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Abstract. We present the definition and a normal form of a class of
operators on sets of natural numbers which generalize the enumeration
operators.

1 Introduction

In his book [1, p.145] ROGERS gives the following intuitive explanation of the
notion of enumeration reducibility:

Let sets A and B be given. ... To put it as briefly as possible: A is
enumeration reducible to B if there is an effective procedure for getting
an enumeration of A from any enumeration of B.

On the next page ROGERS continues with the formal definition of the enu-
meration reducibility, where W, denotes the c.e. set with Gédel number z and
D,, denotes the finite set having canonical code u.

Definition 1. A is enumeration reducible to B (notation: A <, B) if
(Fz)(Vz)[zr € A = (Fu)[{z,u) e W, & D, C B]].
A is enumeration reducible to B via z if
(Vo)[r € A — (Fu)[{z,u) € W, & D, C B]].

Finally ROGERS defines for every z the enumeration operator @, : P(IN) —
P(IN).

Definition 2. ¢,(X) =Y if Y <. X via z.

Though the relationship of the intuitive definition with the formal one is well
explained in [1] it is tempting to formalize the intuitive definition in a more
direct way. Consider again the sets A and B. To get an enumeration of B we
need an oracle X and if we have such an enumeration relative to X than B will
be c.e. in X, so B = W;* for some b € IN, where WX denotes the domain of
the b-th Oracle Turing Machine using as oracle the characteristic function of X.



From the intuitive remarks it follows that if A <, B, and B = WbX , then there
exists an a such that A = WX and we can obtain such an a from b in a way
which does not depend on the oracle X. So it seems reasonable to consider the
following definition of a class of operators which we call uniform operators.

Definition 3. A mapping I" : P(IN) — P(IN) is called uniform operator if there
exists a total function « on the natural numbers such that for all b € IN and

X C N we have that I'(W;X) = Wﬁb).

The following result shows that the intuitive remarks quoted at the beginning
correspond exactly to the formal definition of the enumeration operators.

Theorem 4. The uniform operators coincide with the enumeration operators.

The theorem above can be considered as a uniform version of a result of
SELMAN [2].

Theorem 5 (Selman).
A< B <= VX(Bisce in X = Aisce inX).

Selman’s theorem is generalized by CASE [3] and AsH [4]. Following the same
fashion we come to the following definition.

Definition 6. Let n,k € IN. A mapping I : P(IN) — P(IN) is uniform operator
of type (n — k) if there exists a total function v on the natural numbers such

that for all b € N and X C IN we have that T'(W;X") = WX,

The characterization of the uniform operators of type (n — k) uses the notion
of enumeration jump defined in COOPER [5] and further studied by McEvoy [6].
Here we shall use the following definition of the e-jump which is m-equivalent
to the original one, see [6]:

Definition 7. Given a set A4, let K4 = {(z,2) : © € #,(A)}. Define the e-jump
AL of A to be the set K4 & (IN'\ K9).

For any set A by Ag") we shall denote the n-th e-jump of A.

Theorem 8. 1. Let k < n. Then the uniform operators of type (n — k) coin-
cide with the constant mappings AB.S, where S is some 22+1 set.

2. Let n < k. Then the uniform operators of type (n — k) are exactly those
mappings of I' : P(IN) — P(IN) for which there exists an enumeration oper-

ator @ such that for all BCIN, I'(B) = &((B @ @(n))‘(skfn))'
Finally let us consider the general case.

Definition 9. Let ky < ... < k, and k be natural numbers. A mapping I :
P(IN)" D) — P(IN) is a uniform operator of type (ko, ..., k, — k) if there exists
a function v : IN"™' — IN such that for all by, ...,b, € IN and X C N,

x (ko) xkr)y x (&
rwE™ Wy =W



Let us fix the natural numbers ko, . . . , k.. Denote by k the sequence ko, . . ., k.

Given sets of natural numbers By, ..., B,, we define the set f]’lgk) (Bo,...,B;) by
induction on k.

Definition 10. (i) Set

(0) _ | Bo,if ko =0,
P (Bo,-.o. Br) = {(]), otherwise.
(i) Let
P+ (B B = (TZ{“’(BO,...,B»); if k1 {kr k)
k v (P (By,...,B.), ® By, if k+ 1 =k;.

For example, for any two natural numbers n and k£ and any B C IN we have

that "
0 ifk<n
.:P(k) B) — ) P
n O™ @ B)F ™ ifn < k.

The theorem below is our main result.

Theorem 11. 1. The uniform operators of type (ko,..., k. — k) are exactly
those mappings I' : P(IN)"t1 — P(IN) for which there exists an enumeration
operator @ such that for all subsets By, ..., B, of IN,

I'(Bo,....B,) =®(P¥ | (Bo....,B))).

.....

2. For every uniform operator I" of type (ko,..., k. — k) there exists a total
computable function (b, . ..,b,) such that for allby...,b. € N and X C IN,

x (ko) xXkr)y x (k)
rwE™ L wE Y =W

In the rest of the paper we present a proof of Theorem 11.

2 Regular Enumerations

The proof of Theorem 11 uses the technique of the regular enumerations, pre-
sented in [7] and [8].

Let us consider a sequence {B;} of sets of natural numbers.

Roughly speaking a k-regular enumeration f is a kind of generic function
such that for all i < k, B; is computably enumerable in f(?) uniformly in .

Let f be a total mapping on IN. We define for every i, e, the relation f =;
F.(z) by induction on i:

Def'zn;tiﬁn 12. (i) f o Fe(z) <= Fv({(z,v) € W & (Vu € Dy)(f((u)o) =



fEi Fe(z) <= F((z,v) € W & (Vu € D,)((u = (ew, xy,0) &
fEiFe, (@) V (u=(ew, vy, 1) & f i Fe,(Tu))))-

Set f':z ﬁ‘Fe(fv) — fl#z Fe(x)'

The following lemma can be easily proved by induction on :

Lemma 13. For every i there exists a total computable function h;(a) such that
for all a,

Wi = {z: f i (@)

In what follows we shall use the term finite part for finite mappings of IN into
IN defined on finite segments [0, ¢ — 1] of IN. Finite parts will be denoted by the
letters 7,9, p. If dom(7) = [0, ¢ — 1], then let 1h(7) = q.

We shall suppose that an effective coding of all finite sequences and hence
of all finite parts is fixed. Given two finite parts 7 and p we shall say that 7 is
less than or equal to p if the code of 7 is less than or equal to the code of p.
By 7 C p we shall denote that the partial mapping p extends 7 and say that p
is an extension of 7. For any 7, by 7 | n we shall denote the restriction of 7 on
[0,n —1].

Set for every i, B; = IN @ B;.

Below we define for every ¢ the i-regular finite parts.

The 0-regular finite parts are finite parts 7 such that dom(r) = [0,2q + 1]
and for all odd z € dom(7),7(z) € By.

If dom(7) = [0,2g+ 1], then the O-rank |7|o of T is equal to the number ¢+ 1
of the odd elements of dom(7). Notice that if 7 and p are O-regular, 7 C p and
ITlo = Iplo, then 7 = p.

For every O-regular finite part 7, let Bj be the set of the odd elements of
dom(7).

Given a O-regular finite part 7, let

T lo Fe(z) <= Fo((z,v) € W, & (Vu € Dy)(7((w)o) =~ (u)1))

T ko = Fe(z) <= V(0-regular p)(7 C p = p o Fe(x)).

Proceeding by induction, suppose that for some i we have defined the i-
regular finite parts and for every i-regular 7 — the i-rank |7|; of 7, the set BT
and the relations 7 IF; Fe(z) and 7 IF; =F,(z). Suppose also that if 7 and p are
i-regular, 7 C p and |7|; = |pl;, then 7 = p.

Set Xj = {p: pis i-regular & p Ik Fij),((5)1)}

Given a finite part 7 and a set X of i-regular finite parts, let u;(7, X) be the
least extension of 7 belonging to X if any, and u;(7, X) be the least i-regular
extension of 7 otherwise. We shall assume that u;(7, X) is undefined if there is
no i-regular extension of 7.

A normal i-reqular extension of an i-regular finite part 7 is any ¢-regular
finite part p O 7 such that |p|; = |7]; + 1.



Let 7 be a finite part defined on [0,¢— 1] and r > 0. Then 7 is (i + 1)-regular
with (i 4+ 1)-rank r 4+ 1 if there exist natural numbers

O<nog<lp<mog<by<ni<li<mp<b...<n,<l, <my <b. <npy;=gq

such that 7 [ ng is an i-regular finite part with i-rank equal to 1 and for all j,
0 < j < r, the following conditions are satisfied:

a) 7 [l is a normal i-regular extension of 7 | nj;

b)

T lm; = pim T+ 1), X 00), if 7(n;) ~ (i+1,p) + 1,
J a normal ¢-regular extension of 7 [ [}, otherwise;

b = wilT 1 (my +1), XG, 00, if 7(m;) ~ (p,q) + 1,
J a normal i-regular extension of 7 | m;, if 7(m;) ~ 0;

d) T(bj) S EiJrl;
e) T [ njt1 is a normal i-regular extension of 7 [ b;.

The following lemma shows that the (i 4+ 1)-rank is well defined.
Lemma 14. Let 7 be an (i + 1)-regular finite part. Then

1. Let ng, I, mg, by, - - -1y, by iy, by mi, g and no, Lo, mo, bo, - - oy Ty Ly My by 1
be two sequences of natural numbers satisfying a)—e). Then r = p,npy1 =
Nyyq and for all j <r,nj =n},l; =15, m; =m/; and bj = b,

2. If p is (i + 1)-regular, 7 C p and |7|i+1 = |plit1, then T = p.

3. 7 is i-regular and |T|; > |T|iy1-

Let 7 be (i + 1)-regular and ng,ly, mo, bo, - - -, Ny, by My b1 1 be the se-
quence satisfying a)-e). Then let B, ; = {bo,...,b,} and M7, = {mq,...,m,}.

To conclude with the definition of the regular finite parts, let for every (i+1)-
regular finite part 7

Tlhip1 Fe(z) <= Fo((z,v) € W & (Vu € D,)((u = (ey, xu,0) & 7k Fo, (x4))V
(u=(ey, Ty, 1) & 7IF; =F, (x4)))).

T kg1 ~Fe(z) <= (V(i 4 1)-regular p)(7 C p = p Wfit1 Fe(2)).

Definition 15. Let f be a total mapping of IN in IN. Then f is a k-reqular
enumeration (with respect to {B;}) if the following conditions hold:

(i) For every finite part 6 C f, there exists a k-regular extension 7 of § such
that 7 C f.
(i) Ifi < k and 2 € B;, then there exists an i-regular 7 C f such that z € 7(B7).
(iv) If ¢ < k, then for every pair (p, ¢) of natural numbers, there exists an i + 1-
regular finite part 7 C f such that for some m € M7 |, 7(m) ~ (p,q) + 1.



Clearly, if f is a k-regular enumeration and ¢ < k, then for every § C f, there
exists an i-regular 7 C f such that 6 C 7. Moreover there exist i-regular finite
parts of f of arbitrary large rank.

Given a regular f, let for i < k, B/ = {b: (3r C f)(r is i-regular & b € BT)}.
Clearly f(B!) = B,.

Now let us turn to the properties of the regular finite parts and of the regular
enumerations.

3 Properties of the regular enumerations

First of all, notice that the clause (iv) of the definition of the regular enumer-
ations ensures that a k-regular enumeration f is generic with respect to the
family {X} :i < k,j € IN}. So we have the following Truth Lemma:

Lemma 16. Let f be a k-reqular enumeration. Then

1. Foralli <k, f = Fe(x) <= (37 C f)(7 is i-reqular & 7 IF; Fe(x)).
2. Foralli <k, flE; ~Fe(x) < (37 C f)(7 is i-reqular & 7 IF; ~Fe(x)).

Let us define for every natural k the set P by induction on k:

Definition 17. (i) Py = Bo;
(i) Pry1 = (Pr)i © Bry1.

Denote by R; the set of all i-regular finite parts.
FOYj € IN let ,U/l(T,_]) = :U/i(T7 X]Z)a

in ={7:(3p 2 7)(p is i-regular & p Ik; F;),((5)1))}
Zt = {7 : 7 is i-regular & 7 I-; = F ), (()1)}-
Proposition 18. For every i € IN the following assertions hold:

1. There exists an enumeration operators R; such that for every sequence {B;}
of sets of natural numbers, R; = R;(P;).

2. There exist computable functions x;(j) and y;(j) such that for every j and
every sequence {B;} of sets of natural numbers,

X; = ®y,()(P) and Y] = @, (Py).

3. There exists a computable function z;(j) such that for every j and every
sequence {B;} of sets of natural numbers,

7= (=0},

4. There exists an Oracle Turing Machine m; such that for every sequence { B;}
of sets of natural numbers,

pi = {mi} .



The following proposition is important for the proof of Theorem 11.

Proposition 19. For every i € IN there exists an Oracle Turing Machine b;
such that for every sequence {B;} of sets of natural numbers and every k-regular
with respect to {B;} enumeration f,

(Vi < k)(B; = W),

Proof. We shall define the machines b; by induction on i. Clearly for every se-
quence {B;} of sets of natural numbers and every k-regular with respect to {B;}
enumeration f, By = {r:2z+1 € Bo}, By = f(Bg) and Bg is equal to the set
of all odd numbers.

So we may define the machine by as follows:

input X;

Y:= 0;

while (2X + 1 =\= £(2Y+1)) do
Y := Y+1;

end.

Suppose that ¢ < k and the machines by,...,b; are defined. Following the
definition of P; we can define an oracle machine p’ which given a sequence {B;}
and a k-regular f computes the characteristic function of P/ using f (i+1) ag an
oracle. So it is sufficient to show that we can enumerate the set B; by means of
P! and f, uniformly in P/ and f.

Since f is (i + 1)-regular, for every finite part § of f there exists an (i + 1)-
regular 7 C f such that § C 7. Hence there exist natural numbers

O<ng<lp<mop<bp<m<h<m<bh<...<n, <l <m,<b.<...,

such that for every r > 0, the finite part 7. = f | n,41 is (i + 1)-regular
and ng, lg, mo, bo, . - -y Ny, Ly My, brympyq are the numbers satisfying the condi-
tions a)—e) from the definition of the (i + 1)-regular finite part 7,. Clearly
Bz-f+1 = {bp, b1 ...}. We shall describe a procedure which lists ng, lp,mo, bo, - - .
in an increasing order using the oracles P/ and f.

Clearly f | ng is é-regular and |f | ng|; = 1. By Lemma 18 R; is uniformly
computable in P/. Using f we can generate consecutively the finite parts f [ ¢
for g =1,2.... By Lemma 14 f [ ng is the first element of this sequence which
belongs to R;. Clearly ng = lh(f [ ng).

Suppose that » > —1 and ng, lo, mg, by, - - -, Np, Ly My, by, M1 have already
been listed. Since f [ [,41 is a normal i-regular extension of f [ n,41 it is the
shortest finite part of f which extends f [ n,+1 and belongs to R;. So we can
find the number [, ;. Now, we have to consider two cases:

a) f(ny41) =0or f(n,41) = (j,p) + 1, where j # i+ 1. Then again f | m,11
is the shortest finite part of f which belongs to R; and extends f [ l,41.

b) f(rre1) = i+ 1,p) + 1. Then [ mosy = pia(f | (boss + 1), X}, ).

(pslry1)



In both cases we can find f | m,41 effectively in f and P/. Clearly m,4; =
Ih(f [ myy1). From m,41 we reach b,y in a way similar to the previous one.
Finally, from b,4; we reach n, 2 using the fact that f [ n,y2 is a normal ¢-
regular extension of f [ b,11. Now we have a machine which decides the set
BifJrl using the oracle f(+1). From here, since B = f(Bl-fH) we can easily obtain
the machine ;1. O

4 Constructions of regular enumerations

Suppose that a sequence {B;} of sets of natural numbers is fixed.
Given a finite mapping 7 defined on [0,q — 1], by 7 * z we shall denote the
extension p of 7 defined on [0, g] and such that p(q) ~ z.

Lemma 20. Let T be ani-regular finite part defined on [0,q—1]. Letxz,y1,...y; €
IN and z9 € By,...,2; € B;. There exists a normal i-reqular extension p of T
such that:

1. plq) ~ x;
2. (Vj <i)(yj+1 € p(M7}1)).
3. (Vj <1i)(z € p(BY)).

Proof. Induction on 4. The assertion is obvious for ¢ = 0. Let 7 be an (i +
1)-regular finite part s.t. dom(7) = [0,q — 1]. Let z,y1,...,4i+1 € IN, 2y €
Bo,...,2i+1 € Biy1 be given. Suppose that |7];+1 = r+1 and ng, lg, mo, bo, - - - , Ny,
lpy My, brynpyq are the natural numbers satisfying the conditions a)—e) from the
definition of the (i + 1)-regular finite parts. Notice that n,11 = ¢. Since 7 is also
i-regular, by the induction hypothesis there exists a normal i-regular extension
po of 7% x such that (Vj < i)(y;11 € p(M},,)) and (Vj < i)(z; € p(BYf)). Let
lr+1 = 1h(pg). Clearly there exists a normal i-regular extension § of pg * 0 and
hence the function p;(pg * 0, X;) is defined for all p € IN. Set

_ s Cifr=0v@Ei)@=0(p+1&jFit]),
PLZ  ilpo 0, X}), if o = (i + 1, p).

Set m,+1 = 1h(p1). Let v be a normal extension of p; * y;+1 and set

_Jv if yir1 =0,
P2 = (o * 0, Xy, 1 —1)s if gir1 > 0.

Set b,.+1 = 1h(p2) and let p be a normal i-regular extension of ps * z;41. O

Corollary 21. If i <k, then every i-regular finite part of rank 1 can be extended
to a k-regular finite part of rank 1 and to a k-regular enumeration.

Using similar arguments we may prove and the following proposition.

Proposition 22. Let 6 be an i-regular finite part. Let y = 0 or y = (j,p) + 1
for some j > i. There exists a normal i-reqular extension p of § xy such that
(Vz € dom(p))(x > Ih(d) = p(x) ~ 0).



Corollary 23. For every i € IN there exists a canonical i-regular finite part §;
of rank 1 such that (Vx € dom(d;))(;(x) = 0).

Now we are ready to present a proof of Theorem 11.

Proof (of Theorem 11).
Let us fix natural numbers kg < ... < k. and k. Given sets Ag,..., A, of
natural numbers, we define the sequence {B;} by setting

B A ifi=kj,
CT0, it {ko,.. . k).

We call a finite part or an enumeration i-regular with respect to Ag, ..., A,
if it is é-regular with respect to the sequence {B;}.
As in the previous sections by B; we denote IN @ B; and by P; we denote the
set
(.((Bo).®B1).®...4Bi—1), & B,.

Clearly there exist computable functions p;(¢) and p2(7) which do not depend
on the choice of the sets Ag, ..., A, and such that

Py= &y, (P (Aosoo o A)) and P (Ao, AL) = By, (P,

Now let us consider a uniform operator I' of type (ko,...,k. — k). Let
~ be the respective index function of I'. By Proposition 19 there exist Oracle
Turing Machines b, ..., b, such that for every ¢ > k,, every sequence of sets
Ap, ..., A, and every i-regular enumeration f,

- f(ko) . f(k'r')
AO_kao ooy Ay _Wbm .

Let b = v(bkg, - - -, bk, ). Clearly for every sequence Ay, ..., A, of sets, for every
i > k, and every i-regular enumeration f we have that

(Ao, Ay =w".

Therefore there exists a ¢ such that for every sequence Ay, ..., A, of sets, every
1 > k, and every i-regular enumeration f,

(Vn)(f(n) € I'(Ao, ..., Ay) <= fl=r Fu(n)).

Consider the canonical k-regular finite part d of rank 1. Set ng = lh(dg).
Let § be a normal k-regular extension of o * ((k + 1,¢) + 1) such that (Vz €
dom(d))(x > 1h(dr) = d(z) ~ 0). Let 1h(d) = . We shall show that

z € '(Ag,...,Ar) < (37 2 J)(7 is k-regular with respect to Ag,..., 4, &
T(lp) = x & 7 Ik Fe(lp)).

Indeed, suppose that there exist a 7 O § which is k-regular with respect to
Ag,....Ar, T(lp) ~ x and 7 Ik Fr(lp). Then there exists a max(k,, k+ 1)-regular



with respect to Ay, ..., A, enumeration f which extends the least such 7. Clearly
f Bk Fe(lo) and f(lp) ~ x. So, x € I'(Ao, ..., Ar).

Suppose now that x € I'(Ag,...,A,). Consider a max(k,,k + 1)-regular
enumeration f which extends d*xz. Then f(ly) ~ x and hence f =y Fe(lp). Then
there exists a 7 C f such that 7 Iy F.(lp). Clearly we may assume that 6 C 7
and 7(lp) ~ .

From here using Proposition 18 one can find easily an enumeration operator
@ such that for all Ay,..., A,,

D(Ao,..., A) = (P | (Ao.....Ay)).

By this we have proved the nontrivial part of the theorem. The proof of the
rest is routine. O
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