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A. Tarski uses in his system for the elementary geometry only
the primitive concept of point, and the two primitive relations
betweenness and equidistance. Another approach is the only
primitive concept to be line. W. Schwabhduser and L. Szczerba
showed that perpendicularity together with the ternary relation
of co-punctuality (three lines intersect at one point) are
sufficient for dimension two, i.e. they may be used as a system
of primitive relations for elementary plane Euclidean geometry.
We consider the fragment based on perpendicularity alone. Its
theory is not finitely axiomatizable, it is decidable and the
complexity is PSPACE-complete. In contrast the complexity of
elementary plane Euclidean geometry is exponential.
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We consider first-order language £ with predicate symbols O
(meaning perpendicularity) and =, without constants and
functional symbols. We consider the theory OFPEG (meaning
"the orthogonal fragment of elementary plane Euclidean
geometry"), containing the following formulas:

A1 0 VX—-O(x, Xx)

A2 1 VxVy(O(x,y) = O(y, X))

Az Vx3yO(x,y)

Ag : VXVyVzvVt(O(x,z) A O(y,z) A O(x, t) — O(y, t))

Asn @ Yy ... Vyp3s(=O(s, y1) A ... A=O(S, ¥n)), N >2

Xen : Vy1...VyaVs(O(S, y1) A ... ANO(S,yn) — 3t(t #
Vi A At#YaAO(s, 1)), n> 1
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We denote by F2 the structure for the language L, having
universe the set of all lines in Euclidean plane. Clearly

F2 = OFPEG.

Let ¢ be a first-order formula with free variables x4, ..., xn, A be
a structure for the language of p and ay, ...,an € A. By

A E play, ..., an) we denote that ¢ is true in A under valuation,
assigning ai, ..., ap to Xy, ..., Xn.

| A

Remark

We will denote a4, ...,a, by aand f(ay),...,f(an) by f(a).
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Proposition

Let A be a model of OFPEG. We consider the relation R4,
defined in the following way:

xRy L for every z, ~O(x, z) or O(y, )

(Intuitively xR1y means "x does not intersect y".)
R, is an equivalence relation which divides A into infinitely
many infinite equivalence classes.
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Definition

Let A be a model of OFPEG, R, be the relation from the
previous proposition. We consider the equivalence classes
modulo R; and the following relation:

[x]Raly] <% O(x, )

It can be easily verified that this definition is correct and the
following proposition holds:

Proposition

Let A be a model of OFPEG. Then for every equivalence class
modulo Ry [x] there is exactly one equivalence class [y] such
that [x]Ro[y]. Moreover [x] # [y].
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Proposition

Let A be a countable model of OFPEG, B be a model of
OFPEG. Then A is elementary embedded in B.

Proof. Since A is a countable model of OFPEG, A has
countably many equivalence classes. Let these equivalence
classes be [a1], [a2], ..., [an], ..., [&] [&)],--..[a], ..., all they
being different and [a1] Rz[&,], [a2] R2|&), - - -, [@n] Rala), - - -
There exist countably many equivalence classes of B [b],

[b2], ..., [bn],...; [B}], [B5), ..., [by], ... such that all they are
different and [b1] Ro[b)], [b2] Ro[b5), - . ., [bn]) R2[b}), - - .. For every
n, [an] and [a),] are countable; [b,] and [b},] are infinite.
Consequently for every n, there are injections h, : [an] — [bn]
and h, : [a,] — [b}]-
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We define the mapping f:

f(a) = hn(a) if a € [ap] for some n
| h(a) if a € [a,] for some n

We will prove that f is an elementary embedding of A in B. By
induction on ¢ we will prove that for every formula ¢, if ¢ has

free variables among xi,...,xpand ¢y,...,Cy € A, then

A= g[d] « B = ¢[f(c)].

e The base of induction, the negation and the conjunction are
trivial.
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e pis Ixpq

Let the free variables of © be among xy, ..., x; and

Ci,...,Cn € A. It can be easily verified that A = 3xp4[C] implies
B | Ixps[f(c)].

Let B = Ixp[f(c)]. We will prove A = 3xp4[c|. There exists

b € B such that B = ¢4[b, f(cy),...,f(cn)]
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Interesting is the case when b ¢ [b;] and b ¢ [b]] for every i
Let k1,...,k € A(I < n) be such that forevery i =1,...,1,

[ki]Rz[cj] for some j € {1,...,n}. Thereis a € A such that
aé¢lcl,....lenl, [K],---,[k]. We add to the language L the
constants d, dy, ..., d,. Interpreting the new constants by b,

f(c1),...,f(cn) orby f(a), f(cq),. .., f(cn), we obtain two
structures for the extended language which we denote by

B = (B,b,f(ct),...,f(cn)) and B” = (B, f(a),f(cy),...,f(cn))
correspondingly. Let [m4] be the only equivalence class for
which [b]Rz[m4], and [my] be the only equivalence class for
which [f(a)]Rz[m2].
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We consider Ehrenfeucht-Fraisse’s game with arbitrary finite
length s and the following strategy for the second player: if the
first player chooses b (f(a)), then the second player chooses
f(a) (b). Otherwise, if the first player chooses an element out of
[b] U [f(a)] U [my] U[m2], then the second player chooses the
same element; if the first player chooses a new element of [b],
then the second player chooses a new element of [f(a)],
different from f(a) and the converse; if the first player chooses
a new element of [m4], then the second player chooses a new
element of [my] and the converse; if the first player chooses
already chosen in the corresponding structure element x in

[b] U [f(a)] U [m4] U [mo], then the second player chooses the
same element which then was chosen in the other structure.
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Letes,...,esand €, ..., € be correspondingly of B’ and of B”
in the order of their choosing. Let

h={(e,€e): i=1,...,s}Uu{(C¥, C8:

C - a constant of the extended language}. Let B be the

substructure of B, generated by ey, ..., es, b, f(cq),...,f(cn);
B be the substructure of B”, generated by €/,.. ., e, f(a),
f(c1),...,f(cn). It can be easily verified that his an

isomorphism from B} to BY. Consequently for every closed
formula ¢ we have B' = ¢ < B” |= ¢; so

B E= pi]b,f(cq),...,f(cn)] & B E ¢1[f(a), f(c1), ..., f(cn)]. But
we have B = ¢1[b, f(¢c1), ..., f(cn)] and thus

B = p1[f(a),f(cq), ..., f(cn)]. From the induction hypothesis,
A= pqla,cy,...,cnl.

Consequently f is an elementary embedding of A in B. O
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The theory OFPEG is complete.

Proof. Let J—'é be the structure for the language £ with universe
{a - line in Euclidean plane: at least 2 of the points of a are with
rational coordinates }. The predicate symbol O is interpreted
by perpendicularity. It can be proved that J—“é = OFPEG.

Let A and B be arbitrary models of OFPEG. Since J—“é is a
countable model of OFPEG, fé is elementary embedded in A

and in B. Consequently J-“é is elementary equivalent to .4 and
to B and hence A and B are elementary equivalent.
Consequently OFPEG is complete. [J
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Parallelism and convergence

We denote by P the binary predicate, meaning parallelism and
by C - the predicate, meaning that two lines intersect.

@ P and C are definable by O and =;
@ Ois not definable by P, C and =.
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Proposition

The problem of whether a closed formula in L logically follows
from OFPEG is PSPACE-complete.
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We consider

EQ> = {p: pisaclosed formulain the language L1 = (; ;=
) and ¢ is true in all infinite structures}. The membership
problem in EQ* is PSPACE-complete.

Let A* be the substructure of 72, which is obtained by
eliminating from the universe the lines parallel to or coinciding
with the abscissa axis, the lines parallel to or coinciding with the
ordinate axis and the lines with equation of the kind y = bx.

The structure A* is a model of OFPEG.
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For every closed formula ¢ in the language L, OFPEG = ¢ iff
A" | .

Let R be the structure for £1 with universe R\ {0}.

For any closed formula ¢ in L1, R |= ¢ iff o € EQ*.

T. lvanova and T. Tinchev geometry’s fragment




Let a be a line with equation y = bx + ¢. We use the following
notations: a' = b, a = —, a® = c. Itis convenient to call &',
a° and a® coordinates of the line a.

To every formula ¢ in the language £ we juxtapose a formula ¢
in the language L+ in the following way:

1) ¢ - atomic

(o) If pis O(x1, X2), then @ is x{ = x2.
(o) If pis x1 = Xp, then is (x{ = X)) A (X3 = x3).
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2) pis —¢’

pis —¢l.

3) pis ' A"

pis ¢ N

4) ¢ is Ixnp’ and ¢’ has free variables x, ..., X,

@is Ix}Ix23x3 (¢’ A kn), where for every natural number n, xp,

is a formula with free variables x], x2, ..., x}, x2, defined in the
following way:

ol 2 11, 2,2 12,02 1
knt Xy # XN N\ = x5 0 xF = x5)A N\ (X! = x5 < xF = x})
i<n i<n
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Proof

Definition

Let n be a natural number, al, &, &, ..., a}, a3, a € R\ {0}
and forevery i € {1,...,n}, R = xi[al, a3,...,al,a?]. We say
that bl, b2, b3, ..., b}, b2, b3 are corresponding to al, &2,
a,...,ah, a, asifforeveryie {1,...,n},

1) b}, b2, b? € R\ {0}

2)ifal ¢ {al,af,...,a , 1 a? ,},then
b] ¢ (BB, ... bl .5 1)

3)if al = a} forsome k € {1,...,i— 1}, then b! = b}
4) if al = a forsome k € {1,...,i— 1}, then b} = b2
B) b2 = —
6) b} = a3
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Proof

Letbl, b2, b3, ..., b}, b2, b3 be corresponding to al, a3,
a,...,ap, as, as. Thenforanyjandi, if1 <i<j<n,then
1) b} = bl implies a} = a];

2) b} = b? implies a = &;.

Lemma

Letbl, b2, b3, ..., b}, b2, b3 be corresponding to al, a3,
a,...,ah, a, asandy be O(x,y) orx = y. Then for any i,
je{t,....,n, RE¢lal, &, &, a, &, iff

R |= @lb}, b2, b3, b}, b2, b,

i ™Mo
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Proof

Letbl, b2, b3, ..., b}, b2, b3 be corresponding to al, a3,
a,....ap a, ayand1 <ji <jp<...<jm<n. Thenb], bz,

3 1 p2 p3 : 1 42 43 12
bj1 yeens bjm, bjm, bjm are corresponding to a,8,a,...,8,a,
a.

Im
Let p be a formula for £ with free variables x1, . .., Xm. Let b},
b2, b3, ..., b}, b2, b3 be corresponding to al, &, a3, ..., a}, &,
a. Then for anyj1,...,jm c{1,...,n},
R):<p[31 &.a,....a & a3]/ff

= 1 2 3 1 2 3

RE [bj1,bj1,bj1,...,bjm,bjm,bjm].
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Let ¢ be a formula in L with free variables x4, . .., X, and
ai,...,an € A*. Then A* = play, ..., an) iff
R Eplal, &8, a,...,a}, a2, a).

It can be easily verified that ¢ can be obtained algorithmically
from ¢ by using of memory, polynomial in the size of .
OFPEG = ¢ iff A* = ¢ iff R = ¢ iff € EQ™. Thus the
membership problem in OFPEG is in PSPACE.
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For every closed formula in L1 = (; ;=) ¢1, p1 € EQ™ iff
OFPEG = 4.

We have also that the membership problem in EQ> is
PSPACE-hard. Consequently the membership problem in
OFPEG is PSPACE-hard.

T. lvanova and T. Tinchev geometry’s fragment



Proposition
The theory OFPEG is not finitely axiomatizable.

Proposition
The theory OFPEG is w-categorical.

—
—

Proposition

The theory OFPEG is not «-categorical for every uncountable
cardinality o.
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Thank you very much!
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