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1 Introduction

In [KZ01], Maxim Kontsevich and Don Zagier introduced the notion of periods:

Definition 1. A period is a complex number whose real and imaginary parts are values of absolutely
convergent integral of rational functions with rational coefficients, over domains in R™ given by polynomial
inequalities with rational coefficients.

They denote the set of all periods by P and pose the following “Problem 3. Exhibit at least one number
which does not belong to P". In [Yo08], Masahiko Yoshinaga gives an answer to this problem by constructing
a computable real number which can not be a period. Along the way he proves that every period is an
elementary real number (i.e. £3-computable). A year later Katrin Tent and Martin Ziegler proved in [TZ09]
that periods are lower elementary real numbers (i.e. £2-computable). The purpose of this thesis is to show
that periods are M2-computable real numbers.

| would like to express my sincere gratitude to my supervisor, Assoc. Prof. Ivan Georgiev, for steering me
toward such an interesting research problem. | am glad | had the opportunity to work with him and solve the
problem. | would also like to express my sincere thanks to the members of the Department of Mathemati-
cal Logic and Its Applications for their support and trust. Without them, | wouldn’t have been able to succeed.

2 The classes M?, £?, &%, &°

Definition 2. 2.1. We denote 7, = {f | f : N* = N}, me N, and T = {J,,c T
2.2. The following functions in T are called the initial functions:

- The projection functions, (x1,...,2,) — xx, (n,k e N& 1 <k <n).
« The successor function, z — x + 1.

- The product function, (z,y) — zy.

- The modified subtraction function, (z,y) — max(z — v, 0).

- The quotient function, (z,y) — { * J
y+1

2.3. The smallest subclass of T, which contains the initial functions and is closed under composition and:
- bounded minimisation (f — AT, y.p.<,[f (T, z) = 0]), is denoted by M?>.
- bounded summation (f — AT, y. Zf(f, z)), is denoted by £? (the class of lower elementary

z<y
functions).

- limited primitive recursion, is denoted by £? (the second Grzegorczyk class).



- bounded summation (f — AZ,y. Zf(f, z)) and bounded product (f )\T,y.Hf(E, z)), is

z<y z<y
denoted by £ (the class of elementary functions, i.e. the third Grzegorczyk class).

It is known that
M2§£2§52§53,

but whether the first and the second of these inclusions is proper is an open question.

Definition 3. 3.1. A name of a real number ¢ is any triple (f, g, h) € T such that for all t € N,
f{t) —g(t) 1

T+l | S ir1

§

3.2. For a class F C T of functions, a real number ¢ is called F-computable iff there exists a triple
(f,g,h) € F3 which is a name of ¢.

3 An increasing w-sequence of compacts covering an open set

Definition 4. Let O be an open subset of R™ (n > 1). For every e € R>; we define the set
1
O.={Z €O | |7« < e & dist(z,R*\ O) > -},
e
where ||®||, is the maximum norm

(21, .., @0 |0 = max {|z1],. .., |z,]}

and
dist(z,R"\ O) =inf {||T - Y|l | y € R"\ O}.

Remark 1. Note that if we denote by
B(@,r) ={7€R" | |[T—7llo <7}

the open ball of radius € R centred on T € R", then

1 P 1
B(x,;) CO & dist(T,R"\0) > =

Lemma 1. Let O be an open subset of R" (n > 1).

1.1. O, is a compact for all e € R>;.



1.2. e<e — O.C Oy forall e, e € Rs;.

1.3. U 0. =O0.

eeN+

Lemma 2. Let O be an open subset of R" (n > 1) and o, 3 : O — R be continuous functions with
a < on O. Then the following set is open

U={(Z,y) eR" |T€0 & a@) <y<p@}

Further, suppose there exist strictly increasing functions d,, ds : N — N and functions f,, fs: Q" x N — Q
such that the following conditions hold

(ve € NY)(vE € 0,)(va € Q)17 ~ .« < L a@ - f@e) < 2]

da(e)
and | )
(ve € N € 0 (e € Q)| ~ o < -5 = 1(7) ~ fomo)] < -]
Then

(Ve € R>1)(3e” € Roy,e < ") (V(T,y) e R [T € 0. & y € (@), B(T)), = (T.y) € Uer].

Proof. Let's define the function d : N — N by

d(e) = max (du(e), ds(e)).

More precisely, we will show that

(Ve,e',e" € Rs1)|2e <€ & @ <" &Te0, &ye (a(T),B(T), = (T,Y) € Ueu].

d(2[¢e 1 1 1
Lete e/ e’ € Rsy, 2e < ¢, @ <", 7eO0,andye (a(T),B(T)), . Thus — + — < — and
- € e e e
- 1 1 _ 1 1
y € a(x)+g+g, (x)—g—?}

We wish to show that (T,y) € U, i.e.

(T.y) €U & [T y)lloo < €” & dist((F,y), R™\ U) > %7
that is, 1
TeO0&ye (a@) @) & |[Flle <" &y <" & B((z, n J) CU

1 1 1
The effort is on proving that B((E, y),;) CU. Let (T',y) € B((T, y),;) (ie. |T—7||oo < — and

e//

1
ly —y'| < 9) Thus we wish to see that (Z',y’) € U, i.e. T € O and a(T') <y’ < B(T').



1 1 1 1
Next, let’s see that T’ € O.. From ||T —T'||oc < —; < — and B(E, —) C O (as dist(z,R"\ O) > =) we
e e e

conclude that T' € O. We have ‘
170 = 17+ & = D)oo < 1Tl + 17" = Flloo < e+ ? <eftl<2e<e.
We will show that )
(VZ e R\ O)||F ~ 2 2 5.
From here we can conclude that dist(z’,R" \ O) > é. Therefore 7' € Oy. Let Z € R*\ O. Hence
1T — Z]|oo > % (as dist(z,R™ \ O) > %) By the triangle inequality we have

17 = Zlloo < 17 = Z'lloc + 7" — Z]|ox.

Thus
—y — _ _ 1 1
7 = Zleo 2 17 = Zloo = I = Floo > 5 = > =

Further, since )

d(2[e'])

1
1T -7 < = <
6l/

let @ € Q™ be such that .

1 <
d2[eT)” da(2fe])

7 —alleo <

and
1

1
a2reN) "~ da2[e])

From here, T € O, C Oy and @' € Oy € Ogrerp we obtain

17" = alloe <

— — / 1
‘Oé(flf) - fa(a72’7€—‘)‘ < 2"6/"

and 1
}CM(TI) - fa(a>2[e/—|)‘ < 2[6/"

respectively. Therefore

(@) — a@')] = |a(@) — fal@,2[e) + fa(@ 2[e]) — a(@)| <
< |a(@) — fa(@2[e)] + | fa(@ 2[€']) — a(@)] <
1 1 1
< - =

In the same manner we can see that

82) - ()| < oo
Finally, we consequently obtain
a(f’)<a(f)+i<a(f)+l< —i< "< +i<5(f)—l<ﬁ(§)—i<ﬁ(§’)
[e/'l — 5= Y e Y Yy e’ — e — [e/‘l :

e
Hence a(z') <y’ < B(z') and (z',y') € U.



4 Parametrically MSO-computable functions

Definition 5. For k,m € N, a (k, m)-operator F' is a total mapping F' : 7* — 7,,. An operator is
(k, m)-operator for some k,m € N.

Remark 2. Next, we recall a higher-order counterpart for the class M?2.

Definition 6. The class MSO (of M?-substitutional operators) is the smallest class of operators such
that:

(1) For all m,n,i with 1 <i < m, the (n, m)-operator I’ defined by F(Tn)(fm) = z; belongs to MSO.

(17) Forany n,m and k € {1,...,n}, if Fyis an (n, m)-operator which belongs to MSO, then the (n,m)-
operator F' defined by B B
F(I) @) = fi(F(T7) @)
also belongs to MSO.

(i71) For any m,m,k and a € T " M2, if Fy, ..., F} are (n,m)-operators which belong to MSQO, then so
does the (n, m)-operator F' defined by

F(f@™) =aEm ()@, ... () E™).

Remark 3. Our main reference for the properties of the class MSO is [G20].

Let O be an open subset of R” (n > 1) and # : O — R be a function. Intuitively, if 6 is uniformly
MSO-computable on O, then there exist operators in MSO which approximate the value 6(Z) for any T € O.
On the other hand, if 0 is parametrically MSO-computable on O, then there exist operators in MSQO which
for any fixed e € N approximate the value 6(Z) for any T in the compact O..

Definition 7. Let D be a subset of R™ (n > 1). We call a function § : D — R uniformly MSO-
computable iff there exist (3n,1)-operators F,G, H € MSO such that for all (z1,...,2,) € D and any
names (p1,q1,71),- - -, (Pns @y Tn) € T3 of x4, ..., x, respectively, the triple

(F(phthh R 7pn7qn7,rn)7
G(p17QI7T17 e 7pn7qn7,rn)7
H(phqlurlv e 7pn7qn7lrn))

is a name of 6(z1,...,x,).



Definition 8. Let O be an open subset of R™ (n > 1). We call a function § : O — R paramet-
rically MSO-computable iff there exist (3n + 3,1)-operators F,G, H € MSQO such that for all ¢ € N¥,

(,Tl, s 7'rn) € Oe and any names (ph q1, T1)7 EICR) (pn7 An, TTL)7 (pn+17 dn+1, Tn—l—l) € 7—13 Of L1y...,Tn, € re-
spectively, the triple

(F<p17 q17 T17 e 7pn7 Qm Tn7pn+17 Qn+17 TTL+1)7
G(pla 41571y -+ Pny Gns Tny Pn+1, Gn+-1, Tn-i-l)a

H(pla q1571y -+« yPny Qdn, rnapn-{-la QTH-la Tn—i—l))

is a name of §(z1,...,x,).

Remark 4. If 0 is uniformly MSO-computable on O, then it is also parametrically MSO-computable
on O. On the contrary, if 0 is parametrically MSO-computable on O, then for any e € NT the restriction
01 O) : O, — R is uniformly MSO-computable on O..

Ip(1)

Remark 5. Recall that if (p,q,r) is a name of ¢ € N, then e = LW 5]

1
Remark 6. The function = — — is not uniformly MSO-computable on the interval (0,1), because
x

it is not uniformly continuous on that interval. On the other hand, the function z — — is parametrically
x
MSO-computable on the interval (0, 1) via the (6, 1)-operators

F(p1,q1,71,02,q2,72)(t) = 7’1(_% + %_2(t+ 1)+ _%;filﬂ + %_ - 1) +1,
G(p1,q1,71, P2, q2,72)(t) = 0,
H(p1,Q1,7”17p27Q2,7’2)(t) :p1<_|]927§1()1);%()| + %_2@"’_ 1) + _W T %_ B 1)
Ip2(1) — q2(1)] | 12 Ip2(1) — ()] | 1
_q1({T+§J (t+1)+ \;T_‘_?J —1) — 1.

In particular, if e € N*, z € (0,1). and (p1,q1,71), (P2, g2, 72) are names of = and e respectively, then

F(p1;Q17rlap27Q2a7"2)(t) = Tl(ez(t + 1) +e— 1) + 17
G(p1,q1,71, P2, q2,72) (1) = 0,
H(p1,q1,71,D2, G2, 72)(t) = p1 (62(t +1)+e— 1) —q (62(t +1)+e— 1) —1.

Note that (0,1); = 0 and for all ¢ € N with e > 2 we have (0, 1), = [1, 1-— 1}
e e

Proposition 1. Let O be an open subset of R” (n > 1) and the functions o, : O — R be
parametrically MSO-computable. Then the following functions are also parametrically MSO-computable:

1.1. 2—9-04:0—>R, (Z—?-a>(f):]—)~oz(f),forallp,q€N+,
q

1.2. a+p4:0 =R, (a+p)(T)=aE)+ 6(2),



13. a—f:0—=R, (a—p)(T)=a() - L(T),
14, a-f:0 =R, (a-p)(T)=a(T).0(T), here we additionally assume that a and (3 are bounded.

Proof. Let o and 3 be parametrically MSO-computable via the triples (Fy, G1, Hy) and (Fy, Gy, Hs)
respectively.

Since
p_Fl—Gl p-Fi—p-G;

g Hi+1 (¢-Hi+(qg—1)) +1

we define

p
F%-a(plaqlarb cee apn-l-laqn-l-l?rn-i-l)(t) = (p : Fl)(plaq1>rla cee >pn+1>qn+1>rn+1)<[§-‘ (t + 1) - 1)’
Gg.a(ph%ﬂ”l, e Pt 1, Tog1) (E) = (P~ G1) (1, qa, 71, - - 7Pn+17%+177”n+1)<[§—‘ (t+1) = 1);

p
Hg.a(ph(hﬂ”h e 7pn+17Qn+1,7"n+1)(t) = (q - Hy + (q - 1))(]917%,7“1, e ,pn+1,Qn+177’n+1)<b—‘ -(t + 1) - 1)-

As
Fi—Gy F—Gy (Fi(Hy+ 1)+ Fy(Hy +1)) = (Gi(Hy + 1) + Go(Hy + 1))

H +1  Hy+1 (HiHy+ H, + Hy) + 1

it is appropriate to define
Fori-ﬁ(pla 41,715 -+ -y Pn+1; Gn+1, Tn-i-l)(t) = (FI(HZ + ]-) + FQ(HI + 1))(pla 41,71y« s Pn+1; Gn+1, Tn+1)(2t + 1)a

Gars(P1, @151, s Pt G, 1) (8) = (G1(Ha + 1) + Go(H1 + 1)) (p1, @1, 715 -+« Pt Gt T ) (26 + 1)),
Heoy(p1, i 71, -+ Pt ts Qg1 o1 ) (8) = (HiHs + Hy + Ho) (D1, @1, 715 -+« Pt Gt T ) (26 + 1)),

Further, since

FL—Gi F,—Gy (Fi(Hy+1)+Gy(Hy +1)) — (Fa(Hy + 1) + G1(Hy + 1))

H +1  Hy+1 (HiHy + Hy + Hy) + 1

we put

Fog(P1,q1,715 -+, Prtts Gt Tnst) (8) = (Fi(Ha + 1) + Go(Hy + 1)) (p1, g1, 71, -+ Prt 1, Gn1, Trg1) (28 + 1),
Gap(P1, @1, 71, s Pt Gt 1) (8) = (Fo(Hi 4+ 1) + Gi(Ha + 1)) (D1, ¢1, 71, - -+, Prt1s g1, Tng1 ) (28 + 1),
Ho s(p1,q1,71, -+ Pty g1, Tns1) (8) = (HiHs + Hy + Ho) (D1, @1, 715 -+« Prtts Gt T ) (2 + 1)),

Suppose that M,, Mg > 0 bound o and 3 respectively. Since
F1 — G1 F2 — G2 o (F1F2 + Gng) — (F1G2 + FQGl)

H +1 Hy+1 (H Hy + Hy + Hy) + 1
we define
Faﬂ(pb 1,71y« s Pntl, Qn+1,7’n+1)(t) = (F1F2 + Gle)(Pl, 41,715 -+ -y Pn+1; Gn+1, 7“n+1)(k(t))>
Gaﬂ(pl, 1,71y -5 Pntl, Qn+1,7’n+1)(t) = (F1G2 + FzGl)(Pl, 41,715 -« -y Pn+1; Gn+1, 7“n+1)(k(t))>

Hop(Pr,q1:71, - s Pt Gntt, Tns1) (8) = (HiHa + Hy + Ho) (p1, 1,71, - - -y Dot 1s Gt 1, Tnsr) (K(2))



where
k(t)=(t+1)[My+ Mz+1] -1

Indeed, let e € N*, T = (x1,...,1,) € Oc and (p1,q1,71), - - -, Py @ Tn)s (Pt 1, Gni1, Tns1) € T be names
of x1,...,x,,e respectively. Let's denote

(pi7 qis 7"2‘) = (ph 415715+ - -3 Pns qns Tny Pnt1, Qn+1, Tn+1)-

Suppose t € N. We consequently obtain

o Fas(i G mi) (1) — Gop(Pir @i Ti) (1) | _

S W IR

_la(@)- 5@ — Fi(pi@im0) (k(1) — Gi(05.@:7) (k(t) B0 @) (k(1) — Go(pi @) (K(1)) ‘
\ (P @7) (K(2)) + 1 ) Hy(pi @, 73) ((1)) + 1
4 =7

=|A- B - a(z) - B(@)]
=|A- B~ (@) B(x) — (a(@) — A)(B(@) — B) + (a(x) — A)(B(@) — B)|
=|A-B - a(®)-8@) — a@) - A7) + T

"B+ B(T)-A—A-B+ (a(z) — A)(B(T) — B)|
<

=|a(@)(B - B(@)) + B@)(A - a(@)) + (a(T) — A)(B@) — B)| <

<|a@)| - |B - 8@)| + |8@)] - |A — a@)| + |a(@) — A| - |8() — B)| <
<M, - k(t)1+1 + Mj - k(t)1+1 o )1+1 _ k(t)1+1 <
<MQ'W+M6'7€(1€)1+1 - k(t)1+1

:k(t)lﬂ $(Ma o+ M +1)

:(t+1)(Ma1+MB+H (Mo + Mg +1) <

5 Semialgebraic sets

Definition 9. We say that a subset of R" (n > 1) is semialgebraic if it is a Boolean combination of
sets of the form

{(z1,...,2,) €R" | p(x1,...,2,) >0},
where p € Z[ X1, ..., X,]. A function is called semialgebraic if its graph is semialgebraic.

10



Remark 7. By definition, semialgebraic sets are closed under finite union, finite intersection and taking
complements. They are also closed under projection. Furthermore, by quantifier elimination, the semialge-
braic sets are exactly the definable sets in the ordered field R.

Proposition 2. ([BCR98], Proposition 2.2.4.) Let ¢(x1,...,%,) (n > 1) be a first-order formula of
the language {0, 1, +, —, -, <} of ordered fields, without parameters, with free variables x;,...,x,. Then the
set

{(xl,...,xn) e R" | @[[xl,...,xn]]}

is semialgebraic.

Remark 8. All the semialgebraic sets we are considering are definable without parameters.

Proposition 3. ([BCR98], Proposition 2.6.1.) Let a € R and f be a semialgebraic function from
(a,+00) C R to R. There exist r € (a,+00), m € NT, such that, for every x > r, we have |f(x)| < 2™,
e

(3r € (a,+00))(Fm € NN)(Va)[r <2 — |f(z)] < 2™].

6 Continuous semialgebraic functions defined on open semial-
gebraic sets are parametrically MSO-computable

pP—q

Definition 10. A name of a rational number a is any triple (p, ¢,r) € N? such that a = 1
r

Definition 11. A partial function f : Q" —— Q (n > 1) is called M?-computable iff there
are functions fi, fo, f3 : N3 — N in M? such that for all (ay,...,a,) € dom(f) and for any names
(p1,q1,71), -+ (Pns @y Tn) € N3 of ay, ..., a, respectively, it holds that

f<p1 — 1 DPn —Qn> _ fl(pbfhﬂ’l,--~>Pn>Qn,7’n) - f2(p1,Q1,7’1,---,Pn,Qn,Tn)

7’1"‘1’...77"”"‘1 f3<p17QI7T17---upm%urn)_'_1
—— ——
=a1 =an

Definition 12. A relation R C Q" (n > 1) is called M?2-computable iff its characteristic function is
M?2-computable.

Lemma 3. Let R C R™ (n > 1) be a semialgebraic relation. Then the restriction R | Q" is M?>-
computable.

11



Proof. Let R be definable by the formula p(x1,...,x,). By quantifier elimination ¢ is equivalent to a
quantitier-free formula. Further, ¢ is equivalent to a Boolean combination of formulas of the form p; < po
or p1 = pa, where both p; and p, are polynomials with natural coefficients in variables x;, . . ., x,. Hence the
restriction R | Q" is definable by a Boolean combination of formulas of the form q; < qu or q1 = q2, where
both ¢, and ¢y are polynomials with natural coefficients in variables

X1,17 X1,27 X1,37 R Xn,17 Xn,27 Xn,3-

Indeed, we obtain q; < qu from p; < py by the following steps:
X1,1 — X1,2 Xn,1 — Xn,2
X3+ 1" Xp3+ 1

3.1. in the inequality p1 < po we replace any of the variables xi,...,x, by

.
respectively, obtaining p|, < p);

3.2. we rewrite the inequality p, < pl, so that each side becomes a polynomial with non-negative coefficients,
preserving the original relation, obtaining q; < qs.

We apply the same steps to obtain the equality ¢ = qo from p; = ps. Consequently, R | Q" is an
M?2-computable relation.

Lemma 4. Let O be an open semialgebraic subset of R” (n > 1) and # : O — R be a continuous
semialgebraic function. Then there exist a strictly increasing function d : N — N in M? and an M?2-
computable function f: Q™ x N — Q such that

+ e — m = = 1 — — 1
(Ve € N*)(VZ € O,)(Ya € Q )[||g: ~l < g = @ - f@ el < E]

1 1
° (Elml € N+)(E|r1 c Rzl)(Ve - R21,6 > Tl)(\VIT,y c 026) ||T—§|| < 671 — |9(T) — 9(@” < 2—6} .

Proof. Note that the family {O, | e € R>1} is uniformly definable, i.e. there is a formula (e, x1,. .., X,)
such that for all e € R>; the set O, is definable by ¢(e, xi,...,x,). Since 0 is continuous on Oy, (as it is
continuous on O) and the set O, is compact it follows that 6 is uniformly continuous on O,,. Therefore the
set

1 1
= T. 7 T3l <= — 0T —0(m)| < —
Ale) = {d e Re | (¥, € O2)[IlF ~ Tl < = — 107) — 03)| < 5| }
is non-empty and semialgebraic for every e € R>; (as O, Oy, and 6 are semialgebraic). We have that

(Ve € RZl)(Vd, d e R>0) [d c A(e) & d< d — d e A(e)]

and
(\V/€ € RZl)(Vd € R>Q) [mf A(e) <d — de A(e)} .

The function g : R>1 — Rs( defined by g(e) = inf A(e) is semialgebraic. Therefore by Proposition 3 let
r1 > 1 be a real number and m, be a positive natural number such that

(Ve € Rsy,e > 1y)[g(e) < e™].

Hence

(Ve € Ryy,e > 1) (VT, 7 € O ) |||T - 7| <

S @ -eml< s ] Gum)

emi

12



(] (E'mg S N+)(E|7’2 c R21>(v€ S Rzl,e Z Tg)(VE S O2e) [|9(E)\ S €m2:|.

Proof. Since 0 is continuous on the compact O,,, the set
B(e) = {d € Rsg | (VT € O2)[|0()| < d]}

is nonempty and semialgebraic for all e € R>y. Thus the function h : R>y — R defined by h(e) = inf B(e)
is semialgebraic. By virtue of Proposition 3 let 7o > 1 be a real number and my be a positive natural number
such that

(Ve € Rxq,e > r9)[h(e) < e™].
Thus
(‘v’e € RZM e> Tg)(Vf € Oge) [|9(f)| < emﬂ .

Further, let's define ¢y = [max(ry,r2)]. The function
d:N—= N d(e)=(e+e)™T (thusd(e) > (e+1)* > 2e)

is strictly increasing and it is in M2. Since O, Oy, and 0 are each semialgebraic, the relations R’ C R"*2
and S’ C R**! defined by

R(a,e,b) & (b < 0@ <b+ %)

and
S'(a,e) <> (@€ O & e>1s)

are also semialgebraic. Let's denote R = R’ NQ"*? and S = SN Q""!. By Lemma 3 we obtain that R and
S are M?-computable relations. Hence the function f : Q" x N — Q given by

0 ifa€025V6<’F2
fo(a,e) = i<4em —em 4+ L <f(a) < —em + &L
—6m2 + :uz§4e 2+1[ 262_ ( ) 2e } If ac 026 & e 2 T
€
0 if =S(a,e)
ILLZ'S46m2+1 [R(a, 6, —6m2 + é)] - 26m2+1

5 if S(a,e)

is M?-computable. Thus if @ € Q" N Oy, ¢ € N and e > 1y, then fo(a, e) is the unique
1
be { —e™ —e™ 4 — e - — em}

such that 6(a) € [b,b + 2—16) and so
0(@) — fo(@,e)| < Qi

e

13



Consequently, the function f: Q" x N — Q defined by

f(a, 6) = f()(a, e+ 60)

is also M?-computable. We will show that the functions d and f have the required properties.

1 1
o(WENUWEGQNWGQ%NE—ww<3@5%\ﬂ@—f@@ﬂ<g.
Proof. Lete e Nt, T € O, a € Q" and ||T — @l < % We need several auxiliary statements.
e
UL TEO. & [FoTlw < —— — TEO
Ao e X alloo d(e) a 2e-
Proof. Since |7 — @l < L < ! and B(E 1) C O (as dist(z,R™"\ O) > 1) we have
' * Tdle) T e e/ — ’ — e

a € O. Further,

1
lalleo = 11(@=7) + Tlloo < [|a = Tlloo + [[Zlloc < 575 +e<1de<2e

(¢)
1
Now we want to show that dist(a,R™ \ O) > %" In order to do that, we will show that
e

— _on _ 1
(vg e R"\O)|[[a -7l = o
e
_ _ _ 1 o 1 . . .
Lety € R"\ O. Thus ||T — 7|loc > — (as dist(z,R"\ O) > g) By the triangle inequality we have
e

17 = Flloo <17 = @lloo + |7 = Flloo

and so

1= Tlloe 2 7 = Tlloo — 17— Alow >~ — >
= Ylloo = |IT = Tlloo — |17 — @l|oc > - — —
Y Y e d(e)  2e
a 11 1
S oG dle) > 2.
e d(e)  2e (e) > 2
12, |6(@) — 6(@)| < —.
2e
Proof. We have
o 1 1
|7 — @l < =

<
dle) (e4eg)™+l = (e+ey)™
and Z,a@ € Oz € Og(ete). Thus by property (r1,m,) we can conclude that

_ _ 1 1
‘9(9:) — Q(a)‘ < et o) <5

14



13. |6@) — f(@,e)| < 2%

Proof. Since @ € Osc C Oy(etey) and
e+ ey > ey = [max(ry,r9)] > max(r, 7)) > 1o

by the definition of f we can see that

_ _ _ _ 1 1
0(a) — f(@,e)| =|0(a) — fo(@, e+ ep)| < et en) <5

1
Finally, let's check the inequality |6(%) — f(a,e)| < =. We consequently obtain that
e

6(z) — f(@e)| = |6(x) — @) +6@@) — f(@,e)| <
< |6(z) - 0(a)| + |6(a) — f(ae)| <
11 1
ST T

Lemma 5. Let O be an open subset of R” (n > 1) and # : O — R be a function. Further, suppose
there exist a strictly increasing function d : N — N* in M? and an M?-computable function f: Q" xN — Q

such that

1

(Ve € N*)(VT € O.)(Va € Q") [||f — | < — 16@) - f@e)l < -|.

L
d(e)

Then @ is parametrically MSO-computable.

Proof. Suppose that e € NT, T = (z1,...,2,) € O, (01, q1,71); -+ (Prs @nsTn)s (Prs1, @uat, Tni1) €
T2 are names of xy,...,x,, e respectively, and t € N. Let's denote

Pl = pl(e,t) = pi(d(max(e,t + 1)),

q; = qi(e,t) = gi(d(max(e,t + 1)),

ri=ri(e,t) = ri(d(max(e,t + 1))),
and S

o oty i _ pidlmax(e,t +1) — g(d(max(e.t + 1))
’ e ri+1 ri(d(max(e,t +1))) + 1
fori=1,2,...,n. Thus
1
i = ail < d(max(e,t + 1))
fori=1,2,...,n. From here, T € O, C Opax(et+1) and @ = (a1, ..., a,) € Q" we can see that
1 1

}G(T)—f(al,...,an,max(e,tle))} < max(e £+ 1) < T

15



Let f be M?-computable via the functions f1, fs, f3 : N33 — N. It follows that

f(al, ooy, max(e, t 4 1)) =

fl (p,17Q17T/17 ce ,p%,q,’l,r;,max(e,t—i— 1)7070) - f2(p,17Qi7T/17 ce 7p;quuriumax(e7t+ 1)7070)
f3(p/17q177117 cet 7p;wq;w,r;umax(€7t+ 1)7070) +1

Hence it is appropiate to define

Fz( P1,41,71 5.5 PnyQn;Tn » Pnt1, qn-i-l?/rn-l-l)(t) =
—— ——— ~ 4
a name of x1 a name of x, a name of e

= fl(p/17q177ﬂ/17'"7p;’L7q1/’L7717/’L7maX<€7t+ 1)7070) =

= fi(p’l(e, t), q; (e, t),r (e, t)J, oph(et), 4 (e t),r (e, t)j max(e,t + 1), 0, O)

Vv Vv
the corresponding the corresponding
name of a1 name of an,

for i € {1,2,3}. Consequently the operators I'1,I'y,T's belong to the class MSO and 0 is parametrically
MSO-computable via the triple (I';,T'5,T'3).

[Pra (1) = gria(1)] + —J in place of e earlier in the definition of

Remark 9. We should have written L
Fos1(1) + 1 2

the operator T’;.

Theorem 1. Let O ba an open semialgebraic subset of R™ (n > 1) and § : O — R be a continuous
semialgebraic function. Then 6 is parametrically MSO-computable.

Proof. A direct consequence of Lemma 4 and Lemma 5.

7 Integration of parametrically MSO-computable functions

Remark 10. The following theorem is due to Ivan Georgiev and it is our main reference for the com-
plexity of integration. In [G20] it is proved for [ = 1. The proof remains practically the same for [ > 1.

Theorem 2. ([G20], Theorem 6.1.) Let «, 3 be M?-computable real numbers, a < 3, D C R!
(I > 1) be a set (of parameters) and 6 : [a, 5] x D — R be a uniformly MSO-computable function. Let
there exist A € R+, such that for every fixed (&1, ...,&) € D the function ¢, ¢ : [o, B] = R, defined by

.....
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Oer,..en(x) = 0(x, &1, ..., &), has a (complex) analytic continuation O, . ¢) : [o, 8] x [-A, A] — C. Let
there also exist a polynomial P in [ variables with natural coefficients, such that

(V(fl, . ,Sl) € D) (\V/l’ € [Oé,ﬂ])(VB € [—A, A]) |:|@(§1 ..... gl)(l' —I—ZB)| < P(|§1|, Ceey |€l|)]

Then the function / : D — R defined by

B
1(517---751):/9($7§17---7§l)d$

is uniformly MSO-computable.

Definition 13. Let O be a bounded open subset of R™ (n > 1). We call a function 6 : O — R
restricted analytic iff there exists a positive real number A such that 6 has a bounded (complex) analytic
continuation to the set

{(x1+iy,...,a¢n+iy) eC" | (r1,...,2,) €0 &y € [—A,A]}.

Corollary 1. Let «, 3 be M?-computable real numbers, o < 3, and the real function 0 : (o, 3) — R
be restricted analytic and parametrically MSO-computable. Then the definite integral

B
/ 0(z)dz

is an M?-computable real number.

Proof. We are looking for functions p,q,r € T; N M? such that

‘/9($)d1’—p<t>_q(t> <!

r(t) +1 t+1

«

for all t € N.

1
Let the real number My > 0 bound 6. For e,t € N with e > max (Mg - 3(t + 1), 3

) we have
-«

a—l—% a+i

| / O] < /E|e(m)\dxg%< 3(t1+1>

17



and

B B
1
< <
‘/9($)d$‘ /|9(:):)|d:)s <357
-1 -1
For e € NT with ) ) 5
a+—-<pf—- <<—>5_a <e),
we have . .
(Oé,ﬁ)e = [_676] N |:Oé+ _75_ g]
Hence for e > max (|al, |3, %) we have
-«
1 1
_ D) D . g_Z
(e 2[a,8]2 |a+ .8 ]

and whence

The function e : N — N* defined by

2
e = e(t) = 1+ max [Jal], [|8]]. [ﬁf] [My] -3(t+1))
is in M?. We consequently obtain that
/ w-a_| T T M -at)y . |
p(t) —q(t)| _p(t)—q
‘/G(x)dx OS] ’— ‘ / 9($)d$—|—< / 0(z)dx "0 11 >+ / 9($)d$‘
el @ OH‘% B_Tlt)
" i 0 -at) | |
pit)—¢q

< B S s

< ‘ / 9($)dx‘ + ‘ / 0(z)dx "0+ 1 ‘ + ‘ / 9($)d$‘
a i e

LT () —q(t)) 1
pit)—¢q
= 3(t+1)+‘ / bla)de = =53 }+3(t+1)
a—l—?lt)
> F (1)~ gt
_ Cplt)—q
ETTEY +‘ / blo)de = =257 ’
a—l—?lt)
So we wish to show that
ﬁ_e(lt)




We will prove that the function I : N — R defined by

1
P

I(t) = / 0(z)dx

e

is uniformly M?-computable. Applying the linear change of variables

LB —lardy)  Bodrtgy) S-a-dy  p+a
2 2 2 2
we obtain
B_e(t) L
B—a— 2 B-a-3 B+
() e(t) a
() / (x)dx 5 /\ 5 + 5 Ju
at e(lt) - :Bf(ru,t)
f-a-2 |
_ 5 e(t)-/el(u,t)du
el
~——r
—J(t)
5 a_e2t
_ 5 W J@).

Since o and 3 are M?-computable real numbers and the function e : N — N* js in M?, it suffices to show
that the function J : N — R defined by

1

J(t) = /Ql(u,t)du

-1

is uniformly MSO-computable. In order to do that, we will apply Theorem 2 (with parameters from N) to
the function (the integrand) 6, : [—1,1] x N — R defined by

f—a— e_2t) b+«
el(u,t)_e( Lt )
Since 0 is restricted analytic, let A be a positive real number for which 6 has a bounded (complex) ana-
Iytic continuation © to the set («, B) x [—A, A]. Let © be bounded by Mg. In particular, for every fixed
t € N the continuation © is defined on the set [a + %, B — ?10} x [—A, A]. Consequently, for every fixed
t € N the function 6, : [—1,1] — R, defined by 0, ;(u) = 01(u,t), has a (complex) analytic continuation to
the set [—1, 1] x[—A, A], which is bounded by Mg. It remains to show that 6, is uniformly MSO-computable.

Let 0 : (o, ) — R be parametrically MSO-computable via the triple (Fy, Gy, Hy). Since o and [
are M?2-computable real numbers and the function )\t.% : N — Q is M?-computable (for the function

e: N — N* jsin M?), the function A : [—1,1] x N — [, 3] defined by

f-a-
® ~u+6+a

Au,t) = 5 5
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is uniformly MSO-computable. Thus let A be uniformly MSO-computable via the triple (P, Q, R).

Hence the (6, 1)-operators Iy, , Gg, and Hy, defined as follows

Fo, (p1, 1,71, p2, @2, 72) = Fo( P(p1,q1, 71,02, 2, 72), Q(P1, @1, 71, D2, @2, 72), R(p1, @1, 71, D2, G2, 72),
—— —— N L

~~

a name of a name of Bea——2_
u € [-1,1] teN the corresponding name of fe(t)u+% = [a+e(1t) B— e(lt)}
1) — go(1 1
Am.e( {M + —J ),)\m.O, )\m.O),
) +1 2

N
=t

G91<p17q17rlup27QQ7r2) = GG(P(plaQ1,7”171727Q277’2)7Q(phCI1,7"171?27Q2,7"2)7R(p1,Q1,7”17p2,Q2,7”2)7

)\m.eq%;fil)‘ + %J ) , Am.0, )\m.O),

H91<p17q17rlup27Q27r2) = HG(P(]?17Q1,7”17P27Q277’2), Q(phCI1,T17P27Q277”2)7R(p1,Q1,T17P27Q2,7"2)7

Am.e < {%;fil” + %J ) , Am.0, )\m.O)

are in the class MSO and 0, : [—1,1] x N — R is uniformly MSO-computable via the triple (Fy,, Go,, Hy, ).

Consequently, the function I : N — R is also uniformly MSO-computable. By Remark 4.3 in [G20] let
the functions f, g, h € T, N M? be such that for any t € N the triple

(An.f(t,n), An.g(t,n), An.h(t, n))

is a name of the definite integral

b=zt
I(t) = / 0(zx)dx
at iy
In particular, we have
B—<n
) / byt~ 1 32(; 2 T g)(tff 2 ‘ = Bt +12) +1 3t ir 3
ot

e(t)

for any t € N. Hence the triple

(p,q,7) = (AL f(¢,3t +2), M.g(t, 3t + 2), At.h(t, 3t + 2))
B B
is a name of/@(x)dx and so /Q(x)dx is an M*-computable real number.
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Corollary 2. Let o and 3 be M?2-computable real numbers, & < 3, O be a bounded open subset
of R” (n > 1) and suppose that the function 6 : O x (a, ) — R is restricted analytic and parametrically
MSO-computable. Then the function I : O — R defined by

B

f@w:/e@wmy

«

is restricted analytic and uniformly MSO-computable.

Proof. Let My € R~ bound 0. The function e : N — N7 defined by

e(t) = 1+ max ([lal]. [151]. [ﬁ%] My 3(t + 1)

is in M2,

We consequently obtain

B

1(@)-7] = / o y)dy—7| =

07

1 1
atem P

B
= /Q(T,y)der( / 0(7,y)dy—"? / xy)dy)ﬁ
* ot o)
ot oy B 8
<| [ s@oa|+| [ owpi|+] [ omaa<

1 i
<7—|—’ / 0(z,y)dy—" ‘—l—

3t+3 3t—|—3
oz-i-Tlt)
o]
__ 2 ’ / 0z, y)d _7‘
3 +3 DI
oz-i-Tlt)

So we wish the following inequality to hold

. 1
‘ / 0@ y)dy=") < 5
a—i-?lt)
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We will show that the function J : O x N — R defined by

.
I ) = / 0, y)dy

O

is uniformly MSO-computable. If J is unifomly MSO-computable via the triple (F;, G, H;), then the
function I : O — R will be uniformly MSO-computable via the triple (F;, Gy, Hy), where

FI(pla q1,715- -5 Pn, qnarn)(t) = FJ(pl7 q1,71y -+ -y PnyQn, Tn, )\mta )\moy )\mO)(3t + 2)7
Gr(p1,q1, 71,5+ Py Gns o) (8) = Ga(P1, @171, - -+, Prs Gy Ty Amt, Xm0, Am.0) (3t + 2),
HI(P1> q1;715- -3 Pn; qnarn)(t) - HJ(pla 41,715+ - -5 PnsQn; Tn, )\mta )\moa )\mO)(St + 2)

The restricted analyticity of I follows from the restricted analyticity of @ and from classical results in complex
analysis.

Applying the linear change of variables

1 1 1 1 9
we obtain
B_e(lt) 1
B—a— 2 B—a— 2
J(T,t): / 9(ij)dy:7(t)/9<f’ (t)'u+5+a>du
2 N 2 2
a+$ - :61(‘%,t,u)
1
B-—a—-25
:%-/ﬁl(it,u)du
————
:JO(t) %/_/
=J1(ZT,t)

Since the function J, : N — R defined by

poa-
Jolt) = ——5—°

is uniformly MSO-computable and in view of the fact that multiplication preserves uniform MSO-computability,
it remains to show that the function J; : O x N — R defined by

1
Jl (E, t) = /91 (E, t, u)du
-1
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is uniformly MSO-computable. In order to do that, we will apply Theorem 2 (with parameters from O x N)
to the function 0; : O x N x [—1,1] — R defined by

B—a—Zs
© -u+5+a).

01(Z,t,u) = 9(?, 5 5

Since 0 : O x («, ) — R is restricted analytic, let A be a positive real number for which 6 has a bounded
(complex) analytic continuation © to the set

{(w1 41z, 2, +iz,y+i2) €C" | (21,...,2,) €0 & y € (o, B) & z € [-A, A]},

Let © be bounded by Mg. In particular, for every fixed (Z,t) € O x N the continuation © is defined on
[a + e—lt), B — ?10} x [=A, A]. Consequently, for every fixed (Z,t) € O x N the function 0 z4 : [—1,1] = R,
defined by 01 z+)(u) = 61(T,t,u), has a (complex) analytic continuation to the set [—1,1] x [—A, A], which

is bounded by Meg. It remains to show that 0y is uniformly MSO-computable.

Suppose the function 0 : O x («, ) — R is parametrically MSO-computable via the (3n+6, 1)-operators
(Fy, Gy, Hy). Since o and 3 are M?-computable real numbers and the function )\t.?i) : N — Q is uniformly

MSO-computable (as the function e : N — N7 is in M?), let the function A : N x [—1,1] — R defined by

2
bro~ag ,, Bre

2 2
be uniformly MSO-computable via the (6, 1)-operators (P, Q, R). Thus the function ¢, : OxNx[-1,1] - R
is uniformly MSO-computable via the (3n + 6, 1)-operators (Fy,, Gy, , Hp,) defined by

A(t,u) =

F91 (pla d1,71y .+« yPny Qdn, Tnapn—i-la Qn+1> Tn+17pn+27 Qn+2> Tn+2) -
N ~~ - o ~ 7 ~~ >y
a name of T€ O a name of teN a name of u € [—1,1]

:Fﬁ(glaq%rlv s 7pn7QTL7T7JL7

P
the same name of T € O

P(Pn+1a Gn+1, "n415 Pnt-25 Qn4-2, Tn+2)v Q(er-la Qn+15Tn+1; Pn+2, n+2, Tn+2)v R(pn-‘rb An+1, "'n4+15 Pn425 Gn4-2, Tn+2)>

- -
'

B—a— —2_
the corresponeding name of fe(t)u-i—% € (a,8)e(t)

Am.e( wpniﬁi(z)qiﬁ(l” + %J ) , Am.0, Am.0 )

S

~
the corresponding name of e(t) € N

The operators Gy, and Hy, are defined in the corresponding way.

Corollary 3. Let O be a bounded open semialgebraic subset of R (n > 1), a, 5 : O — R be restricted
analytic semialgebraic functions with o < 8 on O. Denote

U={(Z,y) eR"|T€0&a(T) <y<p@]}
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and suppose that 6 : U — R is restricted analytic and parametrically MSO-computable function on U. Then
the function 7 : O — R defined by
B(z)

I(T) = / 0(T, y)dy
()
is restricted analytic and parametrically MSO-computable.

Remark 11. Note that if « and 5 are uniformly MSO-computable, then so is the function 1.

Proof. For any fixed @ € O we apply the linear change of variables

to the given integral and we obtain
8() s o
(@) = / 07, y)dy = (@) —a(@) /9(5’ B(@) — o(T) cu+ a(@) du
3 3 ’
a(T) 0 :91‘(%#)

Remark 12. Any bounded open interval (a,b) with M?-computable endpoints a,b € R, a < b, and
2 < (b — a), is suitable for the linear change of the variable y, because in this case

1 1
(v€€R21)|:CL+—<b—— .
(& (&

The set (0, 3) is just one fixed interval with that property.

By virtue of Theorem 1 and Proposition 1 the function i

: O — R is parametrically MSO-

computable. It is also restricted analytic. In order to see that the function I : O — R is restricted

analytic and parametrically MSO-computable, it is enough (having in mind the same Proposition 1) to show
that the function J : O — R defined by

J(T) = /391 (T, u)du

is restricted analytic and parametrically MSO-computable (actually, J is uniformly MSO-computable). Fur-
ther, by Corollary 2 it suffices to show that the function 6, : O x (0,3) — R, defined by

01(T,u) = 9(z, M ut oz(E))
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is restricted analytic and parametrically MSO-computable. Note that 0, is restricted analytic, since it is a
composition of restricted analytic functions.

Since v, 5 : O — R are parametrically MSO-computable, let the function A : O x (0,3) — R defined by
B(T) — o(T)
3

be parametrically MSO-computable via the (3n + 6, 1)-operators (P, Q, R). Note that for all e € N* we
have

AT, u) = -u+ a(7)

(0 x(0,3)), = Oc x (0,3)..

For each e € R, the following set is non-empty

Ale) = {e' eR|e<e & (V(T,u) € R™) [(T, u) € (0x(0,3)), — <f, M-u%—a(f)) € Ue’] }

Indeed, let e € R>;. For

u € (0,3). = [—e,e] N [0+%)3_1] c [%’3_2]
we see that ~ B ) ) ) )
o(T) + ﬁ(x)g—eoz(x) < B(z) ; () u+ta(@ < AT — ﬁ(:c)g—eoz(x)

Let m. be the least value of the function (8 — «) on O, (the function (5 — «) is continuous on the compact
O.). This number is positive (as o < [3 on O). We have

@)+ ¢ < () + AL < \W) mL () < H(F) - ) o) < gy e
Let M, and Mg bound the functions « and /3 respectively. Taking
, 3
¢’ = max (e, [Ma], [M], {ﬂ)
we obtain ) - - )
a(@) + - < M-wa@ <B@) - -
~- _
and so _ _
PO Dy () € [o@) + 580 - 5] = (0@).50),

=y
for allz € O, C O.. Thus we have

B(T) — a(T)

-

Te O &




Now we refer to Lemma 4 and Lemma 2 (with e replaced by ¢€’).

The function g : R>; — R>; defined by
g(e) = inf A(e)
is semialgebraic (here we use the semialgebraicity of the set O and the functions o and ). If e € Ry, then
e is a lower bound of the set A(e) and so 1 < e < g(e). Further, we have
(Ve,e',e" €Rxy)[e € Ale) & ¢ <" — €' € Ale)]

and thus

(Ve,e” € Rx1)[g(e) <" — € € Ae)].
By Proposition 3 let 1 > 1 be a real number and k be a positive natural number such that

(Ve eRsy)[r <e — gle) < €.

Therefore
(Ve € Rsy)[r <e — et e Ale)].
Hence
(Ve € N,r < e) (V(T, u) € R™) [(f, u) € (0% (0,3), — (T M ut a(f)) € U]

It follows that the computation of <91 I (O X (0,3))8) can be performed by (0 | Uax(fr.e)x) for

each e € N*. Indeed, let 6 : U — R be parametrically MSO-computable via the (3n + 6, 1)-operators
(Fy, Gy, Hy). Then the function 6, : O x (0,3) — R is parametrically MSO-computable via the (3n +6,1)-
operators (Fy,, Gy,, Hp,) defined as follows:

Fo, (0i: G 13) =

=Fp, (P1, 41,715 - -5 Doy G Ty Pt Gt L Tt Ly Prt2s G2y Tnz) =
N ~~ - \u ~~ - ~~ -
a name of T € O, a name of u € (0,3)e  a name of e€ Nt

S

~~

a name of (Z,u) € O¢%x(0,3)e = (0x(0,3))e

:Fﬁ(gla 41,715+ -y Pny Qn, T@vf(ph qis /ri)v Q(pzv qi, Ti)? R(pm qi, Ti27 a\m max( [T—| ) e)kv )\mov )\mg)

Vv ' Vo
the same name of T the corresponding name of the corresponding name of

(2@32@ ta@)) € (a(@).6() max([r].e)* €NT

the corresponding name of (E,Mu-ﬁ-a@)) S Umax([ﬂ,e)k

We define the other two operators Gy, and Hy, in the same way.

Pn2(1) = Gns2(1)| + EJ in place of e in max([r],e).

Remark 13. We should have written L
Tn+2<1) + 1 2
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8 The volumes of open restricted analytic cells are M?-computable
real numbers

Definition 14. A 1-dimensional open restricted analytic cell is a bounded open interval with algebraic
endpoints. An (n+1)-dimensional open restricted analytic cell (n > 1) is a set of the form

{@y) eR"™"|TeO&a(@) <y<p@}

for some n-dimensional open restricted analytic cell O and restricted analytic semialgebraic functions «, 3 :
O — R with a < 8 on O.

Remark 14. Note that every n-dimensional open restricted analytic cell is open, bounded, semialge-
braic, Jordan measurable, and it has positive measure.

Definition 15. Let n,7 € NT and i < n. 7 : R® — R’ is the projection function on the first
i-coordinates, i.e.

(T, o Ty Tigty -, Tp) = (21,00 T).
Remark 15. If i < n and
C={Z,y)eR"|T€0 & @) <y<B@)},
then 7, _1[C] = O.

Definition 16. Let n,7 € N*, 1 < ¢ < n and C be an n-dimensional open restricted analytic cell. The
fiber over a point 7" € m,_;[C] is the set

Coni={7' €eR' | (z"",7") € C}.

Lemma 6. Let C be an n-dimensional open restricted analytic cell (n > 2). Fori € Nwith 1 <i<mn
we define the function V; : m,_;[C] — R by

ViE") = 0ol (Can i) = / 1.
C—nfi

The functions Vi, V5, ..., V,,_1 are restricted analytic and parametrically MSO-computable.

Proof. We proceed by induction on i € {1,2,...,n —1}. Let i = 1. We consider the function
Vi i ma1[C] — R defined by
‘/:[(fn_l) - fUOl(Cfnfl).
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Since C' is an n-dimensional open restricted analytic cell, it has the form
C = { Ty eRY |z en, 1[C] & 1 (T") <y < Bpo1 (™ 1)}

for some restricted analytic semialgebraic functions o, 1, By—1 : Tp—1[C] = R with o,,—1 < B,—1 on m,—1[C].
By virtue of Theorem 1 the functions cv,,_; and f3,_1 are parametrically MSO-computable. For every z"~! ¢
Tn-1|C] we have

Conr={y eR [ (@"y) € C} = (aua (@), Bur ("))
and

Vi(@") = vol(Cynt) = UOZ((ozn_l(E"_l), 5n_1(z"—1))) = Bt (T"Y) — a1 (L),

Consequently, the function V; is restricted analytic and parametrically MSO-computable (as a difference of
such functions).

Further, let i € N, 1 < ¢ < n — 1 and the function V; : m,_;|C] — R be restricted analytic and
parametrically MSO-computable. By definition we have

Vi1 Tnoia[C] = R, Vi (T 1) = vol(Cgnin) = / ld(y,z").
Conicn
As m,;[C] is an (n — i)-dimensional open restricted ana/ytic cell we have
FacdlC) = {@" 1, 9) € R | 37771 € 0 & a@™) < y < A1)

for some (n —i— 1)-dimensional open restricted analytic cell O and restricted analytic semialgebraic functions
a,f:0 — R witha < 5 on O. Note that O = 7,_;_1[C]. By virtue of Theorem 1 the functions o and 3
are parametrically MSO-computable. The fiber over a point T"~*~1 € O has the form

Therefore by Fubini’'s Theorem we can see that

B(Enfifl)
‘/;;_i_l(fn_i_l) - fUOl(Cj'nf’ifl) - / 1d(y,§l) - / ( / 1d§l> dy
Cinfifl Oé(f”fi*l) C(Tnfifl,y)
6(§n7’i71)

UOZ(C(E n7i717y))dy

a(f nfz'fl)

B

= / Vi@ y)dy

Oé(f nfifl)
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for each T"~"!' € O = m,_;_1[C]. Consequently, by Corollary 3 (with U = 7,_;[C] and 6 = V;) we can
conclude that the function V,,_;_1 : O — R is restricted analytic and parametrically MSO-computable.

Corollary 4. The volumes of open restricted analytic cells are M2-computable real numbers.

Proof. Let C' be an n-dimensional open restriced analytic cell (n > 1). Since m[C] C R and m[C] is
an open restricted analytic cell, we have m[C] = («, B) for some algebraic real numbers o,  with a < p.
By Lemma 6 we know that the function V,,_, : (o, ) — R defined by

Vi 1(y) = vol(C,) = / 1dz!
Cy

is restricted analytic and parametrically MSO-computable. As C' is an n-dimensional open restricted analytic
cell, it can be written in the form

C={y.7"")eR" |ye(ap) &z €C,}.

Therefore by Fubini's Theorem we have

€)= [ 107~ / [y = /Zowy: fvn_l<y>dy.

« Cy «

As algebraic numbers o and 3 are M?-computable. Hence by Corollary 1 the volume of C is an M?-
computable real number.

9 The volumes of bounded semialgebraic sets are M?-computable
real numbers

Definition 17. Analytic Cells are non-empty semialgebraic sets defined inductively as follows:

(7) The analytic cells in R are points {c} and open intervals (o, 5), —c0 < a < 8 < +o0.

Let C C R" (n > 1) be an analytic cell and «, 5 : C' — R be analytic semialgebraic functions such
that a < 8 on C. Then the sets:

(17) (o, B) = {(x Y ECxXxR|aT) <y<p@ )} (a cylinder);
(i11) (—o0,a) ={(T,y) e C xR | —o0o <y < a(T))};
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(iv) (8,400) = {(T,y) € C xR | B(T) <y < +o0};
(v) graph(f) = {(7,y) € C xR | y = a(T)}, and
(vi) C' xR

are analytic cells in R™*1,

Remark 16. Every bounded analytic cell is a Jordan measurable set.

Definition 18. An analytic cell decomposition of R™ (n > 1) is defined by induction on n:
18.1. An analytic cell decomposition of R is a finite collection of open intervals and points:
{(—oo, ar),{a1}, (a1,az2),{asz}, ..., (ax_1,ar), {ar}, (ag, oo)},
where a; < ay < - -+ < ay, are points in R.

18.2. Assuming that the class of analytic cell decompositions of R"~! (n > 2) has been defined, an analytic
cell decomposition of R™ is a finite partition P of R™ into analytic cells such that the set

m(P) = {=(C) |C € P}

is an analytic cell decomposition of R"~!, where 7 : R® — R"! is the projection on the first (n — 1)
coordinates.

Definition 19. We say that an analytic cell decomposition P of R™ partitions a set S C R™ if S is a
finite union of disjoint cells in P.

Theorem 3. ([HP17], Theorem 1.1) (Analytic Cell Decomposition) Let Sy, ..., S (kK > 1) be semial-
gebraic subsets of R™. Then there is an analytic cell decomposition of R™ partitioning each S;.

Remark 17. Additionally, the functions defining the cells in the analytic cell decomposition can be
chosen to be restricted analytic.

Corollary 5. The volumes of bounded semialgebraic sets are M>?-computable real numbers.

Proof. Let S be a bounded semialgebraic subset of R". By the Analytic Cell Decomposition Theo-
rem (i.e. Theorem 3) let C4,...,C, be analytic cells partitioning the set S. Since S is definable without
parameters, the cells Cy,...,C, can also be chosen to be definable without parameters. Hence each of
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the sets C,...,C, is either open restricted analytic cell or has volume zero. Therefore their volumes are
M?-computable real numbers (by virtue of Corollary 4). Thus the volume of S is an M?-computable real
number (as a finite sum of such numbers).

10 The real periods are M?-computable real numbers

Theorem 4. ([Yo08], Lemma 24) The ring P of all periods is generated by

U {vol(S) | S CR" & "S'is a bounded open semialgebraic set” }.

neN+

Corollary 6. The real periods are M2-computable real numbers.

Proof. The set of M?-computable real numbers is a field. Therefore by Theorem 4 and Corollary 5
we can conclude that every period is an M?-computable real number.
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