrO Omeparopd, 1A KOTOPOTO He
CylleCTBYeT HANpaBISIOMEH onepanyy, a TaKKe M TPUMED BBLIYMCJIMMOro Ole-
paTopa, 1A KOTOPOrO CYIIECTBYeT HATpaBJdIOMmas Onepanus, OJHaKO He ua-
CTHYHO-PEKYPCHBHAS.

Vi3 Teopembl 1 BEIBOIATCS HEKOTODBHIE HeO6XOMUMBIE YCJIOBHS IS u -pe-
KyPCHBHOCTH Omeparopa (Teopembl 2, 3, 4,5 u 7). [lpy momouy NpPUMEPOB
yCTaHABIMBAETCS, UTO STU YCJOBUS HE FABIAIOTCA JOCTATOYHBIMH.

TToxaswiBaerca TeopeMa 6, KOTOpas YTBEePKAAeT CYIIECTBOBAHUE napel
(ymKumf, BTOpas U3 KOTOPBIX SBJSETCS pesy/ibTaTOM TPUMEHEHHS HEKOTO-
POrO BBIUMCAMMOLO ONeparopa K NepBoi, HO HE MOXET ObITH TMOJIyyeHa U3
Hee MOCPeACTBOM HUKAKOTO u -PeKYPCHBHOTO OIepaTopa.

K KOHIy paGOTHl BBOAMTCA IOHATME MNPOEKIUH Oneparopa. MBI TOBODHM,

yro omeparop F Tuna k-—/ sABIAeTCA npoexuueil omeparopa F, THma

k—[--1, eciu pe3ysnpTaT NPUMEHEHHA ONepaTopa F K TmpousBOIbHOH (yHK-

Ui OT k TepeMeHHbIX f NPUHUMAET B TOUKe (L. .-, 4;) 3HaueHHe U TOTAA U
TOJBKO TOT/A, KOLJA CYIIECTBYET TaKoe YHCIO M, UTO PE3yJbTar MPAMEHE-
nust oneparopa Fy x QyHKnMM f NpPUHUMAeT 3HAYEHHE U B TOUKE Uy -ty M)

JloxaseiBaeM TeopeMy 8, KOTOpas YTBEPKHAAET, 4TO KaXXJbIl BBIYHCTUMBIHA
orepaTop ABJSETCA NPOEKIyeH MOAXOAAMEro i -pEeKyPCHBHOIO ormeparopa.
Asrop BO MHOrom o6ssan B. A. Ycnenckomy, KOTODHIIl NPHUBJEK €ro BHH-
MakHe K BONMPOCY 00 OTHOLIEHHMH MEXJY YaCTHYHOM DEKYPCHBHOCTBIO M i -DE-
KYPCHBHOCTBIO B CAy4ae, KOTJa ONepaTopbl NPUMEHTIOTCA U K HE BCIOZY OIpe-
nenenubiM (GyHxkmuaM. B uvactrocTH, B. A. VemenckuM ObLT HOCTaBJEH BONPOC
0 CyIIecTBOBAHHH Mapbl (QYHKIMH €O CBOHCTBOM, O KOTODOM HJET pedb B

Teopeme 6.
[IlpeBen aBTOPBT

1 Peayabrar, cOpMYTUPOBAHHb! B TeOpeMe 2, 6bul nonyuex padbime A. @ KysHeroBbIM
1IOCPECTBOM TPAMOTO [0KA3aTe/bCTBA. ' h
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BERECHENBARE UND u-REKURSIVE OPERATOREN
' D. Skordev

(Zusammenfassung)

Der Begriff des berechenbaren Operators lafit zahlreiche Definitionen
zu. So enthilt zum Beispiel das Buch von Kleene [2] mindestens drei Defini-
tionen fiir den Begriff der Berechenbarkeit eines Operators: partielle Re-
kursivitdt, Bestimmbarkeit vermittels der Schemata I—VI (u-Rekursivitat)
und Berechenbarkeit im Sinne von Turing. Aus der Arbeit von Uspenskij [5]
rithrt noch eine andere Definition her, die mit der von Davis [1] ver-
wandt ist. Die letzterwdhnten beiden Definitionen sind der Definition eines
partiell rekursiven Operators dquivalent; dquivalent sind untereinander auch
die u-Rekursivitdit und die Berechenbarkeit im Sinne von Turing- Aus [2]
geht hervor, dal wenn uns das Ergebnis der Anwendung der Ope-
ratoren nur auf die fiir alle Argumentenwerte definierten Funktionen inte-
ressiert, die ersten drei Definitionen untereinander &quivalent sind, so daf
alle erwihnten fiinf Definitionen dasselbe liefern. Die Dinge liegen
aber anders, wenn wir die Operatoren auch auf Funktionen anwenden, die
nicht fiir alle Argumentenwerte definiert sind. In diesem Fall erweist sich
die Klasse der wu-rekursiven Operatoren als wesentlich enger als die Klasse
aller partiell rekursiven Operatoren.

Die vorliegende Arbeit untersucht, in welchem Verhiltnis die beiden
Klassen von Operatoren zueinander stehen (wobei als Definition fiir die
zweite Klasse die Definition von Davis iibernommen wird; weiterhin sind
unter berechenbare Operatoren die Elemente eben dieser Klasse zu verste-
hen). Zu diesem Zweck wird der Begriff der wegweisenden Operation fiir
einen arithmetischen Operator eingefithrt. Es sei F ein Operator von Typ
k—1 (d. h. der Definitionsbereich des Operators besteht aus den verschie-
densten moglichen arithmetischen Funktionen von & Verdnderlichen, wihrend
ihre Bilder bei der Anwendung des Operators F Funktionen von [ Verin-
derlichen sind. Es sei irgendeine effektive Numeration aller arithmetischen
Funktionen von k& Verinderlichen gegeben, deren Definitionsbereich aus ei-
ner endlichen Zahl von Punkten besteht (derartige Funktionen werden wir
als finite Funktionen bezeichnen). Wir wollen sagen, daf} ein System (dy,..., dz)
von k arithmetischen Funktionen von [+1 Verdnderlichen eine wegweisende
Operation fiir den Operator F darstellt, wenn folgende Bedingungen erfiillt
sind :

a) die Definitionsbereiche der Funktionen d;...,d, stimmen (iiberein,
wobei auch ein beliebiger Punkt (n,u,,,,., ;) zum Definitionsbereich irgend-
einer dieser Funktionen gerade dann gehort, wenn das Bild der finiten
Funktion mit der Nummer n bei Anwendung des Operators F nicht in Punkt
(#y,...,u,) definiert ist, wohl aber eine finite Funktion existiert, die eine
Fortsetzung der finiten Funktion mit der Nummer n darstellt und ihr Bild
im Punkt (uy,..., %) definiert ist; :

b) wenn Punkt (7, #y,...,1) zum Definitionsbereich der Funktionen
8y,..., 0 gehort und & (n, wy,..., w) =x; gilt bei i=1,...,% so
gehort Punkt (xq,..., Xx;) nicht zum Definitionsbereich der finiten Funktion
mit der Nummer n, sondern zu den Definitionsbereichen aller ihrer finiten
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Fortsetzungen, deren Bilder (bei Anwendung des Operators F) im Punkt
(&, ...,u) definiert sind. i

Eine wegweisendé Operation (8y,...,0,) nennen wir partiell rekursiv,
wenn die Funktionen d,..,d, partiell rekursiv sind.

Es wird folgendes bewiesen:

Satz 1. Damit ein Operator F u-rekursiv ist, ist es notwendig und

hinreichend, daf die nachstehend formulierten Bedingungen A und B

gleichzeitig erfiillt sina.

A. Der Operator F ist berechenbar.

B. Fiir den Operator F existiert eine partiell rekursive wegweisende
Operation.

Es wird ein einfaches Beispiel angegeben fiir einen berechenbaren Ope-
rator. der keine wegweisende Operation besitzt, und so auch ein Beispiel
fiir einen berechenbaren Operator mit wegweisender Operation, die aber nicht
partiell rekursiv ist. ‘

Aus Satz 1 ergeben sich manche notwendigen Bedingungen fiir die
u -Rekursivitat eines Operators (Satze 2, 3, 4, 5 und 7). Mit Hilfe von Bei-
spielen wird nachgewiesen, daB  diese Bedingungen nicht hinreichend sind.

Auflerdem wird Satz 6 bewiesen, wonach ein Funktionenpaar existiert,
dessen zweite Funktion das Bild der ersten vermittels eines geeigneten be-
rechenbaren Operators darstellt, aus ihr aber mit Hilfe keines u -rekursiven
Operators abgeleitet werden kann.

Am Schluf der Arbeit wird der Begriff der Projektion eines Operators
eingefiihrt. Wir wollen sagen, daB der Operator F vom Typ h— 1
die Projektion eines Operators F, vom Typ & — [+1 darstellt, wenn
das Bild einer beliebigen Funktion f von k£ Verinderlichen mit Hilie
des Operators F in einem Punkt (i, ..., %) den Wert v genau dann
annimmt, wenn eine solche Zahl m existiert, daB das Bild der Funktion f

mit Hilfe des Operators F, den Wert v im Punkt (y,...,4,m) annimmt.

Wir beweisen Satz 8, wonach jeder berechenbare Operator die Projektion
eines geeigneten u-rekursiven Operators ist.

Der Verfasser ist V. A. Uspenskij sehr verpflichtet, der ihn auf die Frage
von dem Verhiltnis zwischen der partiellen Rekursivitdt und der u-Rekur-
sivitit bei Anwendung der Operatoren auch auf nicht firr alle Argumenten-
werte definierte Funktionen aufmerksam machte. Insbesondere war von
V. A. Uspenskij die Frage gestellt worden, ob es ein Funktionenpaar gibt,

" das die im Satz 6 formulierten Eigenschaften besitzt.
Tlpesen I. FTanueB

1Das in Satz 2 formtlierte Ergebnis war schon vorher von A. V. Kuznecov durch dis
rekten Beweis erhelten worden. .
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