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Abstract

The area of the dissertation is the vast family of algorithms surrounding modal
logic. The author has chosen to focus on computability and algorithms for
modal correspondence theory, or the questions of modal definability of first-
order formulas and first-order definability of modal formulas.

The scope of the dissertation is to define a deterministic version of the
SQEMA algorithm, to show that it still succeeds on the two well-known classes
of elementary modal formulas — the Sahlqvist and Inductive classes, and to
show some modal and first-order definability results for two classes of Kripke
frames, which are interesting in the area of artificial intelligence, namely, the
KD45-frames and the Euclidean frames.

The results in the dissertation can be grouped in the following groups.

1. Results about the algorithm Deterministic SQEMA, Sahlqgvist
and Inductive formulas.

These include:

- Defining a new deterministic version of the SQEMA algorithm with
additional simplification rules for the universal modality.

- A proof of termination of Deterministic SQEMA.

- A new invariant for Deterministic SQEMA executions on Sahlqvist formulas.

- A proof that Deterministic SQEMA succeeds on all Sahlqvist formulas.

- A new invariant for Deterministic SQEMA executions on Inductive formulas.

- A proof that Deterministic SQEMA succeeds on all Inductive formulas.

2. Results about applying Deterministic SQEMA to formulas of
the Pre-Contact Logic language, and results about Sahlqvist PCL
formulas

- Defining a modified translation of PCL formulas into ML(O, [U]).

- Proving that the above translation converts Sahlqvist PCL formulas into
Sahlqvist ML(0, [U]) formulas.

- Modifying the existing Deterministic SQEMA implementation at http://
www.fmi.uni-sofia.bg/fmi/logic/sqemalto accept PCL formulas and succeed
on all
Sahlqvist PCL formulas by using the modified translation.

3. Computability and complexity results about the correspondence
problems in the class of all KD45 Kripke frames

The results of this group are:

- A proof that all modal formulas of the basic modal language are first-order
definable in the class of all KD45 frames.

- A proof that the problem of deciding whether first-order formulas are
modally definable in the basic modal language in the class of KD45 frames is
PSPACE-complete.


http://www.fmi.uni-sofia.bg/fmi/logic/sqema
http://www.fmi.uni-sofia.bg/fmi/logic/sqema

- A proof that all modal formulas of the basic modal language extended
with the universal modality are first-order definable in the class of all KD45
frames.

- A proof that the problem of deciding modal definability in the basic modal
language extended with the universal modality of first-order formulas in the
class of KD45 frames is PSPACE-complete.

4. Computability and complexity results about the correspondence
problems in the class of all Euclidean Kripke frames - this group
of results was examined in collaboration with Tinko Tinchev and Philippe
Balbiani.

- A proof that all modal formulas of the basic modal language have a first-
order definition in the class of all Euclidean Kripke frames.

- A proof that the problem of deciding whether a first-order formula is valid
in the class of all Euclidean Kripke frames is undecidable.

- A proof that the problem of deciding whether a first-order formula is
modally definable in the class of all Euclidean Kripke frames is undecidable.

Structure

The dissertation consists of 7 parts.

1. “Introduction”. First, there is a brief introduction, which does an
overview of the subject matter and explains briefly the referred articles with
the main results of the dissertation.

2. “Preliminaries”. Then, there is a section on preliminaries. It explains
the required background knowledge to understand the rest of the dissertation.

3. “Deterministic SQEMA”. This section describes the algorithm
Deterministic SQEMA and the main results - the invariants for Sahlqvist and
Inductive formulas and the proofs that the algorithm succeeds on both classes
of formulas. There is also a modified translation of Pre-Contact Logic formulas
into formulas that Deterministic SQEMA can work with. It is shown that thus
Deterministic SQEMA succeeds on all Sahlqvist PCL formulas.

4. “ML(O) and Ckpss”. Here the definability problems in the class of all
KD45-frames are shown to be decidable. The modal definability problem is
shown to be PSPACE-complete.

5.“ML(0, [U]) and Ckpas”. As in the previous section, this section discusses
definability problems in the class of all KD45-frames. This time, however, the
modal language is ML(O, [U]) instead of ML(O).

6.“ML(0O) and Cks”. Here the author in co-authorship with Tinko Tinchev
and Philippe Balbiani shows that every modal formula has a first-order definition
over the class of all Euclidean frames. Then the authors show that the problems
of deciding first-order validity and modal definability of first-order formulas in



the class of all Euclidean frames are both undecidable.
7. “Conclusion” A summary of the results is given here.
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The author’s findings are briefly presented in the introduction below. Then
they are discussed in detail in the main body of this work. Finally, the results
are summarized in the conclusion. Authenticity claims and a list of
accompanying publications can also be found in the conclusion.

1 Introduction

The problems of modal and first-order definability are important topics in
Modal Logic. The first major result in the area was Sahlqvist’s class of first-
order definable formulas in [48]. This lead to van Benthem’s question of whether
the problems are decidable in [56][57] as well as the introduction of van
Benthem’s algorithm for finding first-order correspondents of Sahlqvist formulas.
Chagrova, at first in [I12] and [I3], later with Chagrov in [9], [10], and [II],
showed that the problem of first-order definability of modal formulas and the
problem of modal definability of first-order formulas are both undecidable over
the class of all Kripke frames.

Despite these findings, the two definability problems do have algorithmic
solutions for some classes of Kripke frames, such as some of those used in the
study of artificial intelligence. For example, Balbiani and Tinchev in [2] and [I]
show decidability of first-order and modal definability problems over the class
of all equivalence relations with respect to the two modal languages ML(O)
and ML(0, [U]). However, in [3], Balbiani and Tinchev develop a technique for
reducing the problem of deciding the validity of first-order sentences over some
classes of frames to the problem of modal definability of first-order sentences
over the same classes of frames, thus proving the undecidability of the modal
definability problem over a large number of classes of frames.

It is also possible to find classes of modal formulas, other than the Sahlqvist
class, which have algorithmically computable first-order correspondents over
the class of all frames. For example, the class of inductive formulas, introduced
in [31][54][16] [32].

There are also other algorithms for finding first-order correspondents, for
example in [23] Gabbay and Ohlbach introduced the SCAN algorithm, and in
[52], Szalas introduced DLS. SCAN is based on a resolution procedure applied
on a Skolemized translation of the modal formula into the second-order logic,
while DLS works on the same translation, but is based on a transformation
procedure using a lemma by Ackermann. Both algorithms use a procedure of
unskolemization, which is not always successful.

A new non-deterministic algorithm, SQEMA (Second-order Quantifier
Elimination using a Modal Ackermann lemma), for computing first-order
correspondents in modal logic is introduced in [17] [I8][19][21] [20][15]. It is based
on a modal version of the well-known Ackermann Lemma. SQEMA works



directly on the modal formulas without translating them into the second-order
logic and without using Skolemization. Thus SQEMA succeeds not only on
all Sahlqvist formulas, but also on the class of inductive formulas mentioned
above. There are examples of modal formulas on which SQEMA succeeds, while
both SCAN and DLS fail, e.g.: (O(Op <> q) — p). As proved in [17][18][19]
[15] SQEMA only succeeds on d-persistent (for languages without nominals)
or di-persistent (for reversive languages with nominals) — and hence, like
in [8][16][30][32][15], canonical formulas, i.e., whenever successful, it not only
computes a local first-order correspondent of the input modal formula, but
also proves its canonicity. This extends to any set of modal formulas on which
SQEMA succeeds. Thus, SQEMA can also be used as an automated prover of
canonical model completeness of modal logics.

An implementation of SQEMA in Java was given in [25]. Some additional
simplifications were added to the implementation thanks to a suggestion by
Renate Schmidt, which helps the implementation succeed on formulas such as
((80p — 00p) v (Op — Op)), by simplifying (Op A O-p) to OL.

The universal modality and nominals were introduced in [45].

In [26], the author showed a version of SQEMA that was augmented to
ML(O, [U]), the basic modal language extended by adding the universal
modality.

In [18], SQEMA for a reversive language with nominals is discussed,
promising an extension with [U]. In [21], SQEMA with downwards monotonicity
for Ackermann’s rule is presented. In [55][20], an extension of SQEMA for a
reversive language with [U] and nominals is introduced, with the output being
in the first-order p-calculus.

In |27], the author has given a definition a deterministic and terminating
strategy for using the SQEMA rules for the language with universal modality,
at most countably infinitely many couples of converse modalities, and nominals,
ML(T,U). The author has shown that Deterministic SQEMA always succeeds
on all Sahlqvist and inductive formulas. The existing proof for the original
SQEMA in [I7] does not hold for this version of the algorithm, for example
for the input formula (=OCpV Op). When the input contains no nominals, the
author has shown, similarly to [17], that Deterministic SQEMA succeeds on
d-persistent formulas. In the case when the input is from a hybrid temporal
language with the universal modality, like in [18], Deterministic SQEMA succeeds
on di-persistent formulas. The the axiomatic system for ML(T,U) and its
completeness was shown in [27], following closely [45][46]|24][8]. In a similar
way to [8][30][16][53][32] [18], canonicity of di-persistent formulas is shown. Also,
in this dissertation, the axiomatic system for hon-hybrid languages is shown,
following the same sources, and canonicity of d-persistent formulas is shown.
Thus Deterministic SQEMA can be used to prove canonicity of a formula.

The article [27] also shows how to extend Deterministic SQEMA to the



language of pre-contact logics. There, a modified form of the translation from
[5] is used. With it, we obtain Sahlqvist fromulas from Sahlqvist formulas of the
pre-contact language, as defined in [4]. This shows that Deterministic SQEMA
succeeds on them. Completeness of all pre-contact formulas is shown in [5].

In [28][29], definability questions over the class of all KD45 Kripke frames
are explored. This class is axiomaized by the canonical and decidable normal
modal logic KD45. The interest in this class has arisen from the importance
of this logic for the study of artificial intelligence. That is why KD45 has been
well-analyzed in the literature over the years. At first, it was studied as the
logic system DE4 in [37] and [49]. It was later considered as a normal extension
of K5 in [42] and [43]. The completeness and complexity of KD45 was examined
in [34] and [35], as well as systems with mixed S5 and KD45 modalities, which
can also be seen in [58], [41] and [40]. A tableau system is presented in [33]. A
good overview of the subject area can be seen in [7].

In [28]]29], the author has shown that all ML(O) and ML(O, [U]) formulas
are first-order definable over the class of all KD45-frames, and that the modal
definability of FOL formulas in each of the languages ML(O) and
ML(O, [U]) over the class of all KD45-frames is in PSPACE. Ideas from [2]
and [I] have been used for the core of the proofs, and a technique from [3] has
been employed to show PSPACE-hardness in one case.

The modal logic K5 and the properties of its frames are examined by Nagle
in [42] and later with Thomason in [43]. These topics are also examined by
Halpern and Régo in [36].

In [6], Balbiani, the author and Tinchev have shown that the all ML(OJ)
formulas have a first-order definition over the class of all K5-frames (or,
Euclidean frames). It was also demonstrated using the main technique of [3]
that the problem of modal definability of first-order formulas over this class of
frames is undecidable.

This work summarizes the results for SQEMA and Deterministic SQEMA
in [26] and [27], and also the results of [28][29] and [6]. In Section[3]it can be seen
that Deterministic SQEMA can be extended to languages without nominals,
using the topological proof technique of [I7] to show that it only succeeds on
d-persistent formulas of non-hybrid languages, thus showing that it can be
used to prove axiomatic completeness (canonicity). Thus the results of [26]
have been covered, including the rules for the universal modality, introduced
there. In the same section, the results of [27] are shown, including the extension
of Deterministic SQEMA to the language of pre-contact logics. In Section
and Section |5, the results of [28][29] are shown, namely decidability of the two
definability problems over the class of all KD45 frames with respect to each
of the languages ML(O) and ML(0J, [U]). In Section [6] the results of [6] are
discussed in detail, showing that all modal formulas of ML(J) have a first-order
definition over the class of all Euclidean frames, and that the problem of modal



definability of first-order formulas over this class of frames is undecidable.

Background material for first-order logic can be found in [50]; for modal
logic in [39] and [8]; for model theory in [14] and [22]; for computational
complexity in [44]. This paper uses Stockmeyer’s theorem for the complexity
of the decidability of theorems in the first-order theory of equality in [51].

2 Preliminaries

Our topics of discussion will focus on several different modal and first-order
languages.

2.1 Modal Languages

First, let us define the modal languages that we are discussing.

When speaking of words in a formal language, it helps to have a symbol
to specify that a word or a symbol occurs in another word. Here we use the
symbol A in the following way. We denote by a . b iff the word or symbol a
occurs in the word b. The negation of occurrence is denoted by X' .

Let us first define the symbols that we use as our modalities. Let Box =gf
{0o,0y,0a,...} be a countably infinite set of symbols which we call bozes.
Let RevBox =gef {Dal, [11_1, D;l, ...} be a countably infinite set of reversed
boxes. Similarly to that, we define Diamond =ger {00, 01,02,...} as the set
of diamonds, and RevDiamond = gef {Oal, <>1_1, <>2_1, ... } as the set of reversed
diamonds. We treat the zeroth index of boxes and diamonds in a special way.
We denote Oy by [U] and we call it the universal box, and we denote (g by
(U), which we call the universal diamond.

Let PROP =g¢¢ {p1,p2,...} be a countably infinite set of symbols called
propositional variables. We denote propositional variables by the letters p and
q. Let NOM =45 {c1,c2,...} be a countably infinite set of nominals.

We assume that the sets PROP, NOM, Box, and RevBox are pairwise
disjoint.

We use the capital Latin letters A and B for modal formulas. The general
syntax of our modal languages is as follows:

A= LT piles | =A|(AVA) [ (ANA)] 0.A| 07" A| O,A| O7'A

wherei e N,je Jse S,de D, DCSCN, S #0, and also J is either ()
or N.

We may also use — and <+ as defined symbols, where (A — B) stands for
(mAV B), and (A <> B) is the formula ((A — B) A (B — A)).

We may omit braces, using the standard precedence rules.



We refer to propositional variables and nominals as atomic formulas, and
for simplicity, we generally do not consider | and T as atomic formulas.

A reader who is well-versed in modal logic will notice that we are using
both boxes and diamonds as our modal symbols, as well as both conjunctions
and disjunctions as our logical connectives. This is due to the fact that in our
topics of discussion below, we sometimes require the use of formulas in negation
normal form, with negations occurring only before atomic formulas, 1, or T.

As we see below in it is justified to use the notations A{4i,..., A,}
and \/{A1,...,A,} with their usual meaning. However, when describing an
algorithm such as Deterministic SQEMA, it helps to specify the order of the
conjunctions and disjunctions, so we denote by A(Ai,...,A,) for n > 0 and
different A; the formula (A3 A ...(An—1 A Ay)...) if n > 0, T otherwise;
we denote by \/(A1,...,4,) for n > 0 and different A; the formula (A4; V

(A1 VA ...)ifn >0, L otherwise.

We say that a modal operator (a box, a reversed box, a diamond, or a
reversed diamond) occurs positively in A iff it occurs within the scope of an
even number of negations in A. We say that a modal operator occurs negatively
in A iff it occurs within the scope of an odd number of negations in A.

We assume that the reader knows the definition of whether a formula A is
positive in p, negative in p. We also assume that the reader recognizes positive
and negative occurrences of propositional variables and nominals.

For this work, we assume that a formula A is positive iff all occurrences of
propositional variables in it are positive. Here, we disregard the occurrences of
nominals. Again, we assume that a formula A is negative iff all occurrences of
propositional variables in it are negative, again disregarding any occurrences
of nominals.

Let L be one of the modal languages defined above. If J = N, we say that
L is a hybrid modal language, or just a hybrid language, otherwise if J = (), we
say that L is a non-hybrid modal language, or just a non-hybrid language. If
D =S5, we say that L is a reversive language, or a temporal language. If 0 € S,
we say that L contains the universal modality.

For simplicity, if L is a modal language and [ is one of its boxes or reversed
boxes, we denote by (0-! the corresponding reversed box or box (if it is in L).
The same denotation applies to diamonds. Sometimes we treat [U] and O !
and also (U) and Qg ! the same way, because, as we see below, their semantics
are the same.

The basic modal language ML(O) is a modal language with J = 0, S =
{1}, and D = (. The basic modal language extended by adding the universal
modality, ML(O, [U]), is a modal language with J =0, S = {0,1} and D = 0.
We use just [J and ¢ for the non-universal boxes and diamonds when discussing
these two languages.

If L is a modal language and A € L, we say that A is a modal formula.



If L is a modal language, then NOM (L) is the set of nominals, which occur
in formulas of L.

If A is a modal formula, then PROP(A) is the set of propositional variables
occurring in A, and NOM (A) is the set of nominals occurring in A.

Generally, if speaking of a language, we mean a modal language.

2.2 Kripke Semantics of Modal Languages

We use the popular Kripke semantics for modal languages. A Kripke frame or
a Kripke structure is a tuple consisting of a non-empty set of possible worlds,
or states, and one or more binary accessibility relations. Often we say simply
frame instead of a Kripke frame. When discussing the languages ML(O) and
ML(O, [U]), we may use Kripke frames with just one accessibility relation, but
generally if we have more than one non-universal modality in a given language,
we need Kripke frames that have as many accessibility relations as are the non-
universal modalities in the language.

Let L be a modal language with S being the set of indices of its boxes. We
say that the tuple F = (W, R) is a Kripke frame for L iff W # () is the universe
of F, and for all i € S, R(i) C W x W are the accessibility relations, where if
0€ S, R(0)=W x W. If a state w € W, we say that w is in F. If S is finite,
we may omit R(0) if [y is present in the language, and we may represent F
by the tuple (W, R;,,...,R;, ), where n. > 0, W # 0, S = {i1,...,i,} and
Ri,,...,R;, are binary relations over W. Thus (W, R) is a Kripke frame for
ML(O) and ML(O, [U]). Also if we require a Kripke frame where only two of
the relations matter, we may use the notation (W, Ry, Ra), etc.

Let F = (W, R) be a Kripke frame for the modal language L. A Kripke
model for L, or just a model for L, is a tuple M = (F, V| H), where V : PROP
P(W) is a valuation, and H : NOM (L) — W is an assignment. If the language
L does not contain any nominals, we may simply use the tuple (F, V') because
H would be the empty function. We say that a model M = (F,V, H) is based
on or is over F. If w € W, we say that w is in M. A model for a hybrid
language M = (F, V|, H) is named iff H is surjective. Instead of F, we may use
the sequence W, R in the tuple. Thus M = (W, R, V, H) is a Kripke model. For
non-hybrid languages, we may omit the valuation H from the tuple because
there are no nominals to evaluate.

Now we inductively define the valuation, or the extension of a formula
A in a model M = (W,R,V, H), denoted by [A],;. It is assumed that M
is a model for a modal language which contains A. [L]y; = 0, [T]y = W,
bl = V(). el = {H(O}, [ ALy = W\ [Alyg, [(A1 Y A2)ly = [Aily U
[A2]ys [(Ar A A2)]y = [Aily O [A2]y [0iA]y = {w € W | Fv € [A]y
(w,v) € RG)}, [07 ALy = {w e W | 3v € [Aly : (v,w) € R()}, [id]y =
[-0i—A]y, [[DZ._IA]]M = [[—|<>;1—|A]]M. As promised above, we can clearly see



that the semantics of the modalities [U] and Oy are identical.

Now, some commonly used notations in modal logic. Let M be a Kripke
model for a language L and let A € L. Let w be in M. We say that A is true
in M at w, denoted by M, w I+ A, iff w € [A],;. We say that A is true in M,
denoted by M I+ A, iff for all w in M, it is the case that M, w IF A. Let F be a
Kripke frame for L. A is valid in F at a state w in F, denoted by F,w I+ A, iff
for all models M over F, we have that M, w IF A. A is valid in F, denoted by
FIF A, iff for all models M over F: M I A iff for all states w in F: F,w I A.
We say that A is valid iff it is valid in the class of all frames for L.

2.3 Modal Formulas as Operators

Let L be a modal language and let A € L. Let all propositional variables
occurring in A be among p; ...p, and all nominals occurring in A be among
Cly- -+ Cm. Let F = (W, R) be a Kripke frame for L. We define the value of the
operator [A], [A](s1,- -+, Sn, W1, .., wy) C W, for all s, C W and wy € W in
the following way:

[er](wr) = {wi}, [pd(se) = se, [2AI(s, @
[4](5,w) U [BI(5, ), [(A A B)](

{we W | v e [4](5,w) : (w,v
[A5,0) : (o,0) € R}, [A](5,0)
[0 —A](5,w).

By the definition of semantics of modal formulas above, it is not hard to
check that the extension of A in some model M depends on A, the valuations
of p1,...,p, and the assignments of ci,..., ¢y in M.

Thus, it is a simple check to see that if F = (W,R) is a Kripke frame
for L and A € L, then for all s1,...,8, € W and all wy,...,w, € W,
[A](5,w) = [A]y;, where M = (F,V, H) is any model over F with V(p;) =
S1yeey, V(pn) = Sny, H(c1) = w1,y ..., H(cm) = wpy,.

), [(AVB)](s, w
w), [0:A](5, W)
s ) ={weW| I
[[ﬁOiﬁA]] ,ﬂ)), [[D;lA]](ga ’LD)

IImII\‘/

2.4 First-Order Languages

We use the standard definition of a first-order language, and a first-order
theory, as defined in [50]. In this thesis, we only work with first-order languages
with countably infinitely many individual variables VAR = {x1,x9, ...}, with
equality, without constants and without functional symbols, and only unary
({P1, Ps,...}) and infix binary ({ri,r9,...}) predicate symbols.

Clearly for such languages if they do not contain unary predicate symbols,
Kripke frames can be used as structures, interpreting each of the symbols r;
with R(%).

We are mainly interested in two kinds of first-order languages, although
Section [6] deals with another kind of first-order language.



First, we have languages with all of the above kinds of symbols, which we
call standard translation languages.

Then we have languages which have no unary predicate symbols. These
language we call the correspondence languages. Often, it is known in the context
of discussion which binary predicate symbols are in the language, and thus we
use simply the name FOL. In most of the paper, FOL is simply the language
where all possible binary predicate symbols occur. In sections[d] [ and 6, FOL
refers to the first-order language with a single binary predicate symbol r.

We use the standard definitions of assignment, a sentence, validity, and
satisfiability. For example, if F is a Kripke frame for the basic modal language,
wi,...,w, are states in F and ¢(z1,...,2,) is a FOL formula with free
variables among 1, ...,x,, we denote by F E ¥[wy,...,w,] iff ¥ is satisfied
on F with an assignment of the individual variables such that x; is assigned
to w; for every i such that 1 < ¢ < n. In the same case, if we need to use a
modified assignment, we denote by F F ¢[w1,. .., wy,x; — v] where i < n and
we have denoted the fact that F E ¢[w, ..., wi—1, v, wit1,...,wn].

2.5 Decidability and Complexity

We use the standard definitions of decidability (as seen in [50]) and complexity
(see [44]).

2.6 The Correspondence Problems

The following two definitions of definability are adapted from [8], see Definition
3.2 on page 126.

Definition 1 (First-order Definability) Let C be a class of Kripke frames.
We say that the class C' C C is first-order definable over C iff there is a FOL
formula v, such that for all F € C, it is the case that F € C" iff F F 4. In this
case, we say that 1 defines C' over C.

Definition 2 (Modal Definability) Let C be a class of Kripke frames for
some modal language L. We say that the class C' C C is modally definable over
C in L iff there is a modal formula A € L, such that for all F € C, it is the case
that F € C’ iff F I A. In this case, we say that A defines C' over C in L.

There are two major correspondence problems, as outlined in the introductions
of [1], [2], and[10]. Here, we give them names for simplicity:

Definition 3 (First-order Definability of Modal Formulas) Let L be a
modal language and C be a class of frames for L. The first-order definability
problem for L over C is the following: Given a modal formula A € L, is there



a FOL formula v, such that for all F € C, it is the case that F IF A iff F F ¢?
If there is such a formula v, we say that v is a first-order definition of A over
C. We also say that A and 1 are globally correspondent over C.

Definition 4 (Modal Definability of First-order Formulas) Let L be a
modal language and C be a class of frames for L. The modal definability
problem for L over C is the following: Given a first-order formula ¢ € FOL, is
there a modal formula A € L, such that for all F € C, it is the case that F IF A
iff FE 47 If there is such a formula A, we say that A is a modal definition of
1 over C. We also say that A and 1 are globally correspondent over C.

Given a modal language L, we are interested in whether or not the above
two problems are decidable over certain classes of frames for L.

If the above problems are undecidable over the class of all frames for L, are
there interesting algorithms for deciding parts of some of the problems, which
succeed on as many formulas as possible?

Note that the above definitions are for global definability and global
correspondence. Sometimes it is easier to solve a definability problem about
the local version of correspondence. Local correspondence is defined later, in
Definition and it can be seen that it implies global correspondence.

2.7 Standard Translation

We make use of the Standard Translation in Section [§l and Section [fl as defined
in [8], chapter 2.4, see Definition 2.45. Clearly, if the modal language contains
nominals, we require that the first-order language contains matching first-order
constant symbols. However, we do not use the regular Standard Translation
for hybrid languages, as we see below in Section [3] There we make use of a
modified standard translation for formulas without propositional variables, see

Definition [1l

2.8 P-Morphisms, Disjoint Unions, and Generated Subframes

In sections ] [fland[6], we make use of the following well-known model-theoretical
constructions for modal logic, see [§], pages 139-143.

Definition 5 (P-Morphic Image) If F; = (W}, R) and Fo = (W5, Ra) are
frames for some non-hybrid modal language L, with a set of indices of its
boxes S and a set of indices of its reversed boxes D, we say that a function
f: Wy — Wy is a p-morphism (or a bounded morphism) of Fy to Fo iff the
following conditions hold:

1. (The Forward Condition)

If i € S and (x,y) € Ri(i) then (f(z), f(y)) € Ra(i).



2. (The Back Condition for Diamonds)

Ifi e S,z e Wi,y € Wy and (f(x),y’) € Ra(i) then there is y € W; such
that (x,y) € Ri(i) and f(y) =v'.

3. (The Back Condition for Reversed Diamonds)

Ifi € D,z € Wi,y € Wo and (f(x),y’') € Ra(i)~! then there is y € W
such that (x,y) € R1(i)~! and f(y) = v

If f is surjective, we say that Fy is a p-morphic image of F1 (or a bounded
morphic image of F1). In this case, it can be shown by induction on A € L
that if F IF A then Fy I- A, see [§], pages 139-143.

Definition 6 (Disjoint Union) Let L be a non-hybrid language without the
universal modality with a set of indices of boxes S. Let I be a non-empty index
set and let {F; | ¢ € I'} be a pairwise disjoint family of frames for L, where for
every i € I, F; = (Wi, R;). The disjoint union ;. {F:} = (W, R) is a frame
for L defined by W =g4¢r ;e {Wi} and for all s € S, R(s) =ger Ui {Ri(5)}-

Definition 7 (Generated Subframe) Let L be a non-hybrid language without
the universal modality, with a set of indices of boxes S and a set of indices of
reversed boxes D. Let F = (W, R) be a frame for a non-hybrid language and
let w be a state in F. We say that F' = (W’ R’), which is a frame for L, is the
point-generated subframe, or simply the generated subframe, of F at w iff F/ is
such that W’ is the smallest set such that the following conditions hold:

lL.LweW CW,

2. Forallie S, R'(i) =R(>GE) N (W x W)

3.Forallie S, if z € W and (x,y) € R(i), then y € W'.

4. Foralli € D, if x € W and (z,y) € R(i)~!, then y € W'.
It can be shown by induction on A € L that F,w ¥ A iff F/,w ¥ A, see [§],
pages 139-143.

2.9 General Frames

In Section [3] we make extensive use of general frames to show axiomatic
completeness of certain formulas. Background information can be seen in [§],
pages 27-29.

Definition 8 (General Frame) This is adapted from Definition 1.32 of [§],
page 29. Let F = (W,R) be a frame for a modal language L. We say that
(F,W) is a general frame for L, iff W C P(WW) is non-empty and the following
conditions hold:

- W is closed under [—p1] (relative complement)

- W is closed under [(p1 V p2)] (union)

- W is closed under [Op;] for all diamonds and reversed diamonds ¢ of L.

W is the set of admissible valuations. It can be checked that W,0 € W. A
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frame F with universe W can also be considered to be the full general frame
(F,P(W)). We use g for general frames, W for sets of admissible valuations. If
g = (F, W), then we denote by g4 the underlying frame of g, F. We say that
a state w is in g iff it is in gyx. A Kripke model M = (g4, V, H) is a model
over g iff for each propositional variable p, V(p) € W. Note that we place
no restrictions on the assignments of nominals. We say that a modal formula
A € L is valid in g, denoted by g IF A, iff it is true in all models over g. We
say that A € L is valid in g and a state w in g, denoted by g, w IF A, iff for all
models M over g, we have that M, w I A.

Definition 9 (Finite Intersection Property) Let W be a non-empty set
and Wy C P(IW) be a non-empty family of subsets of W. We say that Wy has
the finite intersection property (abbreviated as the fip) iff for every non-empty
finite subset Wy C Wy, we have that (W # (.

Definition 10 (Types of General Frames) This is an adaptation of Definition
5.65 of [8], page 308. Let L be a modal language with S being the set of indices
of its diamonds and D being the set of indices of its reversed diamonds. Let
g = (F, W) be a general frame for L, where F = (W, R). Then g is called:
1. differentiated iff for all v,w € W:

v=wiffforallse W:vesswes
2. tight iff for all v,w € W, all ¢ € S and all j € D:

(v,w) € R(7) iff for all s € W: w € s = v € [Oip](s)

(w,v) € R(j) iff forall se W: wes=wve [[()j_lp]](s)

Note that the two conditions above are trivially true for (U) and

0o 1 Thus we can ignore these conditions for the universal modality.
3. compact iff Wq # () for every subset Wy of W which has the fip (and hence,
is non-empty)
4. descriptive iff g is differentiated, tight and compact
5. discrete iff every singleton of an element of W is admissible in g.

If g is discrete, then an induction on all A € L shows that if M is a model
over g, then [A],; € W for any formula. If L is a non-hybrid modal language
and g is any general frame for L, again an induction on all A € L shows that
all extensions of A in models over g are admissible sets.

Sometimes we may say just a descriptive frame instead of a descriptive
general frame, and just a discrete frame instead of a discrete general frame.

It can be shown that any discrete frame is differentiated and tight.

2.10 D-Persistence and Di-Persistence

Definition 11 Let C be a class of general frames for some language L and let
A € L be a modal formula. We say that A is persistent with respect to the class
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of frames C and the language L iff for all g € C, it is the case that gy I- A iff
g |- A. In this case, if C is the class of all descriptive frames for L, then A is
called d-persistent with respect to L, and if C is the class of all discrete frames
for L, then A is called di-persistent with respect to L.

2.11 Normal Modal Logics, Completeness and Canonicity

Here, we follow the axiomatic system for nominals and universal modality,
described in [45][46][24], with some differences in the proofs.

Let L be a modal language with J being the set of indices of its nominals,
S being the set of indices of its boxes, and D being the set of indices of its
reversed boxes. In this section, we only allow L to contain nominals if L also
contains the universal modality. Formally, / =N =0 € S.

We show an axiomatic system for the language L. For simplicity of the
axiomatic system, we add implications and remove diamonds, reversed diamonds,
A, V, = and T, using them only as defined symbols, see [50]. Therefore, our
language L for this section becomes:

Au=1pilej | (A= A)|OA|0;'4
forallieN, jeJ, se Sandde D.

Definition 12 (Admissible Form) Let # be a symbol, which is not in the
alphabet of L. # is an admissible form. If AF(#) is an admissible form, then
so are JAF(#) and (A — AF(#)) for any box or reversed box O of L and
any formula A € L. The formula, obtained by replacing all occurrences of #
with A € L in AF(#) is denoted by AF(A).

Definition 13 (Uniform Substitution) Let A; and A’ be modal formulas
in L. We denote by A;[p/A’] the word obtained from A;, where each occurrence
of p (if any) has been replaced with A’. According to the definition of modal
formulas, the word thus constructed is also a formula in L, Ay. We call the
rule for obtaining As from Ay uniform substitution of p by A’ in A;.

We use the same notation for nominal substitution, replacing a nominal
with another nominal, as the notation for uniform substitution.

Azioms: (We assume that the axioms with [U] or (U) are only used if 0 € S)
The axioms of propositional calculus.
(K) (Os(p — q) = (Osp — Osq)) for every s € §
(T for U) ([Ulp — p)
(B for U) (p - [U)(U)p)
(4 for U) ([Ulp = [U][U]p)
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(U) (Ulp — Dsp) for every s € S

(GP) (p—>D<> p) for every i € D

(HF) (p — 0O, <>Zp) for every i € D

(Noml) (U >C only if J = N, which also implies that 0 € S

(Nom2) ((U)(c Ap) — [U](c — p)), only if J = N, which implies also 0 € S
Rules:

A (A— B
Modus Ponens (MP): ,(B_>)’
Gen: -4 b d box O
en: DA or every box or reversed box [J,
Uniform Substitution: L Nominal Substitution: L
Alp/AT A/
AF(—c) for some ¢ X AF(#)
Cov*:
AF(1)

See 7.3 of [§] for an alternative axiomatic system without the Cov* rule.

Clearly, we may ignore the rules Nominal Substitution and Cov* if the
language is not hybrid.

A normal modal logic for L, or just logic for L, is a set of formulas A C L
such that A contains all axioms and is closed under applications of the five
rules.

We denote by K, the smallest logic for L.

Let A € L be a formula. We denote the smallest logic for I which contains
Aby Kr+ A, and A is called the aziom of Ki+A. If ' C L is a set of formulas,
we denote by Ky + I' the smallest logic for L which contains I', and we say
that I" is the set of axioms of K + T

Let A be a logic for L. We denote by 5 A iff A € A. We use the capital
greek letters T, A, 3 for sets of formulas of L. A A-theory T is a set of formulas
I' C L such that A CT" and I is closed under applications of MP and, only if
L is a hybrid language, also the infinitary rule Cov:

AF (—c) for all ¢

Cov: AF (L)

The A-theory of a set of formulas I' C L, Thx(I'), is the smallest A-theory
such that I' € Thy (). Despite the infinitary rule, the deduction lemma holds:

Lemma 14 (Deduction Lemma) (A — B) € Thy(I') iff B € Thy(T' U
{A}).

Proof The left to right direction is obvious. Let B € Tha(I'U {A4}) and let
I'" =g {A" | (A — A) € Tha(I')}. Easily, A € I” and A C Thy(I') C I
Also, I" is closed under applications of MP. If L is a hybrid language, to see
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that T" is closed under applications of Cov, let AF(#) be an admissible form,
and suppose that for each nominal ¢, AF(—¢) € I'. Then, by propositional
reasoning, for each nominal ¢: (A — AF(—c)) € Tha(T"). Applying Cov to
(A — AF(#)), we get that (A — AF(L)) € Thy(T'), therefore AF(L) € IV,
so I'" is closed under applications of Cov. Therefore, Thy(T'U{A}) C T, so by
the definition of IV, (A — B) € Thy(T). O

A set of formulas I' C L is A-consistentiff L ¢ Tha(T"), and is A-inconsistent,
otherwise. I' is a complete A-theory, iff " is a A-consistent A-theory, and for
every formula A, it is the case that either A € T or =A € T'. T" is a mazximal
A-theory, iff " is a A-consistent A-theory, and for any set of formulas ¥ C L
such that I' C ¥, ¥ is A-inconsistent.

Corollary 15 A theory is maximal iff it is complete.

Proof First, let I' be a complete A-theory and let for some set ¥ C L such
that ' € ¥, A € ¥\ I'. Then -A € T, so by propositional reasoning 1 €
Tha(X). Now, let I' be a maximal A-theory, let A € L and let A ¢ T'. Then,
1 € Tha(T'U{A}), so by the deduction lemma, (A — 1) €T, so ~Ael. O

Note that the classical Lindenbaum lemma here has the following form:

Lemma 16 (Lindenbaum Lemma) Let I" be A-consistent. Then I' can be
extended to a complete A-theory.

Proof Let Aq,As,... be an enumeration of all formulas of the countable
language L, for example, the lexicographical order. We construct by induction
an infinite chain of A-consistent A-theories I'g C I'y C ... with the property
that for every ¢ > 1, either A; € I'; or =A4; € I'; in the following way. Let I'g
be Tha(T"). Thus I'g is a A-consistent A-theory. Suppose that I'; is defined for
some ¢ > 0.

1. IfT; U {Ai—H} is A-consistent, let T';41 =def ThA(Fi @] {Az—I—l})

2. If T; U{A;;+1} is A-inconsistent, then —A; 1 € [';. There are two cases.

2.1. If L has no nominals or if A;;1 is not in the form AF(L), then let
Lit1 =qer T

2.2. If L is a hybrid language and A4, is AF (L) for some admissible form
AF(#), then we show that there is some nominal ¢ such that I'; U{=AF(—c)}
is A-consistent. Suppose for the sake of contradiction that for all nominals
c: Iy U{=AF(—c)} is A-inconsistent. Then by the deduction lemma, for all
c: (HAF(—-c) — 1) € Ty, hence for all ¢: AF(—c) € T';. Because I'; is a A-
theory, by Cov, AF(Ll) € I';, so A;11 € I';. Thus I'; is A-inconsistent, which
contradicts the A-consistency of I';. We conclude that there is a nominal ¢ such
that I'; U {~AF(—c)} is A-consistent. Let T'jy1 =geof Tha(I'; U {—-AF(—c)}).
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According to the construction, I';11 is a A-consistent A-theory, which is an
extension of I';.

Let '™ =def Ufi() T;.

First note that L ¢ T't because for all i >0, L ¢ T.

Now we show that I'" is closed under applications of Modus Ponens. Let
A, (A — B) € T't. Then there is a step 7 > 1 such that A, (A — B) € T;. But
I'; is closed under applications of MP, so B € I'; C I'".

If L contains nominals, we show that 't is closed under applications of
Cov. Let there be some AF(#) such that for all ¢: AF(—c) € I't and suppose
for the sake of contradiction that AF(L) ¢ I'". There is an index i > 1 such
that AF(L)is A;, and by case 2.2 of the construction, there is a nominal ¢ such
that =AF(—~c) € T'; C T'". By propositional reasoning, 1 € I't, contradiction.
Therefore, I't is closed under applications of Cov.

Because every formula of L is A; for some i > 1, by the construction either
A; €T; or =mA; € T;. Thus I'" is a complete A-theory. O

We denote by I' =p A iff A € Thy(T'). Thus @ F5 A iff Fy A. We denote
by M,w IF " iff for all A € T', M, w IF A. We say that A is a local semantic
consequence of I' over the class C of frames, denoted by I' Ik¢ A, or, if I' = (),
as C Ik A, iff for every frame F € C, every model M over F and every state w
from F, it is the case that if M, w IF I', then M, w IF A. The class of frames of
A, Fr(A), is the class C of all frames F for L such that F IF A. ' is satisfiable
on C iff there is an F € C, an M over F and a w in F such that M, w I T".

Our goal is to examine the relationship between - and IF.

Definition 17 (Weak Soundness With Respect To L) We say that a
normal modal logic A C L is weakly sound with respect to L iff Fp A implies
Fr(A) IF A.

Proposition 18 Let F be a frame for L which validates all premises of one
of the five finitary rules - MP, Gen, Cov*, Uniform Substitution, and Nominal
Substitution. Then F validates the conclusion of the rule.

Proof MP preserves truth in a point and a model. Gen preserves global
truth in a model. Nominal substitution trivially preserves validity in a frame.
Uniform substitution preserves validity in a frame. It remains to show that
Cov* preserves validity in a frame.

Let F i AF(L),let c ¥t AF(#). We show that F ¥ AF(—c). We do this by
showing that for all models M = (F, V, H) and states w of M, if M, w ¥ AF (L),
then there is a model M’ = (F,V, H') where H'(¢) = w’ for some state w’ of
F and H'(d) = H() for any other nominal ¢/, denoted as M’ = M[c — w'],
such that M’, w ¥ AF(—¢). The proof is by induction on AF(#).
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Let AF(#) be #. Then M’ is M[c — w].

Let AF(#) be (y — AF'(#)). Let M,w IF v and M,w ¥ AF'(L). By the
induction hypothesis, there is a model M’ = M[c — w'] for some state w’ of M,
such that M, w ¥ AF'(=c¢), so M/, w ¥ AF(=c).

Let AF(#) be OAF'(#) for some box or reversed box O of L. Let M, w I
OAF’(L), so there is some wy from M, such that (w,w;) € Rg and M, w; W¥
AF'(L1). By the i.h., there is a model M’ = M[c + w’] for some state w’ of M,
such that M’ wy ¥ AF’'(=c). Therefore, M', w ¥ AF(—c). O

Corollary 19 Every normal modal logic for the modal language L is weakly
sound with respect to L. O

Definition 20 (Strong Soundness With Respect To L) We say that a
normal modal logic A C L is strongly sound with respect to L iff for any set
['C L, 'y Aimplies I' IFp. () A.

Any normal modal logic for a language without nominals is strongly sound,
because Modus Ponens preserves local truth in a model at a point.

Definition 21 (Weak Completeness With Respect To L, First Form)
We say that a weakly sound with respect to L normal modal logic A C L is
weakly complete with respect to L iff Fr(A) IF A implies -5 A.

Definition 22 (Weak Completeness With Respect To L, Second Form)
We say that a weakly sound with respect to L normal modal logic A C L is

weakly complete with respect to L iff {A} being A-consistent implies that { A}
is satisfiable on Fr(A).

Definition 23 (Strong Completeness With Respect To L, First Form)
We say that a strongly sound with respect to L normal modal logic A C L is

strongly complete with respect to L iff for any set I' C L, I' I-p.(5) A implies
T'kp A

Definition 24 (Strong Completeness With Respect To L, Second Form)
We say that a strongly sound with respect to L normal modal logic A C L is
strongly complete with respect to L iff for any set I' C L, I" being A-consistent
implies that I' is satisfiable on Fr(A).

Proposition 25 The two forms of weak completeness are equivalent. The two
forms of strong completeness are equivalent.

Proof We prove both results simultaneously. Following [8]:
Let C =g¢f Fr(A). Suppose the second form for A and suppose that the first
form does not hold for A. Then, there is a set of formulas TU{A} C L, such that
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I'lke A, but T ¥o A, and also if we are proving weak completeness, I' = ().
Suppose that T'U {(A — L)} is A-inconsistent. Then L € Tha(T'U {(A —
1)}), and by propositional reasoning, A € Tha(I' U{(A — 1)}), so, by the
deduction lemma, ((A — L) — A) € Thy(T'), and by propositional reasoning,
A € Thp(I'), contradiction. Therefore, I' U {(A — L)} is A-consistent. But
also it is not satisfiable on (any frame of) C, contradicts the second form.

For the other direction, let the first form hold for A. Let ' C L be a
A-consistent set, and also if we are proving weak completeness, let I' be a
singleton. Suppose that for all F € C, for all M over F and all worlds w in F,
there exists a formula A € T, such that M,w ¥ A, and so M, w ¥ T. Then
I'lFe L, and by the first form, I' =5 L, contradiction. O

Clearly, strong soundness implies weak soundness and strong completeness
implies weak completeness. Therefore, sometimes we speak of sound and complete
logics and we mean weakly sound and complete logics.

Here, similarly to [8][30][16][53][32][18][27], we show that:

1. For a hybrid language L and di-persistent formula A € L, the logics K7,
and K1, 4+ A are weakly sound and complete with respect to L.

2. For a non-hybrid language L and d-persistent formula A € L, the logics
K and K, + A are strongly sound and complete with respect to L.

In both cases, we show the second form of completeness, as it is the most
convenient.

Definition 26 Let J be a box or a reversed box of L. Then OI' is the set
{A|OAeT}.

Lemma 27 Let I', ¥ and A be A-consistent A-theories. Let O be any box or
reversed box of L. Then

1. The set IV =4¢¢ OI' is a A-theory and if for some formula A, OA ¢ T,
then I is A-consistent.

2. If 0 € S, then [U]I' is A-consistent, [U]I' CT', and [U]I" C OT".

3. If T is complete, then A ¢ T iff there is a complete A-theory ¥ such
that O' C ¥ and A ¢ .

4. For all i € D, if I and X are complete, then [;,I" C ¥ iff D;lz Ccr.

5. If 0 € S, I and ¥ are complete, then [U]I' C ¥ iff [U]X C T

6. If 0 € S, ', ¥ and A are complete, [U]I' C ¥, and [U]X C A, then
[UJA CT.

7. If 0 € S, ' and ¥ are complete, and [U]I' C X, then [U]' = [U]X.

Proof We only show 1. The proofs for the rest are standard, and follow easily
by the axioms, 1., the deduction lemma and the Lindenbaum lemma.
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Let (A — B),A € I, therefore J(A — B),JA € T. Because of (K),
Fa (O(A — B) —» (DA — OB)), therefore, by MP, OB € T', so B € I".

Now, let L be a hybrid language and let for all ¢, AF(—¢) € T”. Then for
all ¢, AF (—c) € T, so by Cov, OAF(L) € T" and hence AF(L) e I".

Finally, if A € L and A ¢ T', then A ¢ I and hence I' is A-consistent. [J

Let A be a logic for L. Let W be either the set of all complete A-theories
Y., such that [U]Tl' C ¥ for a given complete A-theory T', if L contains the
universal modality, or the set of all complete A-theories, otherwise. Let R :
S +— P(W x W) be such that if 0 € S, then R(0) = W x W, and for all
i > 0, such that i € S, (¥1,%9) € R(3) iff ;31 C ¥5. Clearly F is a frame
for L. Thus F is called either the A-canonical frame for I, if 0 € S, or just the
canonical frame for A, or the A-canonical frame, otherwise.

Proposition 28 Let L contain nominals (and hence, L also contains the
universal modality). Let A be a logic for L, and let I be a complete A-theory.
If F = (W, R) is the A-canonical frame for I', then

1. for every ¥ € W at least one c € X.

2. for every c there is exactly one ¥ € W such that ¢ € X.

Proof 1. Let X be a complete A-theory. Suppose that for all ¢, ¢ ¢ ¥. Then,
by the completeness of ¥, for all ¢, =¢ € X. Therefore, by Cov, L € X,
contradiction.

2. First, we show that for every c, there is a ¥ € W such that ¢ € X.
Suppose this is not the case, so there is a ¢ such that for all ¥ € W, ¢ ¢ X.
Then —c € X, therefore by Lemma [U]=c € T, which contradicts axiom
(Nom1). Second, let for some ¢ there be ¥1,39 € W, such that ¢ € ¥ N Xo.
Let A € ¥;. Then, (¢ AN A) € £1. Suppose A ¢ X5, then (¢ — —A) € Xo.
Now, there are two cases. First, if [U](c — —A) € X9, then because of the
definition of W, (¢ — —A) € 31, contradiction. Second, if [U](c — —A) ¢ X9,
then —[U](c — —A) € Xg, so (U)(c AN A) € 39, then because of (Nom2),
[U](c = A) € Xg, but [U]E2 C X9, so A € X9, contradiction. So, we have that
31 € ¥9. The converse inclusion is proven similarly, therefore ¥; = 3. O

It easily follows that all axioms of K, are valid in any A-canonical frame,
because they are valid on all frames for L.

We are now ready to define the A-canonical model for a given complete
A-theory I'' if L contains the universal modality, or just the A-canonical model,
otherwise. Let F = (W, R) be the A-canonical frame (for I'), then we define
M =g (F,V, H), where V(p) =4¢f {¥£ € W | p € ¥}; if L contains nominals,
H(c) =4ef 2, where ¥ is the only element of W, such that ¢ € ¥, or otherwise
H is the empty function. The definition of H is correct by Proposition It
follows that if L contains nominals, then M is a named model.
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Lemma 29 (Truth Lemma) Let M = ((W,R),V, A) be the A-canonical
model for some complete A-theory I', if L contains the universal modality,
or just the A-canonical model otherwise. Then for any formula A € L and any

world £ in M, A € ¥ iff M, ¥ |- A.

Proof Induction on A € L. For atomic A and for 1, the result follows by
the definition of the canonical model. For (A — B), the result follows by the
induction hypothesis and propositional reasoning.

For O; 'A: first, let ;1A € 5. Let W =4 {¥' € W | ;% C X}. We
show that W’ contains all A-complete A-theories X', such that ;3 C 3.
This trivially holds if L does not contain the universal modality, so let 0 € S.
Because by Lemma for any A-consistent A-theory ¥/, [U]Y C 0,3, we
have that for all A-complete ¥, such that [U]¥X C [0;3 C X, it is the case
that [U]Y = [U]X = [U]T, therefore ¥’ € W. By Lemma for all ¥/ €
W', O0;' C ¥/, so A € ¥, By the induction hypothesis, for all &' € W'
M, ¥/ I A, so, by the definition of R(i) and the definition of Kripke semantics,
M, % I O; ' A. Now, let M, ¥ I O; 1 A. Then, using the same definition of W',
we have that for all ¥’ € W', we can use the induction hypothesis and find
that A € Y. Because W' contains exactly all A-complete A-theories ¥/, such
that D;lE C Y/, then it follows that D;IA € 3. For [J; A, the result follows
by Lemma [27] O

Definition 30 Let A be a logic for L and let A be valid in any A-canonical
frame. Then the logic A is canonical with respect to L. Let A € L and let A be
valid in any A-canonical frame for K, + A. Then we say that the formula A is
canonical with respect to L.

Theorem 31 If a logic A for L is canonical with respect to L, then it is also
weakly consistent and weakly complete with respect to L. If L is a non-hybrid
language, then A is also strongly consistent and strongly complete with respect
to L.

Proof We use the second form of completeness. Like [8][30] [16] 53] [32] [18][27]:

We have already shown the soundness results above.

Now, let us show completeness.

Let T be a A-consistent set. In the case of a hybrid language, let I' also
be a singleton. By the Lindenbaum lemma, there is a complete A-theory I't
extending T'. Let M be the A-canonical model M for I'* if L contains the
universal modality, or just the A-canonical model otherwise. Let the universe
of M be W. By the Truth Lemma 29} T'" is satisfiable in M at T'F, therefore T
also is. The frame of M, F, also validates A by the fact that A is canonical. If L
is hybrid, by the second form of weak completeness, A is weakly complete with
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respect to L. If L is non-hybrid, by the second form of strong completeness, A
is strongly complete with respect to L. O

The following theorem lists three well-known facts in literature, which we
need for our further discussions.

Theorem 32 (1) Ky, is a canonical logic with respect to L. (2) If L is a
hybrid language containing the universal modality, then for any di-persistent
with respect to L formula A € L, it is the case that Kj + A is canonical
with respect to L. (8) If L does not contain nominals, then any logic K; + A

is canonical with respect to L for any d-persistent with respect to L formula
AelL.

Proof For (1), we have already shown that all axioms of K, are valid on any
K -canonical frame because they are valid on all frames for L.

For (2) and (3), like in [8][30]|16] [53][32]|18] [27]:

Let A =4¢¢ K1 + A. We assume that 1 ¢ A because otherwise the result
trivially holds.

Let I' be a complete A-theory, let F = (W, R) be the A-canonical frame for I'
(or just the A-canonical frame if L does not contain the universal modality). Let
M = (F,V, H) be the A-canonical model for I" (or just the A-canonical model
if L does not contain the universal modality). Now, we construct a general
frame over M in the following way. For all modal formulas B € L, denote
B =def {Z eWw ‘ B e Z}. Let W =def {B | B e L} and let g =def (F,W>

We show that g is a general frame and g I A.

The first follows directly from the Truth Lemma which allows us to
check the closure conditions for W, namely, relative complement (W\ B = —B),

union (E\l UB; = (Bi/\Bz), and operator [Op;] for any diamond and reversed
diamond ¢ of L ([0p1](B) = OB).

For the second, first note that for any complete A-theory ¥, A € A C 3, so
by the Truth Lemma M- A, so [A]y; = W. Clearly M is a model over g. If
PROP(A) UNOM(A) = 0, then we are done. Otherwise, let all propositional
variables occurring in A be among p1,...,p,, and let all nominals occurring
in A be among ¢y, ..., ¢y, where m = 0 if L does not contain nominals. Then
clearly for any model M’ over g, [A],y = [A](s1,- .., Sn, w1, ..., wy) for some
S1,y---,8, € W and wy,...,w, € W, by the definition of W as the extensions
in M of all possible formulas, and the fact that if L has nominals, then every
w; contains a nominal, is equal to the following set:

[Alp1/A1, ... spn/An,c1/chs . o em/c),]ly for some formulas Ai,..., A, and

/

some nominals ¢/, ..., c,,. However, A C 3 for any complete A-theory X, and A

is closed under applications of uniform substitution and nominal substitution.
Therefore, for all ¥ € W: A[p1 /A1, ...,pn/An,c1/c), ... em/c,] € X. So, by
the truth lemma, g - A.
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To prove (2), let us show that if L is a hybrid language with the universal
modality, then g is discrete. But this follows by the fact that every nominal is
a modal formula. Thus there is a discrete general frame over F which validates
A, and A is di-persistent, therefore F I- A and this makes A canonical.

To show (3), let L be a non-hybrid modal language. We must show that g
is a descriptive frame. Then the result follows by the facts that g I A and A
is d-persistent.

To show that g is differentiated, let 32 and © be distinct complete A-theories
from W. It is not hard to show that there is a formula B € ¥ such that B ¢ ©.
Equivalently ¥ € B and © ¢ B. Thus, we established the contrapositive for
the differentiation condition equivalence.

For tightness, let Y and © be two complete A-theories from W, and let for
some i € S, (X,0) ¢ R(i). Equivalently, 0B ¢ 3, but B € © for some B € L,
so equivalently, © € Bbut & ¢ @, and we’ve established the contrapositive
of the first equivalence for tightness. The second tightness condition is proved
similarly for every 7 € D.

For compactness, first we need a lemma on A-consistent A-theories. Let
Y be a A-consistent set of L-formulas and let L € Thp(X). Then there are
formulas By, ..., B, € X, such that b5 ((By A--- A Bp) — 1) € A. This can
be proven by first showing that for any formula B € Thy(X), there is a finite
sequence of formulas B, ..., B,, such that B, is B and each element of the
sequence is either X, from A, or is derived by an application of Modus Ponens by
preceding formulas. This follows by the fact that Modus Ponens is a finitary
rule and theories in non-hybrid languages do not have to be closed under
applications of the infinitary rule Cov. Then we can get the desired conclusion
by propositional reasoning and n applications of the deduction lemma.

Let Wy be any non-empty family of admissible (over g) sets with the fip.
We must show that it has a non-empty intersection. But Wy =g¢¢ {E | B € ¥},
where ¥ is a non-empty set of L-formulas. It follows that ¥ is A-consistent,
because suppose for the sake of contradiction that it’s not. Then, there are
Bi,...,B, € ¥: k5 (BiA---ABy) — L. This implies that there is no complete
A-theory © such that 91,...,v, € ©. But then @I N---N 1/#; = (), contradicts
our assumption on Wy. Now, let A = [U]I" if A has the universal modality,
or let A = (), otherwise. We show that A is A-consistent. Because L ¢ A, if
A = (), it is trivially A-consistent, so suppose that A # (). By the definition of
R(0) and the fact that R(0) is reflexive, it follows that A C T, and therefore
A is A-consistent. Now that we know A is A-consistent, we see that the set
Wi =gef {E | B € A} has the fip, because otherwise there are By, ..., B,, € A
such that Fp (ByA---ABy,) — L, contradiction. Now, we prove that X UA is
A-consistent. Suppose for the sake of contradiction that it is not, so there are
Ay,..., A, €Y and By,..., By € Asuchthat by AjA- - AAZABINA- - -ABp, —
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1. Because both X and A are A- consistent, we have that n>1 and m > 1.
But then A, N---NA, "B N---NB,, =0. Let W = A, N ---N A,, and
let W = E\l NN E; Because both Wy and W7 have the fip, both W’ and
W' are non-empty. Let Xy € W/, it follows that X9 ¢ W”. Because of the
definitions of W' and W", there are i: 1 <7 <n and j: 1 < j < m such that
Yo € A and Xy ¢ B First, 3o € W, so by the definition of A, A C Xy, and
therefore B; € ¥y. Second, ¥ ¢ BJ, so therefore B; ¢ X, contradiction with
Bj € ¥y. We conclude that ¥UA is A-consistent. Now, X UA can be extended,
by Lindenbaum’s lemma, to a complete A-theory X*. Because of the definition
of A, and the fact that A C ¥ C XF, ¥T € W, and we almost immediately
obtain that &+ € (\{B | B € =}, so W, has a non-empty intersection. O

2.12 Finite Model Property

Definition 33 Let L be a modal language and let C be a class of frames for
L. We say that C has the finite model property iff for every formula A € L such
that C ¥ A, there exists a finite model M over some finite frame F € C and a
state w in M, such that M, w ¥ A. If L is such that if L contains nominals, it
also contains the universal modality, and if A C L is a normal modal logic, we
say that A has the finite model property iff Fr(A) has the finite model property.

Usually, the method of filtration is used to prove that a logic has the finite
model property, see [§]. In this work, we use that the logics S5 and KD45 in the
context of ML(OJ) have the finite model property. These are well-known facts
in literature, and we use Ehrenfeucht-Fraissé games and Ehrenfeucht’s theorem
to show them, as explained in [22] - see Lemma (97| in Section 4l We show a
similar result with respect to ML([J, [U]) in Section |5, using the properties of
the Standard Translation.

2.13 Decidability of Normal Modal Logics

Definition 34 Let L be a modal language such that if L contains nominals,
then it also contains the universal modality, and let A C L be a normal modal
logic. Clearly, there can be an effective encoding of formulas A € L as natural
numbers, so we may treat L as a recursive set and A as a subset of N.

We say that A is decidable iff A is a recursive set, up to an encoding of the
formulas of L. We say that A is semi-decidable iff A is a recursively enumerable
set (up to an encoding of formulas as numbers).

If A = K +T for some set I' C L, we say that A is recursively axiomatizable
iff the set of axioms I' is recursive (up to an encoding).

Proposition 35 Let L be a modal language such that, if L contains nominals,
then it also contains the universal modality, and let A C L be a recursively
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axiomatizable normal modal logic with a recursive set of axioms I". Then A is
semi-decidable. Moreover, if A is canonical, A has the finite model property,
and the set of (up to isomorphism) finite models for L, which are based on
frames that validate A, is recursive up to an encoding of finite Kripke models,
then A is decidable, and the set {A € L | Fr(A) IF A} is recursive.

Proof Clearly, for every formula A € A, there exists a finite sequence of
formulas A1,...,A,, which we call a proof of A in A, such that A is A,, and
every A; of this sequence is either one of the axioms of K, an element of I,
or is derived by previous elements of the sequence by applying one of the rules
Modus Ponens, Gen, Uniform Substitution, Nominal Substitution, or Cov*.
Thus, to check whether A € A, it is enough to enumerate all possible finite
sequences of formulas of L, and check whether we have found a proof of A
in A, which is a recursive predicate because the derivation rules are finitary,
because the axioms of Ky, are a recursive set, and so is I'.

Now, let A be canonical, let A have the finite model property, and let the
set of finite Kripke models for L, which are based on frames that validate A,
be recursive. Because A is canonical, A is weakly complete, so A = {A € L |
Fr(A) Ik A}. Because A has the finite model property and because the set of
finite models for L, which are based on frames that validate A, is recursive, then
it is easy to obtain a semi-decidable procedure finding, given a formula A € L,
whether Fr(A) ¥ A, by generating all possible finite models for L, checking
whether they are based on frames which validate A, and finally checking
whether the current model invalidates A. Thus, the set L \ A is recursively
enumerable, and so is the set A. Clearly, the set N\ A is also recursively
enumerable because L is recursive. Thus A is recursive (decidable). O

3 Deterministic SQEMA

3.1 Introduction to Deterministic SQEMA

In our discussions here, we will reduce the modal languages that we are discussing
to only a few types.

We say that a language L is of type 1 iff it is a non-hybrid language (either
temporal or not, either containing the universal modality or not). We say that
a language L is of type 2 iff it is a hybrid temporal language containing the
universal modality.

In our discussion of the algorithm Deterministic SQEMA, we assume that
the language of the input formula is either of type I or of type 2. We make
a distinction between type I and type 2 languages in that, by Theorem
a formula of a type I language Li which is d-persistent with respect to Lq is
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canonical with respect to L1, whereas a formula of a type 2 language Lo which
is di-persistent with respect to Lo is canonical with respect to Lo.

As we see below, Deterministic SQEMA only succeeds on d-persistent with
respect to their language formulas of type I languages and on di-persistent
with respect to their language formulas of type 2 languages, thus we make sure
that Deterministic SQEMA can be used to prove canonicity of the formula
with respect to either a type I language or a type 2 language. In order to use
Deterministic SQEMA to prove canonicity of a formula with respect to another
kind of hybrid modal language, some further restrictions on the used rules are
required, as shown in [I8|, and is outside the scope of this work.

3.2 Strategy of Deterministic SQEMA

Definition 36 (Local Correspondence) Let L be a modal language. We
say that a formula A € L and a FOL formula v (x) are locally correspondent
with respect to the class of frames C for L, denoted by A ~ 1(x), iff for all
frames F € C and all states w in F it is the case that F,w IF Aiff F F ¢ [z — w].
Clearly if A and v (x) are locally correspondent with respect to C, then they
are also globally correspondent with respect to C.

If L is a language, denote by Cy, the class of all frames for L.

Our goal is to find, if possible, a local first-order correspondent of a formula
A from a language L (of type I or 2), with respect to Cr,, and at the same time
to prove that A is canonical with respect to L.

To do that, we first extend L to a language L', in the following way. Let S
be the set of indices of the diamonds of L, and let D be the set of indices of
the reversed diamonds of L. Let L’ be the temporal hybrid language with a set
of indices of diamonds and reversed diamonds S. Thus we have made sure all
modalities of L have their corresponding reversed ones in L’ and we have also
possibly added nominals to the language. Thus the algorithm works by taking
an input in L and working with formulas in L. Clearly, Cf, = Cy, but the class
of general frames for L is not always the class of general frames for L’. Also, if
g is a general frame for L and M = (g4, V, H) is a model over g for L, then it
may not always be a model for L', because the valuation H may be the empty
function if L doesn’t have nominals. Still, it is possible to define the meaning
of g,w IF A’ for some A’ € L’ in a similar way to the regular definition of local
validity in a general frame, by constructing models for L’ over g.

For denotation purposes, let L'+[U] be L’ with an added universal modality,
if L’ doesn’t already have it. The algorithm does not operate on formulas of
L’ + [U], but it simplifies our description of the properties of the algorithm to
be able to use formulas of this language. Clearly, we may see that Cy, = Cps =
Cr/4[v], and also we may define local validity of formulas of L'+ [U] in general
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frames for L.

Definition 37 (Relative Local Frame-Equivalence) Let L be a modal
language, let L’ be the temporal hybrid extension of L as defined above, and
let L' + [U] be the extension of L’ with the universal modality, as shown
above. For a given k, two formulas A € L' + [U] and B € L' + [U] are locally
frame-equivalent with respect to Cr, and ci, denoted by A Nﬁ B, iff for every
frame F for L and every state w in F, we have that for every model M for
L'+ [U] over F, My w IF (¢, — (U)A) iff for every model M for L' 4 [U] over F,
M, w IF (¢, — (U)B). If the language L is known in the context of discussion,
we may just write A ~ B.

Let C be a class of general frames for L. We say that A and B are locally
equivalent with respect to C and cg, denoted by A mi B, iff for every general
frame g € C and every state w in g, we have that for every model M for
L'+ [U] over g, M,w IF (¢, = (U)A) iff for every model M for L' + [U] over
g, M,w I- (¢ — (U)B). If the language L is known and C is the class of all
descriptive frames for L, then we may just write A %,‘f B (A and B are locally
d-equivalent with respect to ci), or if C is the class of all discrete frames for L,
we may just write A %gi B (A and B are locally di-equivalent with respect to
k).

Let ¢; be a nominal. Let ¢(x) be a FOL formula. We say that A and ¢ (xy)
are locally correspondent with respect to L and ¢, denoted by A Nﬁ Y(xy) iff
for all frames F for L and all states w in F, it is the case that for every model
M for L' + [U] over F, M, w I+ (¢ — (U)A) iff F E ¢z — w]. If the language
L is known, we may simply write A ~ 1(xg).

An easy argument shows that if ¢ X* A, and (cx A A) ~p (), then
A ~p(zy). Also, if A~y B, and if B ~p ¢(xy), then A ~p 1(xg).

Definition 38 (Pure Formulas) A modal formula A is called pure iff it does
not contain any occurrences of propositional variables.

Definition 39 (Deterministic SQEMA Strategy) Let L be a modal
language of either type I or of type 2. Let A € L be the input formula of
Deterministic SQEMA. Let all nominals occurring in A be among ¢, ..., cg_1.
We try to find a sequence of formulas A1, ..., A, € L', such that A; is (cx A A),
A, is pure, and for all A; and A; of the sequence, it is the case that A; ~; A;.
In addition to that, if L is a type 1 language, we require that for all A; and
A; of the sequence, A; m,‘f A; (that is, with respect to all descriptive general
frames for L), and if L is a type 2 language, we require that for all A; and A;
of the sequence, A; m,‘f A; (with respect to the discrete general frames for L).

Proposition 40 Let A, Aq,..., A, be as in Definition
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(1) If L is a type I language then A is d-persistent.
(2) If L is a type 2 language then A is di-persistent.

Proof Let g be a general frame for L, which is descriptive if L is a type 1
language, and which is discrete if L is a type 2 language. Let w be a world in
g. Then:

g, w - A iff (because ¢, X' A)

g,wlk (e — (U)(ck A A)) iff (because Ay ~¢ A, or A} =~ A,,)

g,w Ik (cp = (U)Ay) iff (because A, is pure and there are no restrictions
on assignments of nominals in a model over g)

g4, w - (cp = (U)Ay,) iff (because A, ~ Ay)

g, wlk (e — (U)(cx A A)) iff (because ¢, X A)

g4, w - A O

It remains to find the local first-order correspondent of A given the pure
formula A,,.

Definition 41 (Standard Translation for Pure Formulas) In the
function definition below, st(n,z, A) stands for standard translation for pure
formulas. Denoting st(n, z¢, A), we assume that A is a pure formula in a hybrid
language, that x, is such that ¢, does not occur in A, and that n is such that
¢ < n and all nominals occurring in A are among {c1,...,¢,—1}.
st(n,x;, L) =gep L
st(n, @i, T) =ger T
st(n, z;, ¢j) =qef (x; = ;) for all j € N such that i # j
st(n, x4, A) =ger Dst(n, z;, A)
st(n, zi, (AV B)) =q4ef (st(n,xi, A)V st(n/, z;, B)), where n’ is the least number
such that n’ > n, n’ > ¢ and for all z;, occurring in st(n,z;, A), n’ > j.
st(n, zi, (AAB)) =qef (st(n,xi, A)Ast(n',z;, B)), where n’ is the least number
such that n’ > n, n’ > i and for all x;, occurring in st(n,x;, A), n' > j.
st(n, x4, (U)A) =gef Janst(n+1,2,, A)

st(n, x;, 0o LA) =def Frpst(n+ 1,2y, A)
st(n xi, [UJA) =gef Vanst(n + 1, 2,, A)
st(n,z;, 0o LA) =def Vrpst(n+ 1,2y, A)
st(n, zi, OmA ) =def Fxn (s T Tp) A st(n + 1,2y, A))

(

(

(

Vo)

t(n,zi, Om A) =def Tn((Tn Tm i) A st(n + 1,2y, A))

st(n, x4, OnA) =def Vo (—(2; rim 2p) V st(n + 1, 2,, A))

st(n, z;, Oy 1 A) =def Vn(—(xp rm 23) V st(n+ 1, 2,, A))

It is 1mmed1ate that st defines a unique function if the conditions for it hold.
It is also clear that the result of st can be effectively obtained.

Clearly, the output of this function is a FOL formula with free variables
among {x1,...,Tp_1}.
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An easy, but somewhat tedious, induction on pure formulas A shows that,
under the above assumptions for n and z;, for any model M = (F,V, H) for a
hybrid language which contains A and any world w in M, it is the case that:

M,wl- Aiff FE st(n,x;, A)[H(c1), ..., H(cp—1),zi — w]
We call this the main property of st.

Lemma 42 (Standard Translation Lemma) Let ¢; be a nominal, and let
A be a pure formula of a hybrid language L. Then for A there can be effectively
obtained a first-order formula 1 (xy), such that A ~j ¥ (xy).

Proof Let i be such that all nominals occurring in A be among {x1,...,2;-1}.
Consider ¢: Vx;, ... Va;, Jx;st(n, z;, A), where n =i + 1, and [j1, ..., jm] are
such that [¢;,,...,¢;,,] is the list of elements of NOM (A)\ {c} in left-to-right
order of initial occurrence in A. Note that ¢ can be denoted by (), because
the only free variable, if any, is . We show that A ~j, ¢ (zy). For convenience,
denote —A by A'.

For given F for L and w in F, let M = (F,V, H) be a model over F such
that M,w IF ¢, and M I+ A’. By the main property of st, for every w; in
F: F E st(n,z;, A)[H(c1),...,H(¢i—1),w1] iff Mywy |- A’. Therefore, F E
Va;st(n, x;, A)[H(c1),...,H(ci—1)]. In this way, because zj, is the only free
variable in 3z;, ... 3x;, VYa;st(n,z;, A'), if any, it becomes apparent that, F
Jxj, ... 3z, V;st(n,x;, A )z — H(c)]. Because H(cy) = w, we have that
FE 3z, ... 3z, Vast(n, z;, A') [z, — w)].

Now, for given F for L and w in F, let:

FE 3z, ... 3z, Yast(n, x;, A') [z — w].

Clearly there are states vj,,...,v;, in F, for which it holds that:

F EVzst(n,z;, A)[zg — w, x5, — vy, ..., x5, — vj,].

Now let us define a model M =4 (F,V, H) where V is any valuation,
H(ck) =def w, H(cjy) =def Vjys -- -, H(¢j,,) =def U, and the value of H for
any other nominal is any state of F. By the main property of st, M I- A" and
clearly M, w I+ ¢g. O

For reducing the size of the problem, we need a lemma for conjunctions.

Lemma 43 (Conjunction Lemma) Let L be a type I or a type 2 language
and let A, B € L. Let ¢1(x) and ¥a(zx) be FOL formulas.

L. Let A~ ¢1(zx) and B ~ hp(xy). Then (AN B) ~ (1(g) A he(zg)).
2. If A and B are d-persistent with respect to L, then so is (A A B).
3. If A and B are di-persistent with respect to L, then so is (A A B).
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Proof For 1, let w be a world in F, which is a frame for L. Then, by the
hypothesis, F,w Ik A iff F |- ¢1[z; — w] and F,w F B iff F E o[z — w].
Let F,w I (AA B). Then, F,w I A and F,w IF B. Therefore, F F ¢ [w] and
F E o[z — w], so F E (¢1(xk) A 2(xg)) [z — w]. The converse direction is
analogous.

For 2 and 3, the result follows directly from the definition of d-persistence
and di-persistence. O

It remains to describe how to apply the strategy given in Definition

3.3 Deterministic SQEMA Overview

We follow [17][21]. First, we give a simplified informal definition of the algorithm.
Let L be a type 1 or a type 2 language and let A € L be the input modal
formula. The goal is to obtain a nominal ¢, and a pure formula A’ € L, where
L' is the hybrid temporal extension of L, such that ¢, X* A and A ~; A'.
Then by Lemma we obtain a local FOL correspondent of A.

Definition 44 A modal formula A is in negation normal form iff negation
only occurs in front of T, L, propositional variables or nominals. (Here we
assume that the defined symbol for implication, —, is not used.)

It is clear that for any modal formula, we may effectively find a semantically
equivalent formula in the same modal language, which is in negation normal
form.

First, we negate A and rewrite it in negation normal form, obtaining ~.
We start eliminating variables by a process similar to Gaussian elimination.
Thus, we solve a system of equations (actually a conjunction of disjunctions),
starting with a system with the single equation (—cy V ), such that ¢ is a
chosen nominal to represent the current state, and is such that ¢, x* A. We
eliminate each variable separately, so let p be the current variable to eliminate.
The elimination is carried out by applying the following rules, where 5(—p) is
a modal formula which is negative in p:

Ackermann rule:

/\((041 \/p), SRR (ana \ p))/\
NBL(=p), - By ()N = {Qggl s vfnb))[p/ﬁ/\(al, S Qg )JA
A1, 0n,) b T

where p X' {a1,...,an,,01,...,0,,} and A\(B1,...,By,) is negative in p.

O-rule: (B; VOB) = (O71B; V By)

O-rule: (= V OB) = (= VO A (=" V B) , where ¢’ is a new nominal.

Now we are ready to formalize the algorithm.
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Definition 45 (Monotonicity of a Formula Relative to a Variable) Let
A € L be a modal formula, let all variables occurring in A be among p1, . . ., P,
let all nominals occurring in A be among ci,...,¢n, let ¢ < n, and let p; €
PROP. For a given frame for L, F = (W,R), given sets si,...,s, C W,
worlds wy, ..., wy, € W, and set s C W, we denote by A(s,w,p; — s) the set
[[A]](Sl, ey 8ISy Sid Ly ey Spy W)

We say that A is upwards monotone in p iff for all Kripke frames F =
(W, R), all sets of worlds s and all worlds w, if ¢; C to C W, then [A](s,w,p —
t1) C [A](5,@w,p — to).

We say that A is downwards monotone in p iff for all Kripke frames F =
(W, R), all sets of worlds § and all worlds w, if to C t; C W, then [A](5, w, p; —
tl) - [[A]}(E,w,pi — tz).

Proposition 46 Let A be a formula for some modal language L and let p €
PROP. If A is positive in p, then A is upwards monotone in p. If A is negative
in p, then A is downwards monotone in p.

Proof By induction on A. O

Note that the converse is not always true. For example, let B =g4.¢ (p A
(p V —p)). B is neither positive nor negative in p, but B = p, and hence, by
Proposition [46] is positive in p.

Definition 47 (Syntactically Closed and Open Formulas) Let L be a
type 1 language, let S be the set of indices of all diamonds in L, and let D be
the set of indices of all reversed diamonds in L. Let L’ be the hybrid temporal
extension of L. We say that a formula A € L’ is syntactically closed with respect
to L iff all occurrences in A of nominals and <>i_1, such that i € S\ D, are
positive, and all occurrences in A of Di_l, such that ¢ € S\ D, are negative.
We say that A is syntactically open with respect to L iff all occurrences in A of
nominals and 0;1, such that ¢« € S\ D, are negative, and all occurrences in A
of Di_l, such that ¢ € S'\ D, are positive.

Clearly, negation maps syntactically open formulas to syntactically closed
ones and vice versa.

Also, clearly, all formulas in L (which are also formulas in L’) are both
syntactically closed and open.

Definition 48 (SQEMA rules) Let L be a type I or a type 2 language
language and let L’ be the hybrid temporal extension of L. Let ¢ be a nominal.
Below, [0 is any box or reversed box of L', { is any diamond or reversed
diamond of L', and the formulas below are formulas of L'.
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1. Semantic equivalence rule.

Let A,B,oc € L', and let A = B. If L is a type I language, let both A
and B be syntactically open formulas, and let o be syntactically closed.
Then, within o, replace occurrences of A with B.

2. Polarity reversing rule.

Replace —A with = A[p/—p].
3. Positive elimination rule.
Let A be positive in p. Then replace = A with —A[p/T].
4. Negative elimination rule.
Let A be negative in p. Then replace = A with —A[p/L].
5. O-rule.
Replace (B A (A; VOAg)) with =(B A (O71A4; V Ag)).
6. O-rule.
Let ¢ be such that ¢ ¥ {cx,c’, A, B}. Then:
Replace (B A (= V QA)) with =(B A ((=d VvV O") A (=" Vv A))).

7. The Ackermann rule. Let o, ..., an,, 01, ..., 0, be formulas which contain
no occurrences of p, let 1, ..., B,, be formulas which are either negative
in p, or, only if L is a type 2 language, downwards monotone in p. Then
replace the formula:

5 =def T /\((a1 Vp),...,(an, VD), B1,... s By 015 - - - 79nz)
with:
o ~def 7 /\(/\(517 T 767%)[]3/_' /\(alv ) ana>]7 01,..., Qm)

Definition 49 FEquations are formulas of the kind (¢ — ¢c”) or of the kind
(A'Y B), such that A and B are in negation normal form and Y is a symbol
used in place of V in equations to signify that they are equations. A system
is a formula of the kind = A(x1, ..., xn) for some n > 0, where x1,..., X, are
equations. We use o for systems of equations and y for equations. o is solved
for p iff there are no occurrences of p in ¢. o is solved iff it is pure. Below, we say
that ¢, is a new nominal, if ¢, is such that: if v1,..., v, are all formulas that
have occurred as input or during the execution of any branch of the algorithm
so far, then the nominals occurring in {~v1,...,7v,} are among {ci,...,cmn-1}.

The algorithm first splits the input formula, by the Conjunction Lemma
into several systems of equations, trying to solve each of them in sequence,
by applying the SQEMA rules from Definition I8 We must show that the rules
in Definition [48 would allow us to construct the sequence that we require, as
described in Definition 39l

Proposition 50 Let L be a type 1 or a type 2 language. Let L’ be the hybrid

temporal extension of L. Let ¢/ € L' be a system obtained by applying one of
the rules in Definition 39| to the system o € L. Then o ~& o'
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(1) If L is a type I language and if the input formula to any of the rules is
a syntactically closed with respect to L system from L’ of syntactically open
with respect to L equations, then the result also is.

(2) If L is a type I language, then o zg o’ with respect to L.

(3) If L is a type 2 language, then o ~% o’ with respect to L.

Proof (1) Let L be a type I language. It can be easily checked that all
the rules convert a syntactically closed with respect to L system from L’ of
syntactically open with respect to L equations into another one of the same
kind.

For (2), the proof involves a lengthy discussion of the properties of the
modal operators of L’ with respect to descriptive general frames for L. A
simpler variant of the full proof can be seen in [17].

For (3), the proof is given in [27].

A full proof for both (2) and (3) is given in the following subsection of this
dissertation, |3.4 O

3.4 Correctness of the SQEMA Rules

This section proves Proposition [50| by using the proofs given in [17] for type I
languages, and the proofs given in [27] for type 2 languages.

Proposition 51 Let L be a type 1 or a type 2 language. Let L’ be the hybrid
temporal extension of L. Let ¢’ € L’ be a system obtained by applying one
of the following rules from to the system o € L’: the polarity reversing
rule, the positive or negative elimination rule, the O-rule, or the {-rule. Then

o ~£ o', and if L is a type I language, then o %Z o’ with respect to L, or if L

is a type 2 language, then o zgi o’ with respect to L.

Proof Let C be the class of all general frames for L. It is enough to show that
o %g o', because all frames can be considered to be full general frames, and C
also includes all descriptive and all discrete frames for L.

For the equivalence rule, the result follows immediately.

The rest of listed rules are in the form “Replace =A’ with —=A”” for some
formulas A’ and A” from L'. Let g € C be any general frame for L, and let
w be a world in g. To prove that —A’ zg —A”, it is enough to prove that for
every model M for L' over g, such that [c;],; = {w} and M I A’, there is a
model M’ for L’ over g, such that [cx]yy = {w} and M’ IF A”, and vice versa.

Polarity reversing rule: Because negations of admissible valuations are
admissible, we set M’ to be equal to M, except [p],; is set to be the complement
of [p]y- The implication follows by the definition of Kripke semantics. The
converse follows analogously.
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Positive elimination rule: Let W be the universe of M. By induction on A,
we get that [A]y; € [Alp/T]]y-

First, let [ex]y = {w} and M |- A. We set M’ to be equal to M, except [p]yp
is set to be W, which is admissible. We have that W = [A]; € [Alp/ Ty =
[Alp/T]l\p by the properties of uniform substitution. Therefore, [Alp/ T\ =
w.

Now, let [ex]y = {w} and M IF A[p/T]. We construct M’ in the same way,
and it is straightforward to prove that [A],, = W.

Negative elimination rule: Follows from the polarity reversing rule and the
positive elimination rule.

O-rule: Let R be the (converse) relation of M, which corresponds to .

First, let M |- (B A (A1 vV OAy)), suppose that M ¥ (B A (07147 v Ag)).
Then, there is a wy € W: M,w; ¥ (O71A; V As). Then, M, w; ¥ 0714,
and M, w; ¥ Ay. Therefore, there is a wy € W: M, we ¥ Ay and (wg,w) €
Rn. However, M Ik (A4; vV OAy), therefore M, wse |- OAg, so M,w; IF Ag,
contradiction.

Now, let M I (B A (O71A; V Ap)), suppose that M ¥ (B A (41 vV OAy)).
Analogously to the above, we derive a contradiction.

O-rule: Let M = (g4, V, H). Let R, be the relation or converse relation of
M, corresponding to ¢.

First, let M IF (BA (=¢' VQA)), and let wi =g4¢¢ H(c'). Then, M, w; - OA.
So, there is a wy € W: (wy,w3) € Ry and M,wy I A. We set M’ =def
(g4, V,H'), where H'(¢") =g4e¢f w2, and H'(c) =g4¢¢ H(c) for any other nominal.
By the properties of uniform substitution, and by the hypothesis on ¢”’, the
condition holds.

Now, let M IF (BA ((=¢' VO") A (=" vV A))). Then, M IF (B A (= VOA)).
O

Proposition 52 Let L be a type 2 language. Clearly, the hybrid temporal
extension of L is also L. Let ¢/ € L be a system obtained by applying one of
the rules in to the system o € L. Then o Nﬁ o’. Also, o %gi o’ with respect
to L.

Proof By Proposition[5]] it remains to show the result only for the Ackermann
rule.

It can be easily checked that the extension of any modal formula A € L at a
Kripke model M over some discrete general frame g for L, is also an admissible
in g set.

The Ackermann rule: If 5 is negative in p, then it is downwards monotone
in p by Proposition Let a be A(aq,...,an,), B be A(B1,...,0n,), and 3
be downwards monotone in p. Let M be a model either over a discrete general
frame g for L, or over a full general frame g for L. First, let M I =/, so M I+
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(aVp)and M IF 5. Then, [-a]y € [ply, therefore W =[]y € [8lp/—a]lys
so M IF —". Now, let M I =", and let M = (g4, V,A). Let V'(p) =q¢r
[-a]y, and let VI (p') =gep V(') for other variables p’. Let M' =40 (g, V', A).
Clearly, M’ is a model over g. Then, M’ I- —~'. O

For the rest of this section, we prove the first result of Proposition [50]
regarding type I languages and the Ackermann rule. It will take some time to
get to the conclusion. The proofs closely follow [17].

Definition 53 (Closed Sets) Let g = (F, W) be a general frame for some
language. A subset s of the universe W is called closed (with respect to g) iff
s=[so € W|sCsp}. We denote by C(W) the set of all closed with respect
to g sets.

Definition 54 (Open Sets) Let g = (F,W) be a general frame for some
language. A subset s of the universe Wis called open (with respect to g) iff it
is the relative complement (to W) of a closed set.

Definition 55 (Clopen Sets) Let g = (F, W) be a general frame for some
language. A subset s of the universe W is called clopen (with respect to g) iff
it is both closed and open.

Definition 56 (Closed Operators and Closed Formulas) Let L be a type
1 language, and let L’ be the hybrid temporal extension of L. Let A € L', let
PROP(A) C{p1,...,pn}, and let NOM(A) C {c1,...,cm}. We say that A is
a closed operator in L iff for every descriptive frame g = (F, W), if P;,..., P, €
C(W) and wy, . .., wy,, are any elements of W, then [A] (P, ..., Py, w1,...,wy) €
C(W), i.e. when applied to closed sets and any elements (resp. for PROP(A)
and NOM (A)) with respect to a descriptive frame for L it produces a closed
set. We say that A is a closed formula in L iff whenever [A] is applied to
admissible sets and any elements in any descriptive frame for L, it produces a
closed set.

Thus, if a formula is a closed operator in L, then it is a closed formula in
L. The converse is not always true.

Definition 57 (Open Operators and Open Formulas) Similarly to above,
a formula from L', the hybrid temporal extension of a type I language L, is
an open operator in L iff whenever its modal operator is applied to open sets
and any singletons in a descriptive frame for L it produces an open set; it is
an open formula in L if whenever its modal operator is applied to admissible
sets and any singletons it produces an open set.

Whenever we mention and index set, we also mean that the index set is
non-empty.
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Proposition 58 To prove that a set s is closed with respect to a general
frame g = (F,W) for any language, it is enough to prove that s is equal to
the intersection of some non-empty family of closed sets, and in particular,
admissible sets (with respect to g).

Proof Let {P;};c; be a family of closed sets over g, for some index set I,
and let s = ();c;{P:}. Because for all i € I, P; is a closed set, then, for all
i € I, there is a family of admissible over g sets @;;, such that J is an index
set with j € J and P; = [;c;{Qi;}. This means that s = (;c;;c,{Qi;},
where, for all ¢ € I and for all j € J, @Q;; is an admissible set. This means
that there’s a family of admissible sets { Dy }recx for some index set K, such
that {Dy, | D € W& k € K} = {Qi; | i € I & j € J}. Then, s is an
intersection of admissible sets, s = (,c{ Dk | D, € W} so it follows that s C
Dy, for all k € K, so we get s = (e iDr | Dr € W & s C Dy}, If we add
more admissible sets {E), }nen for some index set N such that for each n € N,
s C Ey, to the family {Dg}rer, we do not change the intersection. So, we get
s={X € W|s C X}, which means that s is a closed set with respect to g.
O

Proposition 59 To prove that a set s is open with respect to a general frame
g = (W, R,W) for any language, it is enough to prove that s is equal to the
union of some family of open sets, and in particular, admissible sets (with
respect to g).

Proof Let {P;};c; be a family of open sets over g, for some index set I, and let
s = U;er{ P} For s to be open, we need to prove that its relative complement
to W is closed, so in other words, we need to prove that W\ [J;c;{F;} is closed.
WA\ Uier{Bi} = Nicr{W \ P;}. But this set is an intersection of some family
of closed sets, and by proposition above, it is closed. Therefore, s, as its
relative complement, is open. O

Proposition 60 Let F = (W, R) be a frame for a type I language L, and let
L' be its hybrid temporal extension. Let [J be any of box [J; or reversed box
D;l of L or L. As an operator, [Op;] distributes over arbitrary intersections
of subsets of W.

Proof Let R be either R(k) if O is Ok, or R(k)~! if O is O, '. Let I be an
index set, and let {P;};c; be a family of subsets of W. We need to prove that
[Opi ) (Mie{FP:}) = Nie A Op1](F) }-

First, suppose z € [Op1](N;c;{F})- Then, forally € W: (z,y) e R=y €
Nici{F;}, or, foralli € I and for ally € W: (z,y) € R = y € P;. Equivalently,
for all i € I: x € [Op1](#;), and from here, z € ;¢ {[Op1](F;)}-
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For the converse, suppose that = € (\,c;{[Op1](F;)}. Going backwards
on the equivalence chain from the first half of the proof, the statement is
equivalent to for all ¢ € I and for all y € W: (z,y) € R = y € P;, which
also means that for all y € W: (z,y) € R = y € ;c;{F}, and from there,

z € [Op](Mie{Ai})- u

Proposition 61 Let L be a type I language. For every box or reversed box [J
of L, [Op1] is a closed operator in L. For every diamond or reversed diamond
O of L, [Op1] is an open operator in L.

Proof Let g = (W,R,W) be any general frame (not just descriptive) for L.

1. [Opi1]. Let s € C(W) be a closed set with respect to g. So, there’s a
family {P;};cr of admissible sets for some index set I, and s = (), {Fi}.
By proposition 60, we have that [Op1](N;c;{Pi}) = Nie{[Op1](F;)}, which,
according to proposition and the fact that W is closed under taking relative
complements and [Op1] (or, just [Op1]), is enough to prove that [Opi](s) is a
closed set, and from there we get that [Op1] is a closed operator in L.

2. [Op1]. Let s be an open set with respect to g. It is enough to prove that
WA\ [Op1](s) is a closed set. But W\ [Op1](s) = [Op1] (W \ s), where W\ s is
a closed set. Then the proof follows immediately by the proof for [Op;]. O

Proposition 62 Let L be a type 1 language, and let L’ be the hybrid temporal
extension of L. Let F = (W, R) be a frame for L. Let { be either one of the
diamonds {; or reversed diamonds O,;l of L or I'. Let I be an index set
(and hence, non-empty) and let {P;};c; be a collection of subsets of W. Then,

[0l (Micr {Pi}) € Micr {TOPI (P}

Proof Let R be either R(k) if ¢ is O, or R(k)™!, otherwise. Let z €
[Op1](Nicr{Pi}). Then, for some y € W : (z,y) € R & y € (e {F}. Let
y be one such a element of W that (z,y) € R & y € (;c;{Fi}, and let i be any
indexin I. Theny € P;. We have (z,y) € R&y € P; = x € [Op1](F;). Because
we picked any index i € I, we have that for all i € I: € [Op1](P;). But then

z € i {0p] ()}, and hence [Op1] (i {Fi}) € Mic {TOPI(F)}- O

Proposition 63 Let L be a type I language and let L’ be its hybrid temporal
extension. Let g = (W, R, W) be a descriptive general frame for L. Then (a)
Every singleton of a state in W is closed with respect to g. (b) Let ¢! be any
reversed diamond or diamond of L or L. If s C W is a closed set with respect
to g, then so is the set [0 !p1](s).

Proof This proof is adapted from [8], pages 316-318.
(a) Let w € W be any state in W. Then, from the fact that g is descriptive,
hence differentiated, it follows directly that {w} = N{P € W | w € P}.
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(b) Let ¢~ be either O,;l or Oy, of L. Let ¢ be the converse of {1, and
let O be either O, if ¢ is O, or the converse k-th box. Let s be a closed set
with respect to g. We show that [0 'p1](s) = ({P € W | s C [Opm](P)}
(1), and from Proposition it then follows immediately that [O~1pi](s) is
closed. The left to right inclusion in (1) is trivial, so assume for the sake of
contradiction that z ¢ [O~1p1](s) and for all P € W: if s C [Op1](P) then
rzeP.

Let Wo =45 {Q € W | s C QY U{[Op1](P) | * € P & P € W}. First,
we'll prove that Wy has the fip (2). For that, we need to show that Wy is non-
empty. Because W € W, and because s C W, W € Wj. Suppose that there is
a finite subset of Wy with an empty intersection. So, there are @1, ..., Q, and
Py, ..., P, in Wy, such that s C @); for all 7 such that 1 <¢ < n, x € P; for all
jsuch that 1 < j<m,and Q1 N---NQ, N[Op1](P1) N--- N [Op1](P) = 0.
Let @ =g Q1N ---NQy and let P =4 PN ---N Py, Clearly x € P. By
Proposition we have that [Op1](P) C [Opi](P1) N --- N [Op1](Pn), and
hence, @ N [Op1](P) = 0. But [0pi](P) = W \ [Opi](W \ P), so we get
Q C [Op1J(W \ P), so s C [Op1](W \ P), and, by the assumption, it follows
that x € W\ P, contradiction with z € P. Thus, we proved (2) that Wy has
the fip.

Now, because g is a compact frame, (2) implies that Wy has a non-empty
intersection, so there is a y € W such that: y € ({Q € W | s C @} (3) and
y € (IOpi](P) | x € P & P € W} (4). It follows immediately from (3) that
y € s. Let R be either R(k) if O~! is the reversed diamond ¢} ', or R(k)~!,
otherwise. We now also prove that it follows from (4) that (y,z) € R, i.e.
x € [0~ 'p1](s), contradiction with the assumption that z ¢ [0 ~'p1](s), thus
prove that ({P € W | s C [Op1](P)} C [0 1p1](s).

Now, suppose that (y,z) ¢ R. By the tightness of g, there would be a
P € W witnessing (y,z) ¢ R, that is, x € P while y ¢ [Op1](P). But this
contradicts (4), thus (y,z) € R. O

Corollary 64 Let L be a type I language and let L’ be its hybrid temporal
extension. Let { be any diamond of L or any reversed diamond of L’. Then
Op1 is a closed operator in L.

Proof This is exactly point (b) of Proposition [63| above. O
Corollary 65 Let L be a type I language and let L’ be its hybrid temporal
extension. Let [ be any box of L or any reversed box of L. Then Op; is an

open operator in L.

Proof Follows by Corollary [64] see the proof of Proposition point 2. [
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Proposition 66 Let g be a descriptive general frame for some language.
Then every non-empty set of closed sets that has the fip, has a non-empty
intersection.

Proof This proof is adapted from [8], pages 316-318.
Follows directly from the fact that g is compact, and by examining the
definition of a closed set. O

Definition 67 (Downward directed family) . Let {P;};c; be a family of
subsets of the set W, for some index set I. { P; };cr is a downward directed family
of sets iff for all x € {P;};er and for all y € {P,;}icr, there is a z € {P,;};er such
that z Cx & z C y.

Proposition 68 (Esakia’s Lemma for ) . Let L be a type I language. Let
O be any diamond of Oy of L. Let g = (W, R, W) be a descriptive frame for L,
and let I be some index, hence, non-empty, set. Then for every downward
directed family of nonempty closed for g sets {P;};cs, it is the case that

[0l (Micr {Pi}) = Mic {TOPI (P}

Proof The left to right inclusion is a special case of Proposition[62]and follows
directly from there. Thus we get [Op1](N;cr{FPi}) € Nicr{IOPL](P)}

Let R be R(k). For any = € W, we denote by R(x) theset {y € W | (z,y) €
R}. Now, let z € ;¢ {[Op1](F;)}. Suppose for the sake of contradiction that
z ¢ [Op1](Nief{Bi}). Then, for all y € N,c;{P}, (z,y) ¢ R. Then, R(x) N
(P = (1),

Clearly € (\;c;/{wo € W | Iy € P; : (wo,y) € R}. Then for all i € I,
there is a y € P; such that (z,y) € R. Thus for all ¢ € I, it is the case that
(R(x) N P) £ (2).

Now, because { P, };c; is a downward directed family of non-empty of closed
(with respect g) sets, we have that for all i € I, for all j € I, thereis a k € I,
such that P, C P; N P;, and also we have that for all &k € I, P, # 0. Thus,
for all < € I, for all j € I: P, N P; # (. But we also have (2), and that each
C; is non-empty, thus we get that {R(z)} U {P;}ier has the fip. Because of
Proposition we have that R(x) is closed, and because of proposition |66} we
have that (({R(x)} U{P;}icr) # 0 because {R(x)} U{P;}icr is a set of closed
sets with the fip. But N({R(z)} U {P;}icr) # 0 contradicts (1), and hence,
z € [Op](Mie{Pi})-

Finally, we conclude that [Op1](N;c/{F}) = Nier[OPL](F)} O

Proposition 69 (Esakia’s Lemma for ¢! in L’) Let L be a type 1 language
and let L’ be its hybrid temporal temporal extension. Let g = (W, R, W)
be a descriptive frame for L, and let I be some index set. Then for every
downward directed family of nonempty closed with respect to g sets {P,}icr,
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and any reversed diamond ™! of L, it is the case that [0 'p1](N;c {P}) =

Nic {10 1] (Pi)}-

Proof The inclusion [0 'pi](Mic/{B}) € Nic A0 p1](P)} is a special
case of proposition [62] and follows directly from there.

Let O be the diamond of L with the same index as 1.

Let 2 ¢ [0 Pl AP, ie. [0p1]({z}) N (N LP:}) = 0. Because g is
descriptive, we have that {z} is closed by Proposition and, by Proposition
[Op1]({x}) is also closed. Hence, [Op1]({z}) U{P;}icr is a family of closed
with respect to g sets with the empty intersection, which, by Proposition [66]
cannot have the fip. Thus, there is a finite subfamily {Py,..., P,} C {P;}ier
such that [Op1]({z})NPiN---NP, = (). Because { P; };cs is downward directed,
there exists a P € {P;};es such that P C ({P1,..., P} and [Op1]({z}) NP =
0. But then = ¢ [0~ 'p1](P), and hence, z ¢ N,/ {[0 ' ](F)}- O

Proposition 70 Let L be a type I language and let L’ be its hybrid temporal
extension. Every syntactically closed with respect to L formula of L’ is a closed
formula in L, and every syntactically open with respect to L formula of L' is
an open formula in L (with respect to the descriptive frames for L).

Proof Because we have descriptive frames for L, we can use the facts that
Op1 for any diamond or reversed diamond ¢ of L, and Op; for any box or
reversed box [ of L are both closed and open operators in L; {~'p; for any
reversed diamond ¢~! which is not in L is a closed operator L; and O~ 'p; for
any reversed box (07! of L’ which is not in L is an open operator in L. The
proof is by induction, using Definition [56], the above-mentioned facts, and that
singletons are closed in descriptive frames (by Proposition . O

Proposition 71 Let L be a type I language and let L’ be its hybrid temporal
extension. Let A € L' be a syntactically closed with respect to L formula,
with PROP(A) C {q1,.--,qn,p}, and NOM(A) C {c1,...,¢cm}, and let A be
positive in p. Let g = (W, R, W) be a descriptive frame for L. Then, for all
Q1y.- -, Qn €W, xy, ..., 2, € W, and P € C(W), it is the case that:
[A](Q1,...,Qn, P,x1,...,xy) is closed with respect to g.

Proof If A is not in negation normal form, we choose A to be a semantically
equivalent formula in negation normal form, and clearly we can choose it to also
be syntactically closed with respect to L. Because of the semantic equivalence
of the two formulas, their operators for g will be equal. For the rest of the
proof, we will consider A to be in negation normal form.

Because A is in negation normal form, we may assume that reversed boxes
of L', which are not in L, do not occur in A, as any such occurrence would
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have to be negative, and rewriting the formula into negation normal form would
change it into a reversed diamond of L'.

We proceed by induction on A.

If Ais T, L, or one of the atoms ¢1, ..., qn, P, C1, - - . , Cm, then it is clear that
[A](Q1, ..., Qn, P,x1,...,2y) is a closed set, as we use the facts that ) € W,
W € W, and that every singleton is closed in descriptive frames. Such is also

the case if A is the negation of a propositional variable from among ¢1, ..., ¢n,
because @1, ...,Q, are clopen as admissible sets in g.
The cases where A is the negation of p or one of ¢y, ..., ¢, do not happen,

by the definition of A and because A is in negation normal form.

The cases for A and V follow since the finite unions and intersections of
closed sets are closed. For finite unions, the result is an intersection of finite
unions of admissible sets (by applying De Morgan’s laws), and for intersections,
the result is immediate by the definition of a closed set.

The cases for diamonds and reversed diamonds of L’ follow by Corollary
04!

The cases for the boxes and reversed boxes of L follow by Proposition
O

Proposition 72 (Esakia’s Lemma for Syntactically Closed Formulas)
Let L be a type I language and let L’ be its hybrid temporal extension. Let
A € L be a syntactically closed in L formula with PROP(A) C {q1, ..., qn, P}
and NOM(A) C {ci,...,cm}, which is positive in p. Let g = (W, R, W) be a
descriptive frame for L. Then, for all Q1,...,Qn € W, x1,..., 2, € W, and
downwards directed family of closed sets { P, };cr for some index set I, it is the
case that:

[[A]](Ql, .. .,Qn,ﬂiel{Pi},fL’l, . .,.’/‘Jm) = ﬂie[[[A]](Qlﬂ . ,Qn,PZ‘,CCl, . ,a:m).

Proof The proof is by induction on A. For brevity, we’ll omit the parameters
Q1,...,Qn,T1,..., Ty when writing (sub)formulas. As before, we assume that
the formulas are written in negation normal form, i.e. we may also assume that
reversed boxes of L' which are not in L do not occur, as all such occurrences
have to be negative, and rewriting in negation normal form changes these into
reversed diamonds.

The cases when Ais T, L, or among the atoms in A, one of q1,..., ¢n, p, c1,
...,Cm are trivial, as is the case when A is the negation of a propositional
variable among ¢i,...,q,. As before, the cases where A is the negation of p
or the negation of one of ¢y, ..., ¢, do not happen, by the definition of A and
because A is in negation normal form.

The inductive step in the case when A is in the form (Bj A Bs) is also
trivial.

Suppose A is of the form (B;V Bz). We have to show that [B1]((;c;{Fi})U

[Bal(Micr{Fi}) = Nier([B1(F) U [B2] ()
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For the left to right inclusion, let = € [Bi]((N;c{F:}) U [B2](Nicr{Fi})-
By the inductive hypothesis, 2 € (;c;[B1](F;) U ;e [B2] (F;). Without loss
of generality, let € (;c;[B1](F), i.e. for all i € I: x € [B1](F;). So, for all
i€l ac [Bi(P) N Bl(R). sox € Ny (IBI(R) U [B(P).

For the right to left inclusion, let = ¢ [B1](N,c/{F}) U [B2](Nic {B})-
By the inductive hypothesis, & (;c;[B1](F;) U ;c;[B2] (F;). Thus, there are
Py, Py € {P,;};cr such that = ¢ [B1](P1) and x ¢ [B2](P2). Because {P;}icr is
downward directed, there is a P € {P;}iecr, such that P C P; N P,. Because
Bj and Bsy are positive in p and hence (by Proposition upwards monotone
in p, it follows that = ¢ [B1](P) and = ¢ [Bz](P), and from here we get that
2 ¢ Nier([B1(P) U [Ba](P).

Suppose A is of the form B for some diamond or reversed diamond ¢ of
L. We have to show that [OB](N;c/{Fi}) = Nier[OB](F;). By the inductive
hypothesis, we have [OB]((;c{Fi}) = [Op1]Mic;[BI(F). If [B](F;) = 0 for
some i € I, then [Op1]N;c;[BI(F;) = 0 = ;e [0B](F;), so we may assume
that [B](P;) # () for all i € I. Then by Proposition [71] {[B](P;) | i € I} is a
family of non-empty closed sets. Moreover, we prove that {[B](F;) | i € I}
is downward directed. Because, consider any finite number of elements of
{[BI(P) | i €I}, [B](Pr),...,[B](Pg). Then there is some P € {P;};c; such
that P C (V;_,{P;}. But then, [B](P) € {[B](P;) | i € I} and [B](P) C
ﬂ;?:l[[B]](Pj) by the upward monotonicity of B in p. Now, we may apply
Proposition (68| (Esakia’s Lemma for ¢) and conclude that [OB]((;c/{F}) =
Nies[OBI(F).

The case when A is of the form (!B for some reversed diamond ¢~ of I/
which is not in L is verbatim the same, except that we appeal to Proposition
(Esakia’s Lemma for ¢ ') instead of Proposition

Lastly, consider the case when A is of the form [JB for some box [J of L. The
result follows by the inductive hypothesis and the fact that [Op;] distributes
over arbitrary intersections of subsets of W, as seen in Proposition O

Proposition 73 Let L be a type I language. Let g = (W, R, W) be a descriptive
frame for L. Let s be a closed set with respect to g, s = (J{P € W | s C P}.
Then, {P € W | s C P} is a downward directed family of closed with respect
to g sets.

Proof First, every admissible set is closed, so {P € W | s C P} is a family
of closed with respect to g sets. To see that {P € W | s C P} is downwards
directed, let P, Py € {P € W | s C P}. Then s C Py N P,, and also Py N P is
an admissible set, therefore PN Py € {P € W|s C P}. O

To finish the proof of the first result of Proposition regarding type
1 languages and the Ackermann rule, we only require one more result. The

40



proof then follows by the second result of Proposition [50| and by the following
Proposition [74}

Proposition 74 (Ackermann Lemma for Descriptive Frames) Let L be
a type I language and let L’ be its hybrid temporal extension. Let:

1. g = (W, R, W) be a descriptive frame for L, or a Kripke frame for L (in this
case, we take W = P(WW)).

2. {q1,...,qn,p} be different propositional variables from PROP.

3. A be a syntactically closed with respect to L formula in L' with PROP(A) C
{q1,...,qn} and NOM(A) C {c1,...,cm}

4. B be a syntactically open with respect to L formula in L' with PROP(B) C
{q1,...,qn,p} and NOM(A) C {c1,...,cm}, which is negative in p

Then for all Q1,...,Q, € W and all z1,...,z, € W, it is the case that:
[BI(Q1,. .-, Qn, [Al(Q1, -, Qny 15, T0), 01,y Tn) = W

if and only if there is a P € W such that:

[[A]](Ql, .. .,Qn,xl, ce ,.1'n) C P and

IIB]](QM ey Qn,P,l’l, e ,xn) =W.

Proof The implication from right to left follows by Proposition [46] by the
downwards monotonicity of B in p.

For the converse, let Q1,...,Q, € W and let z1,...,x, € W. We denote:

AO =def [[A]](Ql, ce ,Qn,xl, ey .’L'n), where Ao - W;
Bo(P) =aef [B](Q1,...,Qn, P,x1,...,25),
where P C W and By(P) : P(W) — P(WW) is a function over subsets of W.

If g is a Kripke frame, i.e. W = P(WW), we simply take P = A, because all
subsets of W are admissible.

Now, assume that g is a descriptive frame and By(Ao) = W. Let B’ be the
negation of B written in negation normal form. Then B’ is a syntactically closed
formula, B’ is positive in p, and we again denote B{(P) to be the corresponding
function over subsets of W with B{(P) =4 [B'](Q1,...,Qn, P, x1,...,Tn).
We have that and B(j(A4yg) = 0. We need to find an admissible set P € W
such that Ag C P and Bj(P) = 0. Since A is a syntactically closed formula,
it follows by Proposition that Ag is a closed with respect to g subset of
W and hence that Ag = N{S € W | Ay C S}. By Proposition {SeW|
Ay C S} is a downward directed family of closed sets with respect to g. Hence
B = By(Ao) = By(N{S € W | Ay € S}) = (UB4(S) | S € W & A C S},
by Proposition for B’, which requires B’ to be positive in p. Again by
proposition 70}, {B{(S) | S € W & Ay C S} is a family of closed with respect to
g sets with an empty intersection. Hence, by the compactness of g (Proposition
66), {By(S) | S € W & Ay C S} doesn’t have the fip, and we can also
see that it’s non-empty (take for example S = W). Hence there is a finite
subfamily, S1,...,S, € {S € W | Ay C S}, such that ﬂ;?:l{B(’)(Sj)} = (. But
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then Sy =ger ﬂ;?:l{Sj} is an admissible set, Ag C Sp, and B((Sp) = 0, i.e.
By(S) = W. Hence, we can choose P = 5. O

3.5 The Algorithm Deterministic SQEMA

We now describe a deterministic version of the SQEMA algorithm from [17].
Ifois = A(x1,---, Xm), we denote by o[x;//xX1, - Xom): 7 AX1, -+, Xj-1,

/

X1y -+ 7X:’n7Xj+17 cee 7Xn)‘
We denote by o[p//—p] the system of equations, produced from o, where,

simultaneously, every positive occurrence of p has been replaced with —p and
every occurrence of —p has been replaced with p.

Below, by boxes we mean any box or reversed box, and by diamond we
mean any diamond or reversed diamond.

Definition 75 (The algorithm Deterministic SQEMA)

INPUT: A € L, where L is a type I or a type 2 language and L’ is its hybrid
temporal extension.

OUTPUT: (success, fol(A)) or (failure)

STEP 1: Rewrite A in negation normal form. Then, distribute all boxes,
which are not in the scope of a diamond, and all disjunctions, over conjunctions
as much as possible, using the semantic equivalences:

Rule 1.1: D(Al A AQ) = (DAl A DAQ)
Rule 1.2: ((Al VAN Ag) vV Ag) = ((Al V Ag) VAN (A2 V Ag))
Rule 1.3: (Al V (A2 VAN A3>) = ((Al V AQ) VAN (A1 V Ag))

Thus, obtain A = A(A1,...,A,) where no further applications of rules
1.1, 1.2 or 1.3 are possible on any A;. Now reserve the nominal ¢, such that
all nominals occurring in A are among cy, ..., c,_1, and use it throughout the
steps. Proceed with STEP 2, applied separately on each of the subformulas A;,
and if it succeeds for all A;, proceed to STEP 5. Otherwise, if anyone of the
branches for a single i fails, then return (failure) as output and stop.

STEP 2: Let A; be one of the conjuncts from STEP 1. Let A’ be the
normalized form, of —A;, which we define below, but for now it suffices to
know that it means that A’ is in negation normal form, and any variable, that
occurs only positively or negatively in —A; has been replaced, by the positive
or negative elimination rules, with T, or L, respectively. Now, construct the
equation (—¢ Y A’), where ¢, is the nominal from STEP 1. By the equivalence
rule, try solving o: = A((—ex ¥ A’)) by proceeding to STEP 3, and then return
the result to STEP 1.

STEP 3: Let the current system be o. For every permutation of PROP (o),
try it as the wvariable elimination order, trying to eliminate each variable in
that order with a new, empty backtracking stack to be used with the current
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permutation, by proceeding to STEP 4. If a permutation succeeds, and thus, all
propositional variables have been eliminated from the current system, proceed
to STEP 5. If all elimination orders fail, report failure for the current system
and go back to executing STEP 2.

STEP 4: Take the propositional variable p that has to be eliminated and
the system o( as input. Save a backtracking context (p,oq), to the stack for
the application of the polarity reversing rule, but only if the input hasn’t come
out of the stack. Deterministically apply the SQEMA rules in order to try
eliminating all occurrences of p, converting og to 1. Use the deterministic
strategy for SQEMA rules application which is shown below. If p has been
eliminated, report success and return the normalized form of o1 (defined below)
to STEP 3 to try eliminating the remaining variables. If this fails, check if the
backtracking stack is empty. If it is empty, report failure to eliminate p and
resume executing STEP 3 to try other permutations. Otherwise, backtrack to
the context (p/, o)) from the top of the stack, which may apply to a previous
variable, then execute STEP 4 with p’ and o{[p’//—p'], skipping the saving of
backtracking context.

STEP 5: If this step is reached by all branches of the execution, then
all propositional variables have been eliminated from all systems resulting

from the input formula. Let all pure systems be o1,...,0,. For each pure
system o;, let NOM (0;) \ {ck} = {Cji" e ,lei'}, and let ¢p,, be such that all
nominals occurring in {cg,0;} are among ci, ..., ¢p,—1. Using the Standard

Translation Lemma (42 let fol;(A) be: V.. Vg rm, st(mi+1,zm,,04). Let

fol(A) be A(foly(A),...,fol,(A)), by the Conjunétion Lemma [43] Return the
result (success, fol(A)). Stop.

Now, we define: a) the normalization of a formula used in STEP 2 with
diamond extraction, b) the normalization of a system of equations used in
STEP 4, and c) the deterministic SQEMA rules application strategy.

Definition 76 (Main normalization rules) We say that A is normalized
iff the following rules cannot be applied any more to any subformula of A:

1. —\—\A1 = Al.

2. —|(A1 vV Ag) = (—|A1 VAN —|A2).

3. —\(A1 AN Ag) = <—\A1 V —|A2).

4. ((A1NA2)VA3) = ((A1VA3) AN (A2 V A3)) (this is the same as SQEMA’s
Rule 1.2 in STEP 1).

5. (A1V(A2NA3)) = ((A1VA2) A (A1V A3)) (this is the same as SQEMA’s
Rule 1.3 in STEP 1).

We say that these three rules are the main normalization rules, or just the
main rules.

Clearly, a normalized formula is also in negation normal form.
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Definition 77 (Normalized equation) We say that an equation (1 Y 72)
is normalized iff both v and =9 are normalized formulas. Note that a formula,
which is an equation, may be a normalized equation but not a normalized
formula. For example, consider (—¢ ¥ (p A —=p)), which is clearly a normalized
equation, but it is not a normalized formula, because the main rule 5. is
applicable.

Definition 78 (Normalized system) We say that a system o is normalized
iff all equations in o are normalized. Note that as a formula, no system is
normalized because it is clearly not in negation normal form.

In the rules given below, we are influenced by the work of Hughes and
Cresswell in [39]. In Chapter Three, they discuss how an S5 formula is reducible
to a formula of modal depth one, using rules similar to the rules below for the
universal modality. This is no coincidence, because the universal modality is a
kind of an S5 modality. Also, the author’s conjecture is that because of the way
Deterministic SQEMA uses normalization, the algorithm succeeds on formulas
of modal depth one; it is a fact that formulas of modal depth 1 have first-order
correspondents, noticed by van Benthem in [56][57].

We use the table below, where [J is any box or reversed box, and ¢ is any

diamond or reversed diamond:
For j € {1,2}, we use U; for either [U] or (U), we use {, for either V or A.

Replace with Replace with
(c1 = (U)ca) T (U1 Vye), for v =—y | T
U1 Uzy Usy (U)y Vv o) (U)y
OUy (UryvOl) (U)y V) Uy
(U011 § Uay2) | (Ui § Uay2) || (({U)y A O7) O
[UI(Uim § 72) (Ui § [Ulr2) || (U)y A7) 2l
[U]-c 1 (U Av2), for o =-m | L
OUy Uiy AOT) ([Uly A Ov) [Uly
(U)(Urn1 § Uaya) | (Ui § Uary2) || ([Uy A7) [Uly
(U)Y(U § 72) (Ui § (U)y2) || ([Uly v Ov) Ly
(U)c T (Ulyv9) gl
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Replace with Replace with

-T 1L -1 T

(yVvT) T (YAT) ¥

(vv1) gl (vAL) 1

(YVv7) ¥ (Y A7) v

(71 Vy2), for 41 = =9 T (71 A 2), for 41 = 9 1

(71 V 72) (in CNF) (Y2Vm) (71 A 72) (in CNF) (Y2 A1)

(71 V(72 V3)) (in CNF) | ((71Vy2) Vs) || (1 A (2 Avz)) (in CNF) | (71 Aye) Ays)
aT T oL 1

(071 V 072) Oy Vy2) (Oy1 AOrg) Oy Av2)

Definition 79 (Eliminating Normalization Procedure) We say that a
procedure is an eliminating normalization procedure iff its input is a modal
formula, its output is a modal formula, it is terminating, deterministic, and it
converts its input formula A into negation normal form by applying the main
rules 1., 2., and 3. to subformulas of A as much as possible, finally obtaining
A’, and then the procedure uses subformula rewriting by applying all the main
rules to subformulas of A’ until none of them may be applied further, while also
possibly applying the rules in the above tables, using the rules marked with
(in CNF) only for re-arranging a conjunctive normal form’s subformulas into
some kind of ordering (without looping forever), replaces all variables, which
either occur only positively or occur only negatively in the formula with T or L
respectively, does no other kinds of modifications to the formula, and its output
does not contain any subformulas of the kind =T, =L, (L { v), or (v { 1),
and contains no variables which occur only positively or only negatively.

a) It is clear how we can obtain a formula in negation normal form for a
given -, such that [y L and 0o 1 do not occur, because these are semantically
equivalent to [U] and (U). We use this procedure to reduce the number of
subformulas in the output, by applying the above equivalence rules for some
obvious boolean and modal laws, as well as the above rules for the universal
modality. Then, we define a procedure for constructing a conjunctive normal
form, using the standard definition of this notion. It is clear how this normal
form can be constructed. During this construction, also perform diamond
extraction, applying the rule (0A’ vV 0A”) = O(A' Vv A”). Attempt to eliminate
semantically equivalent or opposite members of any disjunction, by comparing
their normal forms. The output must not have subformulas of the kind =T,
-1, (J- Q ’Y)v or (7</\ )

Two improvements can be made: during the elimination, a tableaux method
for the input language could be used to prove an equivalence, instead of
comparing normal forms. Also, in the conjunction construction phase, modal
resolution can be performed, as in example 6.14 of [18].
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This is the normalization procedure for v, which produces the normal form
of «v: First, convert + to negation normal form, then convert the result to
conjunctive normal form simultaneously performing diamond extraction, by
the equivalence rule, then perform box extraction using the semantic equivalence
(0A; ANOAy) = O(A1 A Az), and finally replace any variables that occur either
only positively or only negatively in v with T, or L, respectively. Repeat the
whole process until no further changes to the formula can be made.

Clearly, the normalization procedure for single formulas that Deterministic
SQEMA uses is an eliminating normalization procedure by Definition [79]

Definition 80 (System Normalization Procedure) We say that a
procedure to convert a system — A(x1,...,Xn) into another system o’ is a
system mormalization procedure iff it produces Ag from A(x1,-..,Xxn) by
applying the rules =T = 1, =1 = T, (yV L) = v, and (L V~y) = ~ to its
subformulas as much as possible, then produces A; from Ag via an eliminating
normalization procedure by Definition and finally forms its result ¢’ as
either = A\(A;) if A; is of the kind (¢ V Aj), or otherwise =~ A((L Y A1)).

b) Now, we normalize a system of equations o. Let o be = A(x1,...,Xn)-
Let A’ be the normal form of A(x1,...,xn). If A" is of the kind (—c Vv A”),
then the normal form of o is = A((—c ¥ A”)); otherwise, it is = A((L Y A")).

Clearly, the normalization procedure of Deterministic SQEMA for systems
is equivalent to a system normalization procedure according to Definition

¢) The deterministic strategy for applying the SQEMA rules for a given
variable p is to use the step function (given below) repeatedly until either a
formula without occurrences of p is reached, or failure is obtained.

Definition 81 (Deterministic SQEMA Step) We describe a single step of
the strategy, which is uniquely defined for ¢ and p.

(1) If p X* o, then the result is o.

(2) Else, if 0 is “A{(cqa ¥ p), ..., (o, ¥ D), B1s---,Bny,01,-..,0n,}, where
ng >0,my >0, >0,p X {a1,...,0n,,01,...,00,}, and Bi,..., By,
are formulas which are negative in p, then we can apply the Ackermann
rule for p and o. Let for 1 <1 < ny, 3] be obtained from ; by replacing all
occurrences of —p with A(aiq,...,ap,). Then the result for o is
o /\(/81’ s 75?,1]]7917 ey Ony).

(3) If we are not in any of the above two cases, then there is at least one
positive occurrence of p in o, which is not in an equation of the kind
(a Y p), such that p X' «a. For convenience, let o be = A(x1,---,Xm),
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let j be the least number, such that p occurs positively in x;, X; is not
as described, and let x; be (A" Y A;).

(3.1) If Ay is (Aa A A3), then, by the equivalence rule, the result for o is
alx;//(A"Y As), (A"Y Ag)].

(3.2) If Ay is (A2 V A3), then there are three cases. If p X' A, then
by the equivalence rule the result for o is o[y;//((A"V A2) ¥ A3)].
Otherwise, if p X* Ajs, then, by the equivalence rule, the result for
ois olx;j//((A"V A3) ¥ Ay)]. Otherwise, the result for o is failure.

(3.3) If Ay is A9, by the box rule, the result for o is o[y, //(O"1TA" ¥V A;)].

(3.4) If Ay is QA2 and A’ is either = or (L V —¢’), then, by the diamond
rule, let ¢’ be a new nominal, then the result for o' is
o[ /(¢ = 0c), (=" ¥ Ay)]

(3.5) If we are not in any of the above four cases, the result for o is
failure.

It is immediate that the above describes a uniquely defined effective function
over the systems of equations and propositional variables. We denote the
function by step.

Immediately by the definition of step, we have that o z,‘j step(o,p) for
type I input languages, and o %gi step(o, p) for type 2input languages, by the
correctness of the SQEMA rules, Proposition [50]

We prove that the application of step can be composed only finitely many
times for a starting o and a given p, before reaching either a o/, such that
p X' o', or failure.

Indeed, if the result is ever obtained by (1), (2), (3.5), or the failing condition
of (3.2), it is clear that this is the final application of step. Therefore, suppose
there is an infinite sequence of results, obtained by (3.1), (3.3), (3.4), or the
non-failing conditions of (3.2). Then, there is an infinite sequence og, 071, ...,
and let Sp, S1,... be the sum of lengths of right-hand sides of equations in
the corresponding o-s. It is clear that Sp > 0 and for 7 < j, S; > S, which is
impossible. Therefore, we can only apply step a finite number of times. O

Lemma 82 (Main Deterministic SQEMA Lemma) Let o be a system
of equations that Deterministic SQEMA works on. Then the following hold:

i. 0 is a normalized system, except in STEP 4 between an application of
the Ackermann Rule (which is case 2. of the function step) and the subsequent
system normalization.

ii. In the left-hand side of each equation, there are no conjunctions outside
the scope of a box or a diamond.

iii. If we are in STEP 4 of Deterministic SQEMA with a variable p to
eliminate, then the left-hand side of any equation in ¢ does not contain
occurrences of p.
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iv. If L, the modal language of the input formula, is a type 1 language,
and if L’ is its hybrid temporal extension, then o is a syntactically closed with
respect to L formula of L’ with its equations being syntactically open with
respect to L formulas of L.

Proof Condition iv. above can be checked immediately by checking all possible
rules that Deterministic SQEMA, including step, applies to its systems.

In STEP 2, we take the conjunct A; and wuse an eliminating
normalization procedure to convert —A; into A’, then we form a system with the
only equation (—c¢ Y A’). Clearly, the only equation in this system is normalized,
i.e. the main rules cannot be applied further on any subformula of A’ or on any
subformula of —¢. Also, there are no conjunctions or variables in the left-hand
side of the equation.

In STEP 4, we run the Deterministic SQEMA strategy, which is to run
the step function, converting the current system into another one, occasionally
backtracking and replacing the current system with a system, where a variable’s
polarity has been switched.

In STEP 4, after eliminating a variable from a system, we use an eliminating
normalization procedure to convert —o to a normalized formula Ag, then we
construct a new system o', which is either = A((—cV Ay)) if Ag is (meV Ay) or
otherwise = A((L ¥ Ap)). Because Ay is normalized, then so is the system o’.
Also, there are no conjunctions or variables in the left-hand side of the single
equation of o’.

Let p be the current variable to eliminate in STEP 4. It remains only to
see that if o has the desired properties, then step(o,p) is either failure or a
system with the desired properties.

Let p be the current variable to eliminate in STEP 4. Let ¢ be the input
system, which is normalized, there are no conjunctions in the left-hand side of
any equation of ¢ outside the scope of a box or a diamond, and p does not
occur in any left-hand side of any equation of 0. Let 0’ =4 step(o,p) be the
output system, in the cases when the output is not failure.

1. If the result is obtained by 1., the conditions hold.

2. If the result is obtained by 2., the Ackermann Rule, we only need
to prove conditions ii. and iii. We have that o is = A((a1 V p),..., (an, V
p),B1,- s By, 01,...,0n,). Because p X' o', clearly iii. holds for ¢’. Because
iii. holds for o, then the left-hand side of any §; hasn’t changed. This fact and
the fact that ii. holds for o shows that ii. holds for ¢’

3. If the result is obtained by 3.1, then we have split an equation on a
conjunction into two equations. Let x be the equation that has been split.
Let x be (A1 ¥ (A2 A As)). The equation x has been split into two equations
of o/, x1 =aer (A1 ¥ Az) and x2 =g¢r (A1 ¥ Aj3). Because the system o is
normalized, we have that the formula (A3 A A3) is normalized, so there are no
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possible applications of the main rules on any subformula of (As A A3). It is
enough to show that there are no possible applications of the main rules on
any subformula of any of the two formulas A and As. But this follows by the
fact that Ay and Asz are subformulas of (Aa A Ajg).

4. If the result is obtained by 3.2, then it is either failure, in which case the
condition holds, or o’. Let x =g (A1 ¥ (A2 V As3)) be the changed equation
of o, and let w.l.o.g. the resulting equation of ¢’ be X" =g¢r ((A1V A2) ¥ As3).

Consider (A; V Ag). Suppose for the sake of contradiction that As contains
a conjunction which is outside the scope of a box or a diamond. Let A} be the
longest subformula of Ay, which is a conjunction not in the scope of a box or a
diamond. Then either A4} is Ay, or A} w.l.o.g. occurs in a subformula (A} V A%)
of As. In both cases, either the main rule 4. or the main rule 5. is applicable to
(A2 V As), contradiction. We conclude that Ay does not have any conjunctions
which are not in the scope of a box or a diamond. Then clearly (A; V Az) also
does not have any conjunctions outside the scope of a box or a diamond.

All of Ay, Ay, Ag are already normalized formulas so it remains to see that
no main rule is applicable to (A; V A). Suppose one of the main rules 1., 2.,
or 3. is applicable to a subformula of (A; V Ag), then it is also applicable to a
subformula of either A; or Ao, contradiction. Now suppose that main rule 4.
or main rule 5. is applicable to a subformula of (A4; V A3). Because it is not
applicable to subformulas of either A; or As, it must be applicable directly to
(A1 V Az). But (A; V A2) contains no conjunctions outside the scope of a box
or a diamond, contradiction. Therefore x’ is a normalized equation.

5. If the result is obtained by 3.3, then the Box-Rule of SQEMA was applied.
Let the changed equation in o be x =g (A1 ¥ OA), and the resulting
equation in o’ be X’ =4¢s (07141 ¥ Ay). Clearly, 07 A4; has no conjunctions
outside the scope of a box or a diamond. Clearly, As is a normalized formula
because it is a subformula of the normalized formula [JAs. Now suppose for
the sake of contradiction that (J-'A; is not a normalized formula. Then some
main rule 1., 2., 3., 4., or 5. can be applied to a subformula of 0~'A4;. Then
the same main rule can be applied to a subformula of A7, contradiction.

6. If the result is obtained by 3.4, then the Diamond-Rule of SQEMA was
applied. Let the changed equation in o be x =45 (A1 ¥ 0Az), with Ay being
either —c or (L V =c¢), and the resulting equations in ¢’ be x| =g¢f (¢ = O¢)
and x5 =g (0¢ ¥ Aj). Clearly both equations are normalized and both
equations do not have in their left-hand side any conjunctions or variables.

7. If the result is obtained by 3.5, then the result is failure and the conditions
hold. O

Corollary 83 Let o be a system that Deterministic SQEMA works on in

STEP 4, let p be a current variable to eliminate, and let step(o,p) = failure.
Then there is an equation y in the system o, such that p occurs positively in
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x and x is either (A; Y (A V A3)) such that p o Ay and p S Ag, or x is
(A1 ¥ QAs2) such that A; is not a negated nominal and is not (L V —¢).

Proof Clearly failure may only be obtained either from 3.2, in which case
there is nothing to prove, or from 3.5. So let it be obtained from 3.5. Because
the result is not obtained from either 1 or 2, then let the first equation of o,
where p occurs positively and it is not in the form (a ¥ p) such that p * «, be
X- Suppose for the sake of contradiction that x is not of the kind (4; ¥ {As)
such that A; is not a negated nominal and is not (L V —¢). Then there are the
following cases:

1. x is of the kind (¢ = ¢c”). Contradicts the fact that p 7 x.

2. x is of the kind (A; ¥ p/). If p/ is p, then because x is not in the form
(a ¥ p) such that p &' «a, then p  A;. But this contradicts Lemma So p’

is not p. But then by Lemma p X' X, contradiction.

3. x is either of the kind (A; ¥ —p'), of the kind (A; Y ¢), or of the
kind (A7 Y —¢). Then because p occurs positively in y, then we get p S Aq,
contradicts Lemma

4. x is either of the kind (A; ¥ (Ay { As)) or of the kind (A4; Y TAy).
Contradicts the fact that the failure was obtained from 3.5.

5. x is of the kind (A; Y Q0 As). Clearly in this case, if A; is either a negated
nominal or (L V—c¢), then the result is obtained from 3.4, contradiction. So the
only possibility here is that A; is not a negated nominal and is not (L V —c¢),
but this contradicts the supposed property of .

In all cases, we have reached a contradiction. Thus we conclude that y is of
the kind (A7 Y Q) Ay) such that A; is not a negated nominal and is not (L V—c).
O

Also by Lemma[82] the SQEMA rules have been applied with accordance to
Definition[48] so by Theorem[32] we conclude that the formulas that Deterministic
SQEMA succeeds on are canonical with respect to L.

This concludes our definition of Deterministic SQEMA and the proof for
its soundness and termination.

We now use the above Main Deterministic SQEMA Lemma and its
Corollary [B3] to prove that Deterministic SQEMA succeeds on two popular
elementary classes of canonical formulas, the Sahlquist class and class of Inductive
formulas.

3.6 Examples
Here ¢ means {1 as in ML(O) and O means ;.
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3.6.1 (Cl — —|<>Cl)

Consider the formula (¢; = —0cy).

In STEP 1, we rewrite it in negation normal form, obtaining:

("Cl V D"Cl).

It is impossible to apply rules 1.1, 1.2 or 1.3 anymore. This we have a single
conjunct, 4; = (—¢; V O=eq).

In STEP 2, we need to normalize ~A; = —(—¢y V O-ey).

By Definition [79] first we obtain the negation normal form of —A;, which is
(Cl AN <>Cl).

None of the main rules are applicable to (¢; A Ocy).

Now, we reserve a nominal, ¢y, which does not occur in (¢; A {cy). The initial
equation is (—cg ¥ (e1 A Qcy)). The initial system is:

o1 = A((me2 ¥ (e1 A Ocr))).

In STEP 3, we pick the empty elimination order because there are no propositional
variables in ;. Clearly we have succeeded in eliminating all propositional variables
in the empty elimination order, so we proceed with STEP 5.

In STEP 5, we have the pure system o1 = = A((—c2 ¥ (¢1 A Qcy))). We take c3
as the next available nominal, and we set fol; = Vx13x3st(4,23,01). The result is
A(Va3xsst(4, x3,01)).

Let us see how st works here.

st(4 3, 7 A((me2 V (c1 A Q) = —st(4, 23, (mea V (c1 A der))) =
—(st(4, x3,nco) V st(4, x5, (1 A Qcy))) =
(—st(4, z3,c0) V (st(4, x3,¢1) A st(4,x3,0c1))) =
(=(x3 =x2) V (3 = 21) A Jzg((x3 1 24) A SE(D, cl)))) =
(_\(CC3 = 1’2) \ ((Ig == Il) AN 31‘4((173 T 134) ( Ty =
So, the final result is:

Vo 3zs—(—(zs = 22) V (23 = 21) A Jxg((x3 71 24) A (T4 = 21)))
After some simplification, we obtain the result:

Y(xe) = Vo1 ((xe = x1) = — (22 71 21)).

which can be further simplified to:

-
-
-

~—

(xe) = —(x2 11 x2), the local irreflexivity condition.

3.6.2 ((O0p — OOp) Vv (Op — Op))

Consider the formula ((O0p — OOp)V (dp — Op)). This is a formula on which
the classical SQEMA fails.

In STEP 1, we rewrite it in negation normal form, obtaining:

(OOp v OO=p V Op V O=p).

It is impossible to apply rules 1.1, 1.2 or 1.3 anymore. This we have a single
conjunct, 4; = (OOp vV O0-p V Op V O—p).

In STEP 2, we need to normalize —A; = =(00p vV 00-p V Op V O—p).

By Definition [79] first we obtain the negation normal form of —A;, which is
(O0=p A (B0p A (O-p Ap))).

Now, none of the main rules are applicable to the above, but the box extraction
rule is applicable. Thus we obtain (O0—p A (O0p A O(—p A p))).
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The next rule that is applied is replacing (1 A v2) with 1 when the normalized
forms of 1 and —y, are the same formula. Here, both of these are —p and thus we
obtain the formula (O0—p A (O0p AOL)).

We apply box extraction again, obtaining (O0—p A O(Op A L)).

Now we replace (v A L) with L, obtaining (O0—-p AOL).

Box extraction is applied again, obtaining O(O—p A L).

Using the same rule as before, we obtain [J1. No more rules can be applied.

Now, we reserve a nominal, ¢, which does not occur in [JL. The initial equation
is (—mep Y OL). The initial system is o1 = = A((—e¢p ¥ O1)).

In STEP 3, we pick the empty elimination order because there are no propositional
variables in oy. Clearly we have succeeded eliminating all variables in the empty
elimination order, so we proceed with STEP 5.

In STEP 5, we have the pure system o3 = = A((-c; ¥ OL1)). We take ¢y
as the next available nominal, and we set fol; = Jxast(3,z2,01). The result is
N(3zast(3,22,01)).

After some simplification and renaming of individual variables, we obtain the
result 3z1(x 71 21).

Here we can see the value of the box extracting rule, allowing Deterministic

SQEMA to succeed where the classic SQEMA fails.

3.6.3 ((U)p— (U)0p)
Let us consider the formula ((U)p — (U)Op).

In STEP 1, we rewrite it to negation normal form, obtaining

Ay = ([U]-p V (U)Op), where it is impossible to apply rules 1.1, 1.2, or 1.3.

In STEP 2, we normalize —=A4; = —=([U]-p V (U)Op).

We obtain the negation normal form of —A;, which is ((U)p A [U]O-p). No more
rules for normalization can be applied, except for the ones marked with CNF, which
do not apply here.

Now we reserve the nominal c;.

The initial system is o1 = = A((—e1 ¥ ((U)p A [U]O-p))).

In STEP 3, we chose (p) as the variable eliminating order with an empty backtracking
stack and proceed to STEP 4.

In STEP 4, we save a backtracking context (p, o), which will not be necessary,
as we see below.

We now apply the Deterministic SQEMA strategy, which is to call step as many
times as possible, until obtaining either failure or a pure system:

First, step splits on a conjunction: oo = = A((—e1 ¥ (U)p), (—er ¥ [U]0-p)

Then, step applies the (-rule:

o3 == \((er = (U)ez), (me2 ¥ p), (mer ¥ [U]0-p))

Now, step applies the Ackermann rule:

o1 == N((c1 = (U)e2), (mer ¥ [U]Hez))

Because o4 is a pure system, we return to STEP 3, going to STEP 5:

We choose the new nominal c3 and set fol; = VagJwsst(4,x3,04). Let fol =
A(foly), which is our result. After simplification and renaming of the individual
variables, we obtain: Vy;3z1 (21 71 y1).
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3.6.4 ((0O(p — q) AOO(g — p)) = 00(p <> q))

Let us consider the formula ((00(p — q) A O0(¢ — p)) — 00(p <> q)).

As we see below, Deterministic SQEMA fails on this formula, however,
in [19], the original authors of SQEMA present an extension of SQEMA,
SQEMAS®"_ which is capable of handling this formula by converting it using
a reversible substitution into an inductive formula, on which SQEMA can
succeed. The substitution would be the following:

L. T(q1) =—pVa.
2. T(q2) =pV —q.
3.T(g3) =pVaq.

The reversed substitution is:

L.S(p)=a g

2.5(¢) = N1

Thus the formula becomes: ((OOq1 A 00g2) — O0(q1 A ¢2)).

A good future work item for Deterministic SQEMA and its implementation
is to include this extension of SQEMA.

Now, let us go back to the original formula and see how Deterministic
SQEMA fails on it.

In STEP 1, we first obtain a negation normal form of the input formula, which is:

A1 =00(p A =q) VOO(g A =p) VOO((=p V q) A (=g V p)).

There is a single conjunct in the above, so now we proceed to STEP 2.

In STEP 2, we have to normalize = A;. First, we obtain a negation normal form:

OO(=p Vv q) AOO(=g vV p) AOO((p A —q) V (g A —p)).

Now, we distribute V over A and obtain:

O0(—pV q) AOO(—gVp) AOO((pV @) AlpV —p)A(qgV—q) A (—pV —q)).

Now, we may apply the rule of opposites:

O0(=pV @) AOO(=g Vp) ANOO((pV @) AT AgV —g) A(=pV —q)).

And again:

OO(=pV ) AOO(—gVp) AOO((pV O ATATA(-pV—q)).

Then we eliminate T from the conjunction:

O0(=pV @) AOO(—gV p) AOO((pV q) A (—pV —q)).

No more rules can be applied, except for the rules marked with CNF, so we
allocate a nominal, c¢;. The initial system is:

o1 == A((mer ¥ (08(=p vV @) AOO(=g V p) AOO((p V g) A (mp V —q)))))-

In STEP 3, we choose the elimination order (p,q) and an empty backtracking
stack, then we proceed to STEP 4 with p and o;.

In STEP 4, we save the backtracking context (p,o1) and start applying the step
function.

First, step(o1,p) splits on conjunction:

o2 =~ A\(

(mer Y OO(=p Vv q)),
(mer Y (O0(=g v p) AOO((pV @) A (=pV —q))))).-
And again, step(og,p) splits on conjunction:
o3 = N\(
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(mer Y OU(—p Vv q)),
(mer ¥ OU(~q V p)),
(mer YOO((pV @) A (mp V g))))-
Now, the {-rule is applied by step(os, p):
o5 ==\
(mer Y OO(=p Vv q)),
(Cl — 002)3
(me2 YO(—q V p)),
(mer Y BO((pV @) A (=p V —q)))).
Next, step(o4,p) applies the O-rule:
o5 == \(
(mer Y OO(=p V q)),
(Cl — 002),
(O~ =e2 Y (=g V p)),
(me1 YOO((p V@) A (=p V =q))))-
And now step(os, p) applies case 3.2:
o6 =~ \(
(mer Y OU(=p Vv q)),
(c1 = Oca),
(O =e2 V=) Y p),
(mer YOO((pV @) A (mp V q))))-
step(og, p) applies the O-rule:
o7 == /\(
(mer Y OU(—p V q)),
(c1 = Oca),
(O '=e2 Vv =g) Vp),
(O~ =1 Y O((pV @) A (=pV —q))))-
And step(or,p) fails.
Now, the configuration (p,o1) is popped from the backtracking stack and the
polarity of p is reversed, obtaining;:
os =2 A\((=e1 ¥ (00(p v ¢) A OD(=g V —p) ADO((=p V ) A (pV —9)))))-
First, step(os,p) splits on conjunction:
o9 == \(
(mer Y0O(p Vv q)),
(mer ¥ (O0(=g vV —p) ADO((—=p V @) A (pV —q)))))-
Now, step(og,p) applies the ¢-rule:
o10 = = A(
(—\Cl v <>C3)7
(mes YO(p V q)),
(mer Y (00(=g vV =p) ADO((=p V @) A (pV =9)))))-
step(ci0,p) applies the O-rule:
o1 = /\(
(me1 Y Ocs),
(@ 1-es ¥ (pV ),
(mer ¥ (O0(=g vV =p) ADO((=p V @) A (pV —q)))))-
step(oy1,p) applies case 3.2:
o12 = = A(
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(_\Cl ! <>Cg)7
(O 1~es V') ¥ p),
(mer ¥ (O0(=g vV =p) ADO((—=p V @) A (pV —q)))))-
step(oi2,p) splits on a conjunction:
o3 ="\
(me1 Y Ocs),
(O 'mes V') ¥ ),
(mer ¥ OU(q V —p)),
(mer Y OO((-p V) A (pV —q))))-
step(o13,p) applies the O-rule:
o1 =~ A(
(_‘Cl v <>c3)7
(O '=es V') ¥ ),
(mer ¥ 00(=g V —p)),
(O = Y O((mp V@) A (p V —9)))).
step(o14,p) fails.
The backtracking context is empty, so we return to STEP 3 with failure.
In STEP 3, we try the second permutation of the variables, (q,p), create a new
empty backtracking context, and proceed to STEP 4.
In STEP 4, we save the backtracking context (g, o1).
The current system is:
o1 =" A((mer ¥ (00(=p V q) AOO(=g vV p) ADO((p V g) A (=p V —q))))).
First, step(o1, q) splits on conjunction:
o5 = A(
(mer Y OO(=p Vv q)),
(me1 ¥ (00(=g v p) ADO((p V @) A (=P V =q)))))-
step(o1s, q) applies the ¢-rule:
o6 =~ A(
(mer Y Ocy),
(mea YO(=p V q)),
(me1 Y (00(=g v p) ADO((p V @) A (=P V =)))))-
step(o16, q) applies the O-rule:
o1 == A(
(mer Y Ocy),
(O7'=ea Y (= V),
(mer Y (OB(=g vV p) ATO((p V @) A (=P V —q)))))-
step(o17,q) applies case 3.2:
o1s =~ A(
(_‘Cl v <>C4)7
(O~ '=ea v -p) Y q),
(mer Y (OO(=gq v p) AOO((p V @) A (=p V —q))))).-
step(ois, q) splits on conjunction:
o19 =~ A(
(—‘01 v <>C4)
(O "'=ea vV —p) Y q),
(mer ¥ 00(—g V p)),
(me1 YOO((p V@) A (=p V =)

/—\
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step(o19, q) applies the O-rule:
o20 = = A(

(_'Cl v <>C4),

(O =ea vV =p) Y q),

(me1r Y O0(=g V p)),

(O =1 Y O((pV @) A (=p V —q))))-
step(o90, q) fails.
Backtracking occurs to context (g, o1). The polarity of ¢ is reversed, obtaining:
o21 =" A((mer ¥ (OO(=p V =¢) AOO(q vV p) ADO((pV —q) A (=p V q)))))-
step(o21,q) splits on conjunction:
022 =~ A\(

(mer Y OU(—p V 1)),

(me1 Y (O8(g V) AOO((pV =g) A (mp V q)))))-
step(oa2, q) splits on conjunction:
o23 =~ (

(me1 Y- OO(=p V —q)),

(mer Y 0U(q V p)),

(mer YOO((pV —q) A (mp V q))))-
step(oas, q) applies the ¢-rule:
o2 =7 A(

(mer Y OO(=p V 1q)),

(me1 ¥ Ocs),

(=cs ¥ O(g v ).

(mer YOO((pV —q) A (mp V q))))-
step(oa4,q) applies the O-rule:
025 = = A(

(mer ¥ 00(=p V =g)),

(_\Cl ! <>C5)7

(O~ '=es Y (g V),

(mer Y OO((pV —q) A (-p V q))))-
step(oas,q) applies case 3.2:
o26 = = A(

(mer Y O0(=p V =),

(me1 Y Qcs),

(O '=es Vp) Y ),

(me1 YOO((pV —q) A (=P V q))))-
step(oa6,q) applies the O-rule:
oar =2 A(

(mer Y OU(—p V 1)),

(e Y Qcs),

(O '=es Vp) Y ),

(O =1 Y O((pV =g) A (=p V 9))))-
step(oar, q) fails.
Because there is nothing to backtrack to, STEP 4 reports failure and returns to

STEP 3.

In STEP 3, there are no more permutations of the propositional variables to try.

STEP 3 reports failure and returns to STEP 2.
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In STEP 2, we are unable to solve the system ¢y and report failure to STEP 1.
In STEP 1, the result of Deterministic SQEMA is failure.

3.6.5 More Examples

Here, we skip some of the steps to illustrate some more examples:
Take the formula (OOp — Op).
The initial equation is (—e¢; Y O(0Op A —p)).
The elimination order is (p).
The initial system is
oo: 7 A((=er ¥ O(0p A —p))).
step(og, p) applies the O-rule, and the result is
o1 2 A((O 7 =er ¥ (Bp A =p))).
Then step(o1,p) is, by the semantic equivalence rule,
o2: 2 AN(B7 et Y. Op), (O =er ¥ —p))
Then the [-rule is applied:
o3 2 A(O710 ¢y ¥ p), (O 1=y Y —p))
Finally, the Ackermann rule is applied:
71 2 N(© e v A0 1))
After applying st and simplification, the following formula is the result:
Fz1((x 1 21) A Tza((z 11 22) A (227121)))

Now, let us consider (O0(pAq) V (BO((pVq) A (=pV—q)) VOO (—pA—q)))
A single system is produced, starting with elimination order (p, q):

o1: 2 A((mer ¥ (00(p v g) A (00(=p vV =¢) A OD((p vV —q) A (qV =p))))))

Then, the equation is split on a conjunction:

o2: 7 A((—er Y. 00(p V q)), (mer ¥ (O0(=p V =) AOD((p V =¢) A (g V —p)))))
The O-rule is applied:

o3: = A((e1 = Ocz), (me2¥O(pV()), (—er ¥.(OD(=pV —q) AOD((pV =) A(qV —p)))))
The O-rule is applied:

aa: 2 N((e1 = Oc2), (O =e2 Y.(p v g)), (mer ¥ (O0(=p V =g) AOB((p V —g) A (g V

-p)))))

Now, the equivalence rule is applied on a disjunction (3.2 of step):
50 = Al(er = Oca), (O™ ez Vg) Y p), (mer Y (O0(=p vV =g) AOD((p V —q) A (g V
—p)))))

Then, an equation is split on a conjunction:
a6: = \((c1 = Oca), (O~ =e2 Vg) Yp), (mer YOO(=p V =q)), (mer Y.OO((p V —g) A

¢V —p)))

Now, the {-rule is applied:
o7: 2 A((e1 = Oc2), (O =ea V g) Y p), (mer Y OO(—p V =q)), (c1 = Ocs), (mes V.

O((p vV —q) A (g V —p))))
The O-rule:

os: 7 A((er = Oc2), (O e2 V) Yp), (mer YOO(=pV —q)), (e1 = Oes), (A7 ez Y

((pV—=q) A(gV —p))))
Now, split on conjunction:

a9: 7 N((c1 = Oc), (O 1=eaVq) Yp), (—er YOO (=pV—q)), (c1 — Ocs), (O t=ez Vv
(pV—q)), (O ' =es Y (g V —p)))
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step, point 3.2:

a10: 2 A((e1 = Oca), (O~ =eaVq) Vp), (—e1 YOO(=pV—q)), (c1 — Ocs), (O~ 1=ezV
=q) ¥.p), (O7 =es Y (q V =p)))

Applying the Ackermann rule followed by applying the system normalization
procedure gives us the following system:

o1 ALY ((mer VOOO t=ez V =g)) A (O ey vV (O =e3 V@) A ((e1 —
0es) A (1 = 0cs)))))

Splitting twice on conjunction gives us:

O12: ™ /\((J_!(ﬁcl \/<>|:|(|]_1ﬁ03\/ﬁq))), (LY(D_lﬁCQ\/(D_lﬁCg),\/q))), (LY((Cl —
Oca) A (e1 — Oca))))

Now, applying 3.2 of step twice:

o12: 7 A((LY.(=er VOO(O ™ =e3v—q))), ((LVO t=ea) VO tes) YVa), (LY ((cr —
Ocz) A (e1 = Qcs))))

Finally, applying the Ackermann rule, translating and simplifying gives us:
VyrVyo (2 r1 y1) A(x 1 y2)) = Va1 ((x m1 21) = F22((y1 71 22) A(ya r1 2z2)A(21 7

22))))

3.7 Sahlqvist Formulas

The Sahlqvist formulas are simpler to deal with than the inductive formulas,
and here we examine them first to deal with a simpler case first.

In this section, ¢ stands for any diamond or reversed diamond, and [
means any box or reversed box.

We have adapted Definition 3.51 of [8], page 165.

We assume that a formula A is positive iff all occurrences of propositional
variables in it are positive. Here, we disregard the occurrences of nominals.
Again, we assume that a formula A is negative iff all occurrences of propositional
variables in it are negative, again disregarding any occurrences of nominals.

Definition 84 (Sahlqvist Formulas) A bozed atom is a formula A, which is
either a propositional variable p or (JA’, where A’ is a boxed atom. A Sahlquist
antecedent is a formula built up from T, 1, boxed atoms and negative formulas,
using A, V and ¢. A Sahlquist implication is of the form (A" — A”), where
A’ is a Sahlqvist antecedent and A” is positive. A Sahlquist formula (in the
classical definition) is built up from Sahlqvist implications by using boxes and
conjunctions, and by applying disjunctions only between formulas which do not
share propositional variables. An extended Sahlquist formula is built up from
Sahlqvist implications by using boxes, conjunctions, and disjunctions, where
the condition in [8] of using disjunctions is no longer necessary. From now on,
we simply say Sahlquist formula instead of extended Sahlquist formula.

Consider the formula (=0;01p; VO1p1), or, as a formula of ML(O), we may

simply write (-0OOp V Op). By the definition of implication, this is the defined
formula (OOp — Op). Clearly this is a Sahlqvist implication, where OCp is a
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boxed atom, and ¢p is positive. Thus, this formula is a Sahlqvist formula. Here
we see why we may not apply the same algorithm invariant as used for the non-
deterministic version SQEMA in [17]. In the original authors’ article, the initial
SQEMA equation for Sahlqvist formulas must be of the kind (—¢ VY ), where ¢
is a nominal and ( is a Sahlqvist antecedent. However, due to box extraction,
Deterministic SQEMA’s initial equation is of the kind (—c¢ ¥ O(Op A —p)) and
clearly the right-hand side is not syntactically a Sahlqvist antecedent. Thus,
we may not apply the original proof that SQEMA succeeds on all Sahlqvist
formulas when it comes to Deterministic SQEMA. We need a new invariant
and a new proof.

A boxed piece is a formula A which is either p, OA’, Neg, (pure Vv A'),
(A" V pure) or (A} N AS), where A’) A}, and A, are boxed pieces, Neg is a
negative formula, pure is a pure formula, the main rules 1, 2, 3 (see Definition
76) are not applicable to any subformula of A, the main rules 4 and 5 may
only apply to negative or pure subformulas of A.

Examples of boxed pieces are: O0p, O(c; — Oc2), (—q V O—p), (O0p Vv
O(c1 = Oc2)), (mg VvV O—p), and O((O0p A Og) A (=g V O—p)).

A good piece is a formula A which is built up from boxed pieces using A
and ¢ such that the main rules 1, 2, 3 (see Definition are not applicable
to any subformula of A, the main rules 4 and 5 may only apply to negative
or pure subformulas of A, and also the following diamond distribution rule —
O(71 Vy2) = (071 VvV Oy2) — may only be applied to diamonds within negative
or pure subformulas.

Examples of good pieces are (OpAQOp), and (O0pA(OO(—pV—9)AOTq))).

We denote by ¢ a formula which is either a boxed piece, or of the form
(me Vv A) where A is a good piece. We denote by ¢’ a formula which is either a
d, or of the kind ((L V —¢)V A) where A is a good piece. We denote by §” a
formula which is either a d, or of the kind (A V —¢) where A is a good piece.

Proposition 85 If ¢ is a system of equations, where each equation y of o is
such that either x is a ¢’, or x is of the form (L ¥ A(d7,...,d)), then

1) Applying step gives a system of the same kind, and never failure.

2) The result of a system normalization procedure on o is also a system of
the same kind.

3) On Sahlqvist input formulas, Deterministic SQEMA only works on
systems of the above kind.

Proof 1) Let o be as described, and let p be the current variable to eliminate
in Deterministic SQEMA’s STEP 4. Let us examine how the result of step is
obtained.

1. If result is obtained by 1., then clearly 1) holds.

2. If result is obtained by 2., the Ackermann rule, then we have replaced —p
with a conjunction of left-hand sides of equations of o. But this conjunction
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is clearly a pure formula. So, we have replaced occurrences of —p with a pure
formula. Clearly, —p is a negative formula, and the conjunction is a negative
formula and a pure formula. For each occurrence of —p, we have replaced —p
within a negative formula with a negative formula.

Clearly after the replacements, only negative subformulas on the right-hand
side of equations may have changed, because the left-hand sides are pure. Then
it is clear that in the resulting equations, rules 1, 2, 3 are not applicable to
any subformula, while rules 4 and 5 may only be applicable on the right-hand
sides within negative or pure subformulas.

Consider some occurrence of =p. Let x be an equation of o where —p occurs.
If x is a boxed piece, then —p is within a Neg, and after replacement we have
that the conjunction occurs in another Neg’. If x is (—c Y A) where A is a good
piece, then we have done the same as in the case where x is a boxed piece. If
X is ((LV —=c) Y A) where A is a good piece, then we have done the same as
in the case where y is a boxed piece. We can easily see by the same kind of
reasoning that we have done the same when x is of the kind (L ¥ A(67,...,
5)).

Then 1) holds.

3. Now, let x be the first equation of ¢ such that p occurs positively in x
and x is not of the kind (a ¥ p) with p &* a.

3.1. If result is obtained by 3.1., then we have split x on a conjunction. Let
X be (A1 VY (A2 A A3)) and let the resulting equations be x1 =ger (A1 ¥ A9)
and x2 =q4ef (A1 ¥ Asz). First suppose that x is a boxed piece. Then clearly
both x; and x2 are boxed pieces. Now suppose (Az A As) is a good piece or a
boxed piece. Then As is a good piece or a boxed piece and Ag is a good piece
or a boxed piece. Now suppose that y is (L ¥ A(d7,...,9”)). Suppose n > 1,
then x1 is (L Y A(dY)) and x2 is (L ¥ A(d4,...,00)). Suppose n = 1. Then ¢f
is a conjunction, so it must be a boxed piece, then y is a boxed piece, which
we have already covered. Suppose n = 0. Then x is a pure formula, therefore
it is a negative formula, which makes it a boxed piece, which we have covered
above. Then 1) holds.

3.2. If result is obtained by 3.2., x is (41 Y (A2 V Aj3)). Because p occurs
positively in , by Lemma p occurs positively in (Az V Asz). Suppose Y is
a boxed piece. Then A; is pure. Also w.l.o.g. As is pure and Az is a boxed
piece, so p X As, so the resulting equation x’ is ((A; V Az) ¥ A3). Clearly
X' is a boxed piece. Now suppose (A V A3) is a good piece while A; is either
—c or (L V =c). Then (A V As) is a boxed piece and A; is a pure formula,
so x is a boxed piece, which we have discussed above. Now suppose that x is
(LY A(07,...,8)). Clearly in this case we must have that n = 1. Suppose 07
is a boxed piece. Then x is a boxed piece, which we have covered before. Now
suppose that ¢ is either (—c¢V A) or (A V —¢), where A is a good piece. Then
clearly p X' —c so the resulting equation x’ is ((_L V —c) ¥ A) with A being a
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good piece. Then y is a §’. Therefore 1) holds.

3.3. If result is obtained by 3.3, x is (A1 ¥ OAz). Then the resulting
equation ’ is (071 A; ¥ Ay). First suppose that y is a boxed piece. By Lemma
and the definition of a boxed piece, A1 is pure and p occurs positively in
0Ajy. Then clearly 071 A; is pure and Ay is a boxed piece. Now suppose that
X is either (me ¥ A) or ((LV —c) ¥ A). Then A is 0A,, so A is a boxed piece,
and this makes x also a boxed piece because its left-hand side is pure. But this
case has already been discussed above. Now suppose that y is (L Y A(67,...,
). Then clearly n =1 and 67 is A2 so 67 is a boxed piece, thus x is also a
boxed piece. But we have seen this case above. Then 1) holds.

3.4. If result is obtained by 3.4, x is (41 ¥ OAg) with A; being either
—c or (L V —=e¢). The resulting equations are x; which is (¢ — Oc’) and xo
which is (=¢’ ¥ As). Suppose for the sake of contradiction that y is a boxed
piece. Clearly then {As is a pure formula. But then by Lemma P XX
contradicts the fact that p occurs positively in x. Clearly x may not be of the
kind (L Y A(d7,...,0")) because the left-hand side of x is not L. It follows
that y is a ¢’ with QA being a good piece. But then As is also a good piece.
Consider x1, it is a pure formula, so it is a negative formula and this makes x
a boxed piece. Also x» is a formula of the kind §’ because A is a good piece.
Then 1) holds.

3.5. Suppose for the sake of contradiction that failure is obtained by 3.5.
Then by Corollary [83] and the fact that failure is not obtained by 3.3., there is
an equation x’ in o which is (A; ¥ ¢ A3) such that A; is not a negated nominal
and is not (L V —¢). Suppose for the sake of contradiction that x’ is a boxed
piece. Then (A, is a pure formula and by Lemma p X X', contradiction.
So x’ is not a boxed piece. Then because of the above facts for x/, it may not
be of the kind §’. It follows that x’ is of the kind (L ¥ A(dY,...,d])). Then
clearly n = 1 and 47 is 0 As. But by the definition of §”, ¢ A3 must be either
a boxed piece or a disjunction. Clearly Ao is not a disjunction, so it remains
that it must be a boxed piece. Then (A, is a negative formula, contradicts the
fact that p occurs positively in x’. This shows that failure is never obtained
by 3.5.

We have shown that failure may not be obtained by 3.3 or 3.5 of step. We
have also shown that for any of the other cases, 1) holds.

2) Let us consider a system normalization procedure and its run on o. Let o
be = A(x1,- -+, Xm)- The first formula Ag as in Definition [80|is A(X],- - - Xin)
where it is trivial to see that each x}, 1 <i <mis a ¢".

It remains to show that for every formula « of the kind A(d7,...,d),
applying any of the main rules (see Definition or the rules from the two
tables above to a subformula of v converts v to a formula of the same kind.

Clearly rules 1, 2, and 3 are not applicable. Suppose rule 4 or 5 has been
applied. By the definition of ¢”, rules 4 or 5 are only applicable in two cases.
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First, within negative (or pure) subformulas - where clearly applying rule 4
or 5 gives also a negative (or pure) subformula. Second, to subformulas of the
kind (—¢V ) or (vV —¢) which are of the kind ¢ and where 7 is a good piece
and a conjunction (y1 A~2) of good pieces. Then the result is a formula of the
kind ((—¢ V1) A (meV 2)) or ((71V —e) A (2 V —c¢)), which is a conjunction
of two formulas of the kind §”.

Now let us consider the rules for the universal modality, which are the rules
in the first table.

(c1 = (U)ca) = L converts a negative and pure subformula into another
negative and pure one.

U1Usy = Uyvy converts a pure formula into a pure formula, a negative
formula into a negative formula, a boxed piece into a boxed piece, a good piece
into a good piece.

The following rules convert a pure formula into a pure formula, a negative
formula into a negative formula, and a boxed piece into a boxed piece:

OUy = (UyyvOl)

U0 § U272) = (Uim § Uz2)

[UI(Uim § v2) = (Uim § [Ule)

The following rule converts a pure and negative formula into another one:

[U]-c= L

The following rules convert a pure formula into a pure formula, a negative
formula into a negative formula, a boxed formula into a boxed formula, and a
good piece into a good piece:

QUy = (U1y AQOT)

(U) (Ui § Uzy2) = (Ui § Ua2)

(U) (Ui Ay2) = (Uim A (U)72)

The following rule converts a pure and negative formula into another one:

(Uye=T

Because the diamond distribution rule is not applicable outside of negative
or pure subformulas, the rule (U)(U1y1 V v2) = (Uiv1 V (U)v2) may only be
applied to a negative or pure subformula. Then this rule clearly converts a
pure formula into a pure formula, a negative formula into a negative formula,
a boxed formula into a boxed formula, and a good piece into a good piece.

The ten rules in the right-hand piece of the first table (the table of universal
modality rules) as well as the top ten rules of the second table (five on each
side) may remove a subformula of either a conjunction or a disjunction or
may replace a subformula with T or L. Clearly then a ¢” remains a ¢” after
replacement, and a conjunction of " formulas remains a conjunction of §”
formulas.

Clearly the rules (y1 Ay2) = (92 A1), (71 V72) = (72 V1), and (71 A
(72 Av3)) = ((71 Ay2) Ay3) maintain the invariant.
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Consider the rule (71 V (72V~73)) = ((71 V2) V73). If it is applied within a
pure or a negative subformula, clearly the invariant is preserved. If it is applied
to a subformula of a boxed piece, there are two cases. First let 41 be pure. Then
one of v or 3 is pure, so the result is a boxed piece. Now, let v, be a boxed
piece and (72 V 73) be pure. Then the result is a boxed piece. If the rule is
applied to a §” of the kind (—¢ V) or (vV —¢) where v is a good piece, then
is a disjunction, so «y is a boxed piece and the §” is also a boxed piece, which
we have discussed above.

The rules T = T and ¢_L = L replace a negative and pure formula with
another negative and pure formula so the invariant holds.

Clearly the rule (Oy; AOy2) = O(y1 Ay2) converts a boxed piece or a good
piece into a boxed piece because any good piece that starts with a box is a
boxed piece. It is clear what happens when the rule is applied within a pure
or a negative subformula. Thus the rule converts a conjunction of ¢” formulas
into another one.

Consider the rule (01 VOy2) = O(71Vy2). Clearly neither {1 nor s is a
negated nominal because it is a diamond. Then the disjunction in the premise
of the rule may only occur within a negative or a pure subformula and the rule
converts it into another negative or pure subformula.

3) Let A be a Sahlqvist formula. In STEP 1 of SQEMA we rewrite A
in negation normal form and then distribute all boxes and disjunctions over
conjunctions as much as possible. Then consider a conjunct A; in STEP 2,
and consider A; which is the result of applying main rules 1., 2., and 3.
(see Definition as much as possible to —A;, which is the first step of the
eliminating normalization procedure.

The formula A} is built up from the negation normal form of Sahlqvist
antecedents and negative formulas using diamonds, conjunctions and disjunctions.
Therefore, A’ is the negation normal form of a Sahlqvist antecedent, as also
seen in [I7]. Because A; is a conjunct, obtained by applying the rules 1.1, 1.2,
and 1.3 of SQEMA’s STEP 1, there is no subformula outside the scope of a
box which is a diamond of a disjunction, or a conjunction of a disjunction and
another formula in A}. Any boxed atom is a boxed piece, and so is any negative
formula. Suppose for the sake of contradiction that there is a disjunction of two
formulas each of which is either a boxed atom or a negative formula in A}. Then
its parent formula (if any) within A may not be a diamond or a conjunction.
But by the definition of Sahlqvist antecedent, this means that there is a top-
level disjunction in A}, which is a contradiction with the way that A; and A
were obtained. Then A} is built up from boxed atoms and negative formulas
using diamonds and conjunctions. Clearly the diamond distribution rule is not
applicable to A’ outside of negative or pure subformulas, so A} is a good part.
This makes the initial equation of SQEMA a §. O
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Corollary 86 Deterministic SQEMA succeeds on every Sahlqvist formula at
the first permutation of its variables, without backtracking. Il

3.8 Example Runs with Sahlqvist Formulas

Now, some examples. Here { means {1 as in ML(J) and O means [J;.

3.8.1 (OOp — Op)

Consider the extended Sahlqvist formula (OOp — Op), which is the same
formula as in the first example of

In STEP 1, we rewrite the formula in negation normal form: (O0O—p V Op).

No applications of rules 1.1, 1.2, or 1.3 are possible.

Thus we have a single conjunct, A1 = (¢O—p V Op).

We reserve the nominal ¢; and proceed to STEP 2.

In STEP 2, we need to normalize = A;. By Definition first we obtain the
negation normal form of = Ay, which is (OOp A O-p), which is a Sahlqvist antecedent
and also a boxed piece. No more of the main rules are applicable. But we may apply
the box extraction rule, obtaining (O(Cp A —p)), which is a boxed piece and a good
piece. This is the normalized form of —A;.

The initial system is:

o1 == A((—=e; Y O(Op A —p))), where the equation is both a boxed piece and of
the form (—cV A), where A is a good piece.

In STEP 3, we pick the elimination order (p), create an empty backtracking stack
and proceed to STEP 4.

In STEP 4, we save the context (p,o1) to the stack and start applying step.

step(o1,p) applies the box rule:

oy = " A((O71=c; Y (Op A —p))), where the equation is a boxed piece.

step(oz,p) splits on a conjunction:

o3 = " A((O7t=c; Y Op), (O ey VY —p)), where every equation is a boxed piece.

step(os, p) applies the O-rule:

oy = ~A(O7 107 t=¢; Y p), (O t=¢; Y —p)), where each equation is a boxed
piece.

step(o4,p) applies the Ackermann rule:

o5 = 2 A(O7t=¢; ¥ O 107 t+e)), where the equation is a pure formula and
thus a negative formula, which makes it a boxed piece.

By the above steps and explanations, the invariant holds before and after every
application of the function step.

This completes STEP 4, which returns to STEP 3, which returns to STEP 2,
which returns to STEP 1, which goes to STEP 5.

In STEP 5, we take the next available nominal, co, and construct the final result
as ' (1) = Jxast(3, x2,05).

After some simplification and renaming of individual variables, the result is:

W(x) =z (@ 21) A Tza((z 71 22) A (22 71 21))).
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3.8.2 (OOOp— L)V({(T—=00(pAq)VvDOOqg— 1))

Consider the extended Sahlqvist formula
(O@p — L)V (T = 00(p Ag)) vO(Dg — 1))).
Note that the same deterministic SQEMA steps below apply to the formula
(O0—p Vv (O0(p A q) VOO—q)), which is the negation normal form of the
above with eliminated occurrences of 1 and =T in disjunctions.

We do not describe the normalization here because it only converts to negation
normal form and eliminates the boolean constants, unable to apply any more rules,
except for the ones marked with CNF.

The initial system (after normalization) is:

o1~ Al(=e1 ¥ (00p A (00(=p v ) A 00a)))

In the above equation, Op, and (g are boxed pieces, O(—p V —q) is a negative
formula and thus also a boxed piece, and the equation is (—c¢; ¥ A) where A is a good
piece.

Now, we split on conjunction:

02t = A((=er ¥ 00p), (mer Y. (00(=p v ) A 00g))

The equations above are of the kind (—¢; ¥ A) where A is a good piece.

Applying the {-rule:

o5 = Al(ex = Oca). (~ez ¥ Op), (=1 ¥ (O0(~p V —q) A 0Dg)))

Now the first equation is a pure formula which makes it a d, the second and third
equation are of the kind (—c¢; ¥ A) where A is a good piece.

Applying the O-rule:

o1 = A((er = Ocz), (O~ =ea Y p), (mer ¥ (O0(=p V =) A 0Ug)))

The first two equations are boxed pieces, and the last equation hasn’t changed.

Now, we apply the Ackermann rule:

os5: = A((c1 = Oca), (—er Y (OO(Oteg V —q) A OQ)))

Here the first equation is still a boxed piece, and the last equation is of the kind
(—c1 Y A where A is a good piece.

Now, we apply the system normalization procedure. First, we create a formula
which is the negation normal form of

Al(er = Oez), (mer V (OO(O™ =ez V =g) A Og)).

As in the proof of Proposition this is a conjunction of the kind A(67,...,0.)
because each conjunct is either a boxed piece, or of the kind (—c¢V A) where A is a
good piece.

But this formula is already in negation normal form. Now, we try applying the
main rules 1., 2., or 3., but this is impossible.

Now we continue by applying all the main rules and the rules from the two tables.

First, we apply the disjunction distribution rule:

A((c1 = Oca), (=1 V OO(O 1 =ea V —q)), (mer V O0q)), which is still of the kind
NG, o).

No more rule application is possible, except for the rules marked with CNF,
but the implementation also arranges the subformulas using a form of lexicographic
ordering, using the (in CNF)-marked rules in the second table, so we obtain:

A((er v OO0 1es V ), (e1 = Oca), (~ex V 00g)).

Then we get the system:

o6: ALY ((mer VOO0 2 V =g)) A ((e1 = Qez) A (mer V 0L0))))),
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The above equation is (LY A((—c1 VOO(O ™t =ea V), (e1 — Oca), (me1 VOTQ))),
where the first two components of the conjunction are negative formulas, thus are of
the kind ¢”, and the last one is a boxed piece and therefore of the kind §”.

We proceed by trying to eliminate q:

We split on conjunction twice, maintaining the invariant because of the above
reasoning:

o7 = AL Y (me1 V OO0 e V =), (LY (e = 0ea)), (LY. (e V 0Dg)

We apply point 3.2 of step:

og: ALY (=ep VOO(O e V =g))), (LY (1 — Oca)), (L V =er) Y 00q))

Because (g is a good piece, the third equation above is a ¢’ thus maintaining
the invariant.

Now, we apply 3.4 of step, the O-rule:

a9: " A((LY (e VOOt =ca vV —9))), (LY (e1 = Oc2)), (c1 — Ocs), (—ez Y Oq)),
maintaining the invariant because (cs V Og) is a boxed piece.

Applying the O-rule:

o10: ALY (mep VOO(O t=ea V—9))), (LY (1 = Oca)), (e1 — Ocs), (O e v
q)), where (07 1c3 V q) is a boxed piece.

Finally, we apply the Ackermann rule:

010- _‘/\((J_ v ("Cl \Y OD(D_l_‘CQ \Y D_l_'63))), (J_ \ (01 — 002))7 (Cl — 063)),
which is a clean system and thus each equation is a boxed piece.

Finally, we apply st and simplify to obtain:

V1 Vya (2 r1 y1)A(x 1 y2)) = Va1 (21 21) — F2o((yr 11 22)A(y2 711 22)A(21 71

2))))

3.8.3 (Op— O0p)
Consider the extended Sahlqvist formula (Op — OOp).

The initial system (after normalization) is:

o1: 2 A((mer ¥ (O0=-p A Op))), where (OO—p A Op) is a good piece because OT—p
is a negative formula and p is a boxed piece.

Now, we split on conjunction:

o2: 7 A((mer ¥ O0-p), (mer ¥ Op))

Where the invariant is maintained due to the above reasoning.

Now, we apply the O-rule:

o3: 2 A((—er ¥ O0-p), (e1 — Oca), (—ea ¥ p)), maintaining the invariant.

After applying the Ackermann rule:

oq: 7 A((me1 YOOes), (¢p = Oca)), maintaining the invariant because it is a pure
system thus every equation is a boxed piece.

Translating and simplifying, we obtain:

Vy1((z r1y1) = Va((@ ry 21) = (21 11 91)))

3.8.4 (OOp — Op)
Consider the extended Sahlqvist formula (OOp — Op). The initial system (after

normalization) is:

o1 7 A((—er Y (O—p AOOp)))
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Clearly the invariant holds because (O—p A OOp) is a boxed piece.

First, we split on conjunction:

oa: = A((mer ¥ O-p), (mer ¥ OOp))

The invariant holds for the above because both equations are boxed pieces.
Now, we apply the [-rule twice, while each equation remains a boxed piece.
o3: = A((=er Y O-p), (0710 ¢ Vp))

Now, we apply the Ackermann rule:

o4: = A\((=e1 Y OO~ 1071 =¢y)), where the equation is a boxed piece.

We translate and simplify to obtain:

Vz1((z r1 z1) = Fz2((z 11 22) A (22 71 21)))

3.9 Inductive Formulas

In this section, ¢ stands for any diamond or reversed diamond, and [J means
any box or reversed box.

We assume that a formula A is positive iff all occurrences of propositional
variables in it are positive. Here, we disregard the occurrences of nominals.
Again, we assume that a formula A is negative iff all occurrences of propositional
variables in it are negative, again disregarding any occurrences of nominals.

Definition 87 (Inductive Formulas) Let # be a symbol, which is not in
the alphabet of any of the input modal languages. # is a boz-form of #. If B(#)
is a box-form of #, then (JB(#) is a box-form of # for any [J, and (4 — B(#))
is a box-form of # for any positive formula A. Replacing all occurrences of # in
B(#) with p, we get B(p), a boz-formula of p. The only positive occurrence of p
in B(p) is the head of B(p), and any other occurrence of a propositional variable
in B(p) is inessential. For convenience, we also say that p is the head of B(p)
and the variables which have inessential occurrences in B(p) are inessential. A
monadic reqular formula (MRF ) is a modal formula built up from T, L, positive
formulas and negated box-formulas by applying A, V and . The dependency
graph of a set of box-formulas B = {Bi(p1),...,Bn(pn)} is a directed graph
G(B) = (V,E) where V.= {p1,...,pn} is the set of heads in B and E is the set
of edges, such that (p;,p;) € E iff p; occurs as an inessential variable in a box-
formula from B with head p;. A directed graph is acyclic iff it does not contain
directed cycles. The dependency graph of an MRF A is the dependency graph
of the set of box-formulas which occur in the construction of A as an MRF. A
monadic inductive formula (MIF')is a monadic regular formula with an acyclic
dependency graph. We say that a conjunction of MIFs is an inductive formula.

We extend the definitions to negation normal forms of the above.

Consider the same ML((J) formula that we took as an example of a Sahlqvist
formula, (=0O0p V Op). We can see that it is an inductive formula because
OOp is a boxed formula of p with an empty graph and Op is positive. Here
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we see why we may not apply the same algorithm invariant as used for the
non-deterministic version SQEMA in [17]. In the original authors’ article, the
initial SQEMA equation for inductive formulas must be of the kind (—c¢ VY
NegMIFx), where ¢ is a nominal and NegMIF'x is the negation normal form of
a negation of an inductive formula, built up from T, L, positive formulas and
negated box-formulas using disjunctions and boxes with an acyclic dependency
graph, or, in other words, among other requirements, a formula built up from
T, L, negative formulas and box-formulas using conjunctions and diamonds.
However, due to box extraction, Deterministic SQEMA’s initial equation is of
the kind (—¢Y O(Op A —p)) and clearly the right-hand side is not syntactically
a NegMIFx. Thus, we may not apply the original proof that SQEMA succeeds
on all Inductive formulas when it comes to Deterministic SQEMA. We need a
new invariant and a new proof.

We define an extended boz-formula of p thusly: p is an EB(p), OEB(p)
is an EB(p), (EB;(p) N EB2(p)) is an EB(p), if Neg’ and Neg” are negative
formulas, then each of (Neg’ V EB(p)), (EB(p) V Neg'), (Neg” N EB(p)) and
(EB(p) A Neg”) is an EB(p), the main rules 1, 2, 3 (see Definition are
not applicable to any subformula. Here, p is the head of the extended box-
formula, any occurrences of propositional variables in any of the Neg’ formulas
is inessential. The dependency graph of EB(p) is defined analogously to the
above, but note that the variables of any Neg” do not count as inessential.

Examples of BF(p) are the following formulas: p, Op, (OpV —p), which has
a cycle in its dependency graph, (Op A —p), which has an empty dependency
graph, O(Op A (O0(p V —g) A —p)), which has an edge from ¢ to p in its
dependency graph.

PureBoz is a pure formula built up from negated nominals, 1, V and [.

We say that a formula A is a Good formula if it is such that the main rules
1, 2, 3 (see Definition are not applicable to any subformula of A, and A is
either EB(p), Neg, (A1 A Az), O A’ outside the scope of boxes and disjunctions,
OA’, (A’ V PureBoz), or (PureBox V A’), where Neg is a negative formula,
A’, Ay and As are Good formulas, and also the following diamond distribution
rule — O(y1 V y2) = (071 V O2) — may only be applied to diamonds within
negative or pure subformulas. The dependency graph of Good is the union of
the dependency graphs of the occurring formulas of kind EB(p), and we require
that all Good formulas have an acyclic dependency graph.

Examples of Good formulas are: p, Op, (O0p A (OO(—p V —¢) A O0gq)).

A good system is a system of equations ¢ = = A(x1,...,Xn), such that
every x; is a good equation with an acyclic dependency graph G(x;) defined
below, G(o) = U{G(x1),---,G(xn)}, G(0) is acyclic, where exactly one of the
following holds for each x;:

good.1. x; is either (Neg;, ¥ Neg,,) or (¢, — ¢cf), with G(x;) = (0, 0),

good.2.1. x; is not of kind good.1, but is either (—¢; ¥ Good;) or ((LV—e¢;) Y
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Good;), with G(y;) = G(Good;),

good.2.2. x; is not of the kind good.l or good.2.1., but is (PureBox Y
Good';), such that 1. there are no diamonds in Good’; outside of box-formulas
or negative subformulas, 2. G(x;) = G(Good';),

good.3. x; is not of the above kinds, but y; is (Neg; ¥ EB’(p;)), such that
Xi is some EB;(p;) with an acyclic graph, and G(x;) = G(EB;(p:)),

good.4. x; is not of the above kinds, but x; is (L ¥ A(d1,...,0n)), where
each 0; is either 1. negative with G(4;) = (0,0), 2. (=cV Good) or (Good V —c)
with G(6;) = G(Good), 3. (PureBox V Good') or (Good' V PureBozx) with
G(8;) = G(Good'), such that there are no diamonds in Good” outside of box-
formulas or negative formulas, or 4. an EB with G(6;) = G(EB) - an acyclic
graph. The graph G(x;) = U{G(61),...,G(dm)} is acyclic.

Claim 88 Every output of step, where the input is a good system, is a good
system.

Proof Consider result, which is step(co,p), where for o the invariant holds.
We show that result is not failure and that the invariant holds for result.

If result is obtained from (1), then the invariant holds.

If result is obtained from (2), the Ackermann rule, then result is o', o is
—“Allar ¥ p),... (an, ¥ p), B,y Buy,b1,...,0,,), such that p X ar,...,
an,,01,...,0,,. Then, each (a VY p) is of the form good.2.1, good.2.2, good.3,
or good.4, so each « is a Neg, and the occurrences of —p within every 3 are in
occurrences of a Neg within 3.

It remains to prove that G(¢’) is acyclic. It would follow that the graph of
every resulting equation is acyclic and that each of the resulting equations are
in some of the good equation forms.

Because of the replacement, for every edge (q1,q2) of G(c’) either (g1, ¢2)
is an edge of G(o) or there are edges (g1, p) and (p, g2) of G(o). Then for every
cycle in G(0’) there is a corresponding cycle in G(o). Hence G(0') is acyclic.

Then ¢’ is a good system.

If result is obtained from (3.1), then result is o’. We have split on A
an equation of type good.2.1, good.2.2, good.3, or good.4. Equations of type
good.2.1 split into two equations of type good.2.1, or one of type good.l and
one of type good.2.1. Equations of type good.2.2 split into two equations of
type good.2.2, or one of type good.l and one of type good.2.2. Equations of
type good.3 split into two equations of the same kind, or one of kind good.1
and one of kind good.3. Equations of kind good.4 split into two equations,
each of them of type either good.1, good.2.2, good.3, or good.4. All resulting
equations are good equations, because the resulting equations have graphs that
are subgraphs of the original ones. Hence o’ is a good system.

If result is obtained from (3.2), then let the changed equation of o be Yy,
which is (A" V (A2 V As)). We have that x is not negative, and because of the
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invariant for ¢ and the definition of Good, we have that y is either of type
good.2.1, good.2.2, good.3, or good.4 with m = 1.

First, let x be of type good.2.1, good.2.2 or good.3. Then A’ is negative.
Because the graph of x is acyclic, either p ¥* Ag, with A3 negative or pure and
Az a Good formula, or vice versa. So result is o/, not failure, and the invariant
holds for o’ because we have converted x to an equation of type good 2.1, good
2.2 or good.3 with a graph that is the same.

Now, let x be of type good.4 with m = 1. Then A’ is L. Then, because
p occurs positively in x, there are three cases for (As V Az). If (As V A3) is
(=cV Good) or (PureBox V Good'), then p X' Ag. If (A2 V A3) is (Good V —c)

or (Good' vV PureBoz), then p X' As. In these two cases we have converted x
into an equation of type good.2.1 or good.2.2. If (A3 V As) is an EB(p’) with
an acyclic graph, then clearly p is p’. Either A5 is negative and p X' Az or Az
is negative and p X' As. In this case we have converted x into an equation of
type good.3.

In either case, result is ¢’ and the invariant holds for o”.

If result is obtained from (3.3), then result is ¢’. Suppose for the sake of
contradiction that we have changed an equation y of kind good.4. Then either
X is a negative formula, which contradicts the fact that x is not of kind good.1,
or the right-hand side of x is a box, which contradicts the fact that x is not
of kind good.3. Now, because p occurs positively in the changed equation of
o, there are three cases. First, an equation of type good.3 was changed, then
we have converted the equation into another one of type good.3 with a graph
that is the same. Second, we have converted an equation of type good.2.2 into
another one of the same kind, with a graph that is the same. Third, we have
converted an equation of type good.2.1 into an equation of type good.2.2 with
a graph that is the same. Therefore, the invariant holds.

If result is obtained from (3.4) or from (3.5), let the first equation of o
where p occurs positively and which is not of kind (a ¥ p) such that p X' «,
be x, which is (A" Y 0 Ay) by Corollary Because x is not negative, x can
only be of type good.2.1, and the result can only have been obtained from
(3.4). The invariant holds because we have converted y into an equation of
type good.1l and an equation of type good.2.1. (]

Claim 89 Every output result of a system normalization procedure, where
the input is a good system, is a good system.

Proof Consider a system normalization procedure run on a good system
o. Let 0 be = A(x1,.--,Xm). The first formula Ay as in Definition is
AL - -5 X0,) Where it is trivial to see that each x4, 1 < i < m is a § as
in the definition of good.4. above.
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It remains to check that for every formula 7 of the kind A(d1,...,0m),
applying any of the main rules (see Definition or the rules from the two
tables above to a subformula of v converts v to a formula of the same kind.
This would guarantee that the resulting system has a single equation which
is of kind good.4 if it is not any of the kinds good.l, good.2.1, good.2.2, or
good.3.

Clearly the main rules 1, 2, and 3 (see Definition do not apply.

Suppose rule 4 or 5 has been applied. Then the rule is applied to a subformula
of some 9; of ~.

If the rule is applied inside a negative formula, then we convert a negative
formula to another one with the same propositional variables, so the invariant
holds.

Suppose we apply the rule to the disjunction of a negative formula and
an FEB. There are two cases. Either the formula to which the rule has been
applied is another EB, then the result is also an EB with the same graph as
the original. Or, the rule has been applied to a disjunction of a PureBoz and
a formula of kind Good or Good’, which we discuss below.

Suppose the rule is applied to a disjunction of a PureBox formula and a
Good or Good' formula. Then the result is a formula of the same kind, with
the same graph as the original.

Now suppose the rule is applied directly to a 6.

If applied to a negative formula d, we have already seen this case above.

If applied to a formula § of the kind (—c¢V Good) or of the kind (Good V —c),
then we have split § into two formulas of the same kind, with a subgraph of
the original, so the invariant holds.

If applied to a formula & of the kind (PureBox V Good') or of the kind
(Good' V PureBoz), then we have clearly split § into two formulas of the same
kind, with a subgraph of the original, so the invariant holds.

If applied to a formula § which is an EB with an acyclic graph, then by
what we have discussed above, the invariant holds.

Now consider the rules in the first table above.

(c1 = (U)eg) = L converts a negative and pure subformula into another
negative and pure one, so it maintains the invariant.

The following rules convert a negative formula into another one, a PureBoz
formula into another one, a negative formula into another one with the same
set of variables, an EB into another one with the same graph, a Good’ into
another one with the same graph, or a Good into another one with the same
graph, so they maintain the invariant:

UrUsy = Usy

Oy = (Uyy Vv OL)

[U](Uin § U2v2) = (Ui § Uaye)

U0 § 72) = (Uim § [Ule)
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[Ul-c= L

OUry = (Uiy AOT)

(U) (Ui § Uay2) = (Uim § U2e)

(U) (Ui Ay2) = (Ui A (U)2)

(Uye=T

Because the diamond distribution rule is not applicable outside of negative
or pure subformulas in a Good formula, the rule (U)(Uiy V v2) = (Uim V
(U)~2) may only be applied to a negative or pure subformula within a PureBox
formula, a negative formula, an EB, a Good’ formula or a Good formula. Then
this rule clearly converts a negative or pure subformula into another negative or
pure subformula whose variables are the same as the variables of the original,
thus preserving the invariant.

The ten rules in the right-hand part of the first table (the table of universal
modality rules) as well as the top ten rules of the second table (five on each
side) may replace a subformula with either T or L or may remove a subformula
of either a conjunction or a disjunction. Clearly then a ¢ remains a 0 after
replacement with its graph being a subgraph of the original, and a conjunction
of 0 formulas remains a conjunction of ¢ formulas with a graph which is a
subgraph of the original.

Clearly the rules (y1 A v2) = (72 A7), (1 Vy2) = (72 V71), and (71 A
(72 Av3)) = ((71 A7y2) Ay3) maintain the invariant.

Consider the rule (y1 V (72 Vy3)) = ((m1 V 72) V 73). If it is applied to
a negative or a PureBox formula, then the result is of the same kind and
the same set of occurring variables. If it is applied to an EB formula, then
one of y; and (72 V 73) is a negative formula and the other one is an EB, so
the invariant holds because the graph is the same. If the rule is applied to
a Good' formula, the result is also a Good’ formula with the same graph. If
it is applied to a Good formula, the result is also a Good formula with the
same graph. Suppose the rule is applied to a ¢ formula. If § is negative, the
result is also negative and the invariant is preserved. If ¢ is (—c V Good) or
(Good Vv —c), then Good is a disjunction and by the definition of Good there
are no diamonds in the scope of a disjunction in Good except inside a pure or
a negative subformula. So the result is a ¢ of the kind (PureBoz V Good') or
(Good' vV PureBox) with the same graph. Now suppose that the rule is applied
to a ¢ of the kind (PureBox V Good') or (Good' vV PureBoz), then the result is
a formula of the same kind with the same graph, so the invariant holds. The
case of EB has already been discussed above.

The rule OT = T replaces a PureBox formula with another one and
the rule 01 = 1 replaces a pure formula with another pure formula so the
invariant holds.

The rule (Oy; AOy2) = O(y1 Ay2) converts a negative formula into another
one with the same set of variables, a PureBox formula into another one, an
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EB into another one with the same graph, a Good’ formula into another one
with the same graph, a Good formula into another one with the same graph,
and a conjunction of § formulas into another one.

Consider the rule (0y1 V Oy2) = O(y1 V 72). Clearly neither {1 nor ¢ve
is a negated nominal because it is a diamond. The rule converts a negative
formula into another one with the same set of variables, a PureBox formula into
another one, a Good' formula into another one with the same graph because
the diamonds only occur in negative or pure subformulas, a Good formula into
another one with the same graph because diamonds do not occur in PureBoz.
It may only be applied to a d formula if the § formula is a negative formula,
which we have already discussed above. O

Claim 90 On inductive input formulas, Deterministic SQEMA only works on
good systems, with the starting equation being either of kind good.1 or of kind
good.2.1.

Proof By Claim [88 and Claim [89] it is enough to show that every initial
equation is one of the kinds good.1, good.2.1, good.2.2, good.3, or good.4.

Let A be an inductive formula. In STEP 1 of SQEMA we rewrite A in
negation normal form and then distribute all boxes and disjunctions over
conjunctions as much as possible. Consider a conjunct A; in STEP 2, and
consider A} which is the result of applying main rules 1., 2., and 3. (see
Definition as much as possible to —A;, which is the first step of the
eliminating normalization procedure.

If ~ is the negation normal form of a box-formula of the variable p, then
«v is built up as follows: p | (Neg V ) | Oy. Clearly then v is an extended
box-formula of p (EB(p)) with the same graph as .

Al is the negation normal form of a negated MRF formula with an acyclic
graph, so it is built up from negative formulas and negation normal forms
of box-formulas by applying V, A, and ¢. We must prove that A} is a Good
formula. To see that this is the case, first note that there are no occurrences of ¢
in A} in the scope of a disjunction or a box, except within negative subformulas.
Suppose for the sake of contradiction that A; contains an occurrence of a
disjunction outside any negative or EB subformulas. Because of STEP 1, this
is impossible. So the only occurrences of disjunctions in A} must be within
extended box-formulas or negative formulas. So A} is built up from negative
formulas and negation normal forms of box-formulas (which are extended box-
formulas) by applying A and . Because of how A, was obtained, none of
the main rules 1., 2., and 3. (see Definition is applicable to A} and the
diamond distribution rule is not applicable to any subformula of A except
within negative or pure subformulas. Then A} is a Good formula.

Similarly to the proof of Claim 89} we can see that the result of an eliminating
normalization procedure on a Good formula is a Good formula. Therefore the
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initial equation is an equation of the kind (—c¢ ¥ Good), so it is either of kind
good.1 or of kind good.2.1. O

Corollary 91 Deterministic SQEMA succeeds on every inductive formula at
the first permutation of its variables, without backtracking. O

3.10 Example Runs with Inductive Formulas

Now, some examples. Here ¢ means ¢; as in ML(J) and O means [J;.

3.10.1  (p1 vV O=p2 V O(—p1 A p2))

Consider the inductive formula (p; VO-p2VO(—p1Ap2)). This is a good example
because the execution of Deterministic SQEMA goes through all kinds of good
equations, good.1, good.2.1, good.2.2, good.3, and good.4.

In STEP 1, the formula is already in negation normal form, and it is impossible
to apply rules 1.1, 1.2, or 1.3 any more. Thus we have a single conjunct:

Ay = (p1 VO=p2 VO(=p1 Ap2)).

In STEP 2, we need to normalize =4 = —(p1 V O-pa V O(—p1 A p2)).

First, we obtain a negation normal form of = A, which is: (=p1 AQpa AO(p1V —p2)).
None of the main rules are applicable. However, the implementation re-arranges the
formulas using a form of lexicographical ordering, by the rules in the second table
marked as CNF, to obtain (Op2 A (O(p1 V —p2) A —p1)).

Now, we reserve the nominal ¢; and form the initial system:

o1 =2 A((mer ¥ (Op2 A (O(p1 V —p2) A —p1))))-

Here, the equation is of kind good.2.1, with a graph containing two vertices, p;
and po, with an edge from ps to p;1, and thus acyclic.

In STEP 3, we pick the elimination order (p1,ps), create an empty backtracking
stack and proceed to STEP 4, attempting to eliminate p;.

In STEP 4, we save a backtracking context (p1, o), which we will not have to use.

We now apply the Deterministic SQEMA strategy, which is to call step as many
times as possible, until obtaining either failure or a system, which is solved for py:

step(o1,p1) splits on conjunction:

o2 = 2 A\((=e1 ¥ Op2), (mer ¥ (O(p1 V —p2) A =p1))),

where the first equation is of kind good.2.1 with a graph with a single vertex po
and no edges, and the second equation is of kind good.2.1 with a graph with two
vertices, p; and po, with an edge from ps to p1, and thus acyclic. The combined graph
is the same as the graph for the second equation, thus acyclic.

step(o9, p1) splits on conjunction:

o3 = \((me1 ¥ Op2), (mer Y O(p1 V =p2)), (mer ¥ —p1)).

The first equation does not change. The second one is of kind good.2.1, with the
same graph as the second equation in o3, thus acyclic. The third equation is of kind
good.1, with an empty graph. Thus the graph of o3 is the same as the graph of o,
thus acyclic.

step(os, p1) applies the O-rule:

oy = A((=e1 Y Opa), (O =er Y (p1 V —pa)), (—er ¥ —pr)).
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The first and the third equations are the same as in o3. The second equation is
of kind good.2.2, with the same graph as the second equation of o3, thus acyclic. The
combined graph of o4 is the same as the graph of o3, thus acyclic.

step(o4,p1) applies case 3.2:

o5 = A\((=e1 Y Opa), (O ' =er V =p2) Vopr), (—er ¥ —pr)).

The first and the third equations are unchanged. The second equation is of kind
good.3, with the same graph as the second equation of o4, thus acyclic. The graph of
05 is the same.

step(os,p1) applies the Ackermann rule:

o6 = 2 A((mer ¥ Op2), (e ¥ (O =er V =p2))).

The first equation is still the same as in o5, but the second one is of kind good.1
with an empty graph. Thus the combined graph for og has single vertex ps and no
edges.

The system normalization procedure is very simple here, because there isn’t much
to do but endlessly apply the CNF-marked rules, which it does not do.

Thus the conjunction that is obtained is A((—c1 V Op2), (me1 V (O =eq V=p2))),
where both conjuncts are of the kind §. The first conjunct’s graph is the same as the
graph of the first equation of o4, and the second one’s graph is the empty graph.

Thus, after normalization, the system is:

o7 =2 A((LY ((me1 V Op2) A (mer V (O7 =er V =p2)))))

The equation here is of kind good.4. Because of the above reasoning about the
conjuncts, the combined graph of o7 is the same as the graph of og with a single
vertex and no edges, thus acyclic.

Then STEP 4 returns to STEP 3, which calls STEP 4 again with o7, po and the
existing backtracking context.

In STEP 4, we save a backtracking context (ps, 07) and start calling step.

step(or, p2) splits on conjunction:

o5 =~ ALY (e1 V Opa), (LY (mer V (07 et V o))

Now the first equation is of kind good.4 with the same graph as o7, and the second
equation is of kind good.1 with the empty graph. Thus the graph of og is the same
as the graph of o7.

step(os, p2) applies case 3.2:

oo = = ALV =e1) ¥ 0pa), (L Y (mer V (O er V -pa)))

The first equation is of kind good.2.1 with the same graph as og, and the second
one is of kind good.1 with the empty graph. Thus the graph of o9 is the same as the
graph of os.

step(og, p2) applies the O-rule, case 3.4:

a10 = 7 A((e1 = Oc2), (=2 ¥ p2), (L Y (=er V (O =er V op2))))

The first equation is of kind good.1 with the empty graph. The second one is of
kind good.2.1 with the same graph as og. The last equation is of kind good.1l with
the empty graph. So the graph of o1 is the same as the graph of oy.

step(c10,p2) applies the Ackermann rule:

11 = N((e1 = Oca), (LY (=er V (O7t=¢1 V =es)))), which is a pure system, so
both equations are of kind good.1 with the empty graph.

After translating and simplifying, we arrive at the formula:

(@) =Yy (@ riyr) = ((z =) A (2 2)))
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3.10.2  (O0—p Vv (@0 A q) vV O0—q))
Consider the inductive formula (O0—p Vv (O0(p A ¢) V O0—q)).

The initial system (after normalization) is:

o1 = Al(=er ¥ (0p A (00(=p v ) A 00g)))

Above, Op, and Ogq are EB-formulas with graphs which have singletons as the
sets of vertices, and no edges. OJ(—p V —q) is a negative formula, and the equation is
of kind good.2.1 with a graph with vertices {p, ¢} and no edges.

Now, we split on conjunction:

o2~ N(=e1 ¥ 00p), (=ex ¥ (00(=p V ~q) A 00)))

Each equation above is of kind good.2.1. The graph of the system is the same as
the graph of 0.

Applying the O-rule:

o3: = A((er = Ocz), (mez Y Op), (meq ¥ (O0(=p V —g) A O0q)))

The first equation is of kind good.1, the other two are still of kind good.2.1 with
graphs without edges. The graph of o3 is the same as the graph of 5.

Applying the O-rule:

aa: = N((e1 = Oc2), (B =e2 ¥ p), (mer ¥ (00(=p V ~q) A 00g)))

We have changed the second equation from good.2.1 into good.2.2 preserving the
graphs.

Now, we apply the Ackermann rule:

o5t 2 A((er = Qca), (mer ¥ (OO(0 ez V =g) A O0q)))

Above, the first equation is of kind good.1 with the empty graph, and the second
one is of kind good.2.1 with the same graph as o4, because OL(00"1=cy V —q) is a
negative formula and Qg is a Good formula.

The normalization process is trivial, only splitting on conjunction once by applying
the distributive rule for V and rearranging the conjunction using a form of lexicographic
ordering.

After normalization, we obtain:

o6: " ALY ((me1 VOO(O 1 =ea vV —q)) A ((c1 — Oca) A (mer V 00q)))))

The above equation is (LY A((—c1 VOO(O ™t =ea V=g)), (e1 — Oca), (mer VOLQ))),
where the first two components of the conjunction are negative formulas, and the last
one is of kind (¢ V Good) with the same graph as the one of o5. Thus, the equation
is of kind good.4 because, due to Qg it is not of kind good.2.2 or good.3.

Now, we split on conjunction twice, maintaining the invariant because of the above
reasoning, finally obtaining two equations of kind good.1l and one of kind good.4:

o7 7 ALY (mer VOO0 e v ))), (LY (e — Oez)), (LY. (er v 00g))

We apply point 3.2 of step:

og: ALY (=er VOO(O e V =g))), (LY (1 — Oca)), (L V =er) Y 0Oq))

Because ¢Ugq is a Good formula with a graph without edges and a single vertex,
the third equation has changed into an equation of kind good.2.1 with the same graph.

Now, we apply 3.4 of step, the O-rule:

0o: = ALY (mer VOT(TILmes V=), (LY (e1 = Oe)), (e1 = Ocs), (e YIg)),
producing a new equation of kind good.1, and converting the last equation into kind
good.2.1, preserving the graph without edges.

Applying the O-rule:
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o10: ALY (mer VOO(O t=ea V—9))), (LY (1 — Oca)), (e1 — Ocs), (O nes v
q)), where (071=c3 VY q) is of kind good.2.2 with the same graph as before.

Finally, we apply the Ackermann rule:

O11: ﬁ/\((L v (ﬁcl V QD(D_lﬁCQ V D_lﬁC:;))), (L \ (Cl — <>C2)>7 (Cl — 003)),
which is a pure system so all equations are of kind good.1 with the empty graph.

We translate and simplify to obtain:

Vy1Vya (2 r1 y1) A (x 11 y2)) = Va1 (1 21) — Fz2((yr 11 22) A(y2 1 22) A(21 71

22))))

3.10.3 More Examples
1. Consider the inductive formula (¢p — OOp).

The initial system (after normalization) is:

o1: 2 A((—er ¥ (O0=-p A Op))), where (OO—p A Op) is a good piece because OT—p
is a negative formula and p is an EB(p) with a graph with a single vertex p and no
edges, and thus the equation is of type good.2.1.

Now, we split on conjunction:

o2: 7 A((—er ¥ O0-p), (mer ¥ Op))

Where the invariant is maintained due to the above reasoning, the first equation
being of kind good.1 and the second one being of kind good.2.1.

Now, we apply the O-rule:

o3: 7 A((—e1Y00-p), (c1 = Ocz), (me2Yp)), maintaining the invariant by converting
an equation of type good.2.1 into one of type good.1 and one of type good.2.1.

After applying the Ackermann rule, translating and simplifying, we obtain:

Vyr((z r1y1) = Var((@ ry 21) = (21 11 91)))

2. Consider the inductive formula (OOp — Op).

The initial system (after normalization) is:

o1 2 A((mer Y (O—p A OOp)))

Clearly the invariant holds because (—p is a negative formula and OCp is an
EB(p) with a graph with a single vertex p and no edges, and thus the equation is of
type good.2.1.

First, we split on conjunction into one equation of kind good.1 and one of type
good.2.1:

o2t 7 A((me1 ¥ Op), (—er ¥ OOp))

Now, we apply the [J-rule twice, first converting an equation of type good.2.1 into
an equation of kind good.2.2, and then keeping an equation of kind good.2.2.

a3: 7 A\ ((=e1 Y O-p), (OO =er Y p))

Now, we apply the Ackermann rule, translate and simplify to obtain:

Vz1((x 11 21) = Fz2((z 1 22) A (22 71 21)))

3.11 Pre-Contact Logics

The language of pre-contact logics (PCL) is a first-order language with equality
(=) and without quantifiers. It is intended to be a propositional language for
point-free theories of space, as outlined in [5].
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Definition 92 Boolean terms of PCL are: 7 :=p [0 | 1| —7 | (rUT)| (7 N
7), where 0 and 1 are boolean constants, and p € PROP is a boolean variable
(but note we use the same set of symbols as our propositional variables in
modal languages).

Atomic formulas are: a 2= L | T | (1 =7) | (r < 7) | C(r,7) where part-of
(<) and contact (C) are binary predicate symbols.

Pre-Contact formulas are: ¢ :=a | = | (Y V) | (¢ A). We may use —
and <> as defined symbols with their usual meaning.

We use Kripke frames and Kripke models for the basic modal language
ML(0), which are also frames and models for the language ML([J, [U]).

If M = (F,V) is a Kripke model, where F = (W, R), then the valuation V,
which is a valuation of propositional variables to subsets of W, can be extended
to all boolean terms by evaluating the boolean variables of PCL the same way
as the propositional variables of modal languages, in the following way:

Vip) €W

V(0)=0,V(1)=W

V(1) =W\ V(7)

V((Tl U 7'2)) = V(Tl) U V(TQ)

V((Tl N TQ)) = V(Tl) N V(TQ)

The definition of truth of atomic formulas in a Kripke model M is as follows:

ME (11 = 1) iff V(1) = V(1)

ME (11 < 1) iff V(11) C V(12)

MEC(m,m) iff 3z3y(z € V() & y € V(m) & (x,y) € R)

Truth of pre-contact formulas in M is defined as follows:

ME —pq iff M E 9y

ME ((¢1V¢2)) iff ME b1 or M E 1,

M E ((1 A ) iff M E ¢ and M F 1)y

We say that 1 is valid in a frame F, F F 1), iff 1 is true in all models over F.

It is shown in [5] that pre-contact formulas can be represented as formulas
of ML([, [U]). More precisely, there is a translation t : PCL — ML(O, [U])
with the property that for every PCL formula 1 and every Kripke model M,
M E ¢ iff M IF t(v).

This translation t maps variables to propositional variables. Function symbols
map to the corresponding boolean connectives. t(0) = L € ML(O, [U]), t(1) =
T € ML(O,[U]). Let 11,72 be terms. The predicate symbols translate as
follows:

t((r1 = 7)) = [U)(t(r1) & £(r2))

t((m1 < 72)) = [U](t(11) — t(72))

t(C(11,72)) = (U)(2(71) A O18(72))

The boolean connectives translate to themselves.

Now, we discuss Sahlqvist PCL formulas, as defined in [4].
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A positive term is built up from variables, —0 and 1, using only U and N.

A negation-free formula is built up from —(m; = 0) and C(71, 72), where 7
and 79 are positive terms, using only T, V, and A.

A positive formula is built up from =(7, = 0), (=71 = 0), (71 = 1), C(11, T2),
and -C(—71, —72), where 71 and 75 are positive terms, using only T, V, and
A.

A Sahlquist formula 9 is an implication (11 — 12), where 1 is negation-
free, and 1o is positive.

To translate Sahlqvist PCL formulas, as defined in [4], into Sahlqvist formulas
in ML(O, [U]), we define a modified translation t’ as follows:

t'(p) =aer p € ML(T, [U])
£(0) =aes L € ML(D, [U])

t/(1) =g T € ML(D, [U])

t'(—7) =qef —t'(7) where 7 is any term

t' (11 U2)) =aef (t'(11) V t/(72)), where 7 and 7o are any terms

t'((11 N72)) =aer (t/(71) At/(72)), where 71 and 75 are any terms

t'(

o
t'(

(
(
(=
(

"((=7 =0)) =aef [UJt'(7), where 7 is any term.

"((1 =1)) =q4¢r [U]t/(7), where 7 is any term.

t'((11 = 7)) =aer [U](t/(71) <> t'(72)), where (71 = 72) is not as in the
above two cases

t'((11 < 1)) =aef [U)(t'(71) = t'(72)), where 71 and 75 are any terms
t'(C(11,72)) =aer (U)(t'(11) A O1t'(72)), where 71 and 7 are any terms
t'(=C(=71, —72)) =def [U](t'(11)VO1t!(12)), where 71 and 75 are any terms
t/(=(1 =0)) =def (U)t'(1), where 7 is any term

t'(—)) =gef —t/ (1), where =) is not as in the above two cases

/(1 V2)) =aer (£'(¥1) V t'(2)) for any ¥y and ¢,

t' (Y1 A th2)) =aer (£/(¥1) At/ (¢2)) for any ¢y and ¢;

It is easy to see, by induction on PCL terms and PCL formulas, that for
any PCL formula 1, 1 and t/(¢) are true in the same models.

We show now how to derive a result from [4] that Sahlqvist formulas have a
first-order correspondent as a corollary to the fact that Deterministic SQEMA

succeeds on all Sahlqvist ML(O, [U]) formulas.

Theorem 93 The modified translation maps Sahlquist PCL formulas to Sahlquist
implications from ML(O, [U]).

Proof An easy induction on PCL terms shows that t/(7) for a positive term
7 is a positive ML(OJ, [U]) formula. Similarly, it is simple to show that t'(¢))
for a positive ¢ is a positive ML(O, [U]) formula. It remains to show that t’
maps negation-free PCL formulas to ML([J, [U]) Sahlqvist antecedents. This
again follows from an easy induction, using the definition of t’. O
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We use Deterministic SQEMA for the language of Pre-Contact Logic, by
translating a pre-contact formula to a formula of ML(OJ, [U]), using t’, and
running Deterministic SQEMA on the translation. It immediately follows that
Deterministic SQEMA succeeds on the modified translation of any Sahlqvist
PCL formula.

It was proved in [5] that: Every pre-contact formula is complete with respect
to the class of finite frames defined by it. Hence, every pre-contact formula is
complete.

Theorem 94 FEvery PCL formula 1, on whose modified translation
Deterministic SQEMA succeeds and produces a FOL formula ), is complete
on the class of frames defined by 1)’

Proof By the properties of Deterministic SQEMA, t/(¢)) and ' are locally
correspondent, therefore globally correspondent. By the properties of t’, v
and t'(1)) define the same class of frames, so ¥ and 1’ define the same class
of frames, therefore they define the same class of finite frames. By the above-
mentioned result in [5], ¢ is complete in the class of finite frames, defined by
', and therefore is complete in the class of all frames, defined by 7. O

3.12 Example Runs with PCL Formulas

3.12.1 ((0#p) — C(p,1))

Consider the PCL formula ((0 # p) — C(p,1)).

The modified translation t'(((0 # p) — C(p,1))) produces the formula:

(U)p = (U)(OT Ap)).

This is a Sahlqvist formula of the language ML(0J, [U]), so we expect Deterministic
SQEMA to succeed on the first try, without backtracking.

In STEP 1, we rewrite the formula in negation normal form, obtaining:

([U]=p Vv (U)(OT Ap)).

We have a single conjunct, Ay = ([U]-p V(U)(OT A p)).

We allocate the nominal ¢; and proceed to STEP 2.

In STEP 2, we need to normalize —A; = =([U]-p V (U)(OT A p)).

First, we take the negation normal form, which is ((U)p A [U](OLV =p)). Then we
check to see if we can apply any more rules, except for the ones marked with CNF.
We cannot, so we form the initial system:

o1 =~ (= Y. (Up A [U)(OL Y -p)))).

In STEP 3, we set the variable elimination order to (p), and create a new backtracking
context. Then we proceed to STEP 4.

In STEP 4, we save a backtracking context (p,o1), and start applying step.

step(oy,p) splits on a conjunction:

02 = ~ (=1 Y (U)p), (~ex Y. [UJ(TL V -p))).

step(o9, p) applies the O-rule:

o5 = = Al(e1 = (U)es), (mez ¥ p), (e ¥ [U)(OL V =p))).
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step(os, p) applies the Ackermann rule:

o1 =~ Al(er = (U)ea), (~er ¥ [UJ(OLV =e))).

Thus we proceed to STEP 5.

In STEP 5, we take c3 as the next available nominal, and set:

foly = VaoTxsst(4,x3,04).

The final result is a conjunction with a single element fol,. After simplification,
we obtain the sentence:

Vy13z1(y1 1 21).

3.12.2 (C(p,q) = (C(p,r) VvV C(-7,q)))

Consider the PCL formula (C(p,q) — (C(p,r) V C(-r,q))).

First, we translate into ML(O, [U]), t'((C(p,q) — (C(p,r) vV C(—1,q)))):

(U)(p A Oq) = ({U)(p A Or) V (U)=r A Qq)))-

This is an inductive formula of the language ML ([, [U]), so we expect Deterministic
SQEMA to succeed on the first try.

In the future, the author would like to explore a matching definition of inductive
formulas in the PCL language.

In STEP 1, we rewrite the formula into negation normal form, obtaining:

([U)(=p Vv O=g) vV (U)(p A OT) VU) (=1 AOg))).

We have a single conjunct, Ay = ([U](=pVO=q) VvV (U)(pAOr)V(U)(—r A q))).

In STEP 2, we need to normalize —A;. First, we rewrite the formula into negation
normal form, obtaining:

(U)(p A Oq) A ([U](=p v O=r) A [U](r v Oq))).

Now, the [-extraction rule is applied:

(U)(p A Og) AUN((=p Vv O=r) A (r v Ong))).

Finally, we use the rules marked with CNF to re-arrange the subformulas in the
conjunctive normal form in a kind of lexicographical order, obtaining:

(U)(Ogq A p) AUI((O=g Vr) A(O=r V —p))).

We reserve the nominal ¢; and form the initial system:

o1 = ~ A(=e1 ¥ ({U)(0a A p) A UN(@=q v 7) A (O v -p)))-

In STEP 3, we choose the elimination order (p, ¢, 7) and create a new backtracking
context, then call STEP 4.

In STEP 4, we start solving o1 by calling step.

step(o1, p) splits on conjunction:

o2 = A((=e1 Y (U)(Og A p)), (mer Y [UN((B=g Vv r) A (O-rV-—p)))).

(
step(oz,p) applies the ¢-rule:
o3 == \(cx = (U)ez), (me2 Y (Og Ap)), (mer Y [UJ((H-g Vr) A(O-r Vv =p)))).
step(os, p) splits on conjunction:
os =2 \(
(c1 = (U)ea),
(me2 ¥ 0g),
(me2 Y p),

(mer Y [U]((O=g Vr) A (O-r V —p)))).
step(o4,p) applies the Ackermann rule:

o5 == /\(
(1 = (U)ea),
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(me2 Y Oq),
(mer Y [UN(O=g Vr) A (O-rV-ocg)))).

Now, we need to normalize the above system. In the normalization process, we
remove the conjunct (¢; — (U)cy) because it is equivalent to T, obtaining the system:

o6 =~ N((L ¥ (=1 V [U](5ez V O-r) A (Tmg V1)) A (=2 V 0a)))).

Then STEP 4 is called again with the next variable to eliminate and the same
backtracking stack, ¢. A backtracking context (g,oq) is saved to the backtracking
stack.

step(og,p) splits on conjunction:

o7 =-\(

(LY (mer V [U)((~ez V O-r) A (O-q v )))),
(LY (mea v 00))).

step(o7,p) applies case 3.2:

os = \(

(LY (mes V [U)(~ez vV Or) A (Omg v r)))),
(L V =c2) ¥ 0q)).

step(os, p) applies the O-rule:

o9 = \(

(LY (=e1 V [U]((meq VO=r) A (O-g V1)),
(02 — 003),
(mes ¥ q)).

step(og, p) applies the Ackermann rule:

o10 = /\(

(LY (=er V [U]((meq vV O-r) A (O-eg V),
(02 — 063)).

The system normalization procedure only removes the occurrence of | in a disjunction.
We obtain the system:

o11 = ALY ((e2 = Oc3) A (—er V [U((—ex VO-7) A (O=es V1))

STEP 4 is called again with the same backtracking context and propositional
variable to eliminate 7.

step(oy1, ) splits on conjunction:

012 =7 /\(

(L Y (c2 = Ocs)),
(LY (=1 V [Ul((me2 VO=r) A (O-c3 VT))))).

step(o12, 1) applies case 3.2:

o13 = = A(

(L v (CQ — 003)),
((LV=er) YIU((mex vVO-7) A (O=es VT)))).
step(o13,r) applies the O-rule:

o1a =~ \(

(J_ 4 (CQ — 063)),
(O (L V =er) Y ((meg VO-r) A (O=ez V1))
step(o14, 1) splits on conjunction:

o15 = /\(

(J_ v (CQ — 063)),
(O (L V =er) Y (meg VO-r)),
(DJI(L V ﬁcl) v (DﬁC;g V T)))
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step(o15, 1) applies case 3.2:

)
o6 =~ A(
(LY (ez = Ocy)),
(Da (L \Y ﬁc1) v (ﬁCQ \Y Dﬁ?‘)),
(O (L V =ep) VO=es) V7).
step(o16, ) applies the Ackermann rule:
016 = 7 /\(
(L ¥ (c2 = Ocs)),
(Dal(J_ \Y ﬁC1) v (ﬁCg v (Dal(J_ V ﬁC1) V DﬁC;),))).
We now go to STEP 5. We take the next available nominal, ¢4, and set:
foll(xl) = V$2V$35|JU4(5, T4, 0'16).
After simplification and suitable renaming of individual variables, we obtain the
final result, which is a sentence:

Vi Vy2((y1 1 y2) = 3z21((ya 1 21) A (21 1 92)))

—

3.13 Implementation in the Programming Language Java

A variant of the algorithm Deterministic SQEMA was implemented in the
Java programming language back in 2006, as part of the author’s master’s
thesis [25], and has been running at the website http://www.fmi.uni-sofia.
bg/fmi/logic/sqgema ever since. For this dissertation, several changes were
made to the implementation:

- Support for the universal modality was finalized and theoretical work
was done to show soundness of the variant of Deterministic SQEMA with the
universal modality, i.e. that if successful, then the result is a local first-order
correspondent, and the input formula is the proven to be d-persistent with
respect to a language with the universal modality.

- The user interface of the implementation was completely changed from
plain HTML with a backend running as a Java servlet on a Tomcat instance, to
static HTML/CSS/Javascript files, served from a regular Apache installation.
This was achieved by keeping the implementation in the Java language, but
using the Google GWT compiler to translate the algorithm’s implementation
into Javascript and run it directly in the user’s browser. This had several
beneficial effects:

First, it removed the need for a servlet-capable backend, which helped a
great deal when later the Tomcat instance was shut down and a migration to
a plain Apache was inevitable.

Second, it relieved the machines of the Faculty of Mathematics and
Informatics from the burden of running an algorithm whose first step is
obtaining a potentially exponentially larger formula from the input by
converting to a conjunctive normal form. Needless to say, that had caused
quite a few problems over the years.
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And finally, it helped the author create backup websites hosting the
implementation, such as:

http://debian.fmi.uni-sofia.bg/“dimitertg/sqema,

http://dimiter.slavi.biz/sqema,

and

http://geocities.ws/sqema,

which are always kept up-to-date with the original website, and are
sometimes used as testing environments for newer versions before the main
website is updated.

- Some additional simplifications were implemented for the first-order result
formula, improving the readability of the results.

- Support for the language of Pre-Contact Logics was added, by using
a modified translation of PCL formulas into formulas of the modal language
ML(O, [U]) and thus ensuring that the implementation succeeds on all Sahlqvist
PCL formulas, see details in [3.11

- Support for polyadic modalities was added. The theoretical work
on which this part of the implementation is based comes from [18], and no
further proofs were made to ensure that the implementation succeeds on all
polyadic Sahlqvist and polyadic Inductive formulas. This is considered out of
scope for this dissertation. In the future, the author would like to explore this
topic further.

- A recognizer for Sahlqvist and Inductive formulas was added to the user
interface. Thus the user can quickly check if the input formula is a Sahlqvist or
an Inductive formula. This recognizer does not yet support polyadic formulas
and does not affect the work of the algorithm.

- An off-line testing system was implemented in Java, along with some
formula generators, which were used to amass several million formulas as a
test corpus. The tests are used for several reasons:

First, they are used as a regression check, after every major change in the
algorithm, a test is run off-line by the author to see if there are any differences
in the results between versions of the algorithm.

Second, they were used to test the hypotheses that the implementation
always succeeds on all Sahlgvist and all Inductive formulas, using the recognizer
mentioned above and checking whether the implementation indeed succeeds on
all such formulas from the test corpus.

Last but not least, the tests were of great help when the author was looking
for new invariants for Sahlqvist and Inductive formulas.
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4 ML(D) and CKD45

We are using the basic modal language ML(J) and the standard predicate
calculus with equality and a single binary predicate symbol » FOL. The standard
definitions of Kripke frame and Kripke model apply. We use the well-known
constructions bounded morphic image (p-morphic image), generated subframe,
and disjoint union (#)) (see definitions |5} [6| and [7)) and their properties as in [8].

We are interested in the class of all KD45-frames, and this class is axiomatized
with the popular KD45 normal modal logic. The azioms of KD45 are the
following formulas:

(D) (Op — Op) (right-unboundedness axiom)
(4) (Op — OOp) (transitivity axiom)
(5) (Op — O0p) (Euclidean axiom)

We say that a frame F is a KD45-frame iff F validates the axioms (4), (5),
and (D).

The first-order correspondents of the KD45 axioms are:

(D) Vz3zi(z r z1)
(4") VaVz1((x 1 21) = V2o((21 7 22) = (z 1 22)))
(5" VavVyr ((x ry1) = Vi ((zr z1) = (217 y1)))

We say that a Kripke frame F = (W, R) is a daisy iff W = P(F) U S(F),
where P(F)NS(F) =0, S(F) # 0, P(F) is the set of petals, S(F) is the set of
stamens, and the following hold:

(Daisy 1). Y € P(F)-3y € W({(y,z) € R)
(Daisy 2). Vo € P(F)Vy € S(F)({z,y) € R)
(Daisy 3). Va € S(F)Vy € S(F)({(z,y) € R)
It is also easy to see that each daisy is a KD45 frame (F E (D")A(4")A(5)).

Proposition 95 Let F be a KD45 frame. Then there is an index set I and a
set of daisies D = {F; | i € I}, such that F = ¢ D.

Proof Let F = (W, R) be a KD45 frame. Let F/ =4, (W, R’), where R’ =g¢¢
{(z,y) | Fz((, 2) € R & (y,2) € R)}.

We show that R’ is an equivalence relation over W. By the definition of R/,
it is symmetric. By F F (D’), R’ is reflexive. Let us see that R’ is transitive.
Suppose (a,b) € R' & (b,¢) € R'. Then a and b have a common R-successor
x, and b and ¢ have a common R-successor y. Since R is Euclidean, (x,y) € R
because they are both descendants of b. But R is also transitive, therefore
(a,y) € R, thus a and ¢ have y as a common R-successor. Thus (a,c) € R’ and
R’ is transitive. Therefore, R is an equivalence relation.

We denote by |w| the R'-equivalence class of w € W. Let I =4¢5 {|w| | w €
W}, let Fiy,| =aer (|w|, RO (Jw] x |w])), and let D = {F; | i € I'}. Clearly, I is
a non-empty set of disjoint subsets of W. To see that F = |4 D, suppose for
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the sake of contradiction that there are two R’-equivalence classes |wi| # |wa],
such that for some x € |w;| and some y € |wz| we have that (z,y) € R. Because
R is euclidean, y is reflexive and thus it is a common R-successor of both x
and y, obtaining the contradiction |w;| = |ws|. We conclude that F = |4 D.

It remains to show that for all w € W, F,, is a daisy. Let w € W and
let Fy, = (lw], Rjy|). Let P =45 {z € |w| | (z,7) ¢ R}, and let S =4¢r {7 €
|w| | (z,z) € R}. Clearly, P and S are disjoint, and PUS = |w|. Also, because
Fl- (D) A (5), S # 0.

For (Daisy 1), suppose for the sake of contradiction that for some x € P,
there is a y € W, such that (y,x) € Rj,. Then (y,r) € R, and because
FE (5), (z,z) € R, contradiction.

For (Daisy 3), let x € S and y € S. Because both x and y are in |w|,
they have a common R-successor z. Because R is Euclidean, z is reflexive and
z € |w|. But y is also reflexive, so by the fact that R is Euclidean, (z,y) € R
and by transitivity (z,y) € R. Because F = [t D, (v,y) € Ry

For (Daisy 2), let z € P and y € S. Because both x and y are in |w|, then
they have a common R-successor z. Because R is Euclidean, z is reflexive and
z € |w|. Moreover, z € S. By (Daisy 3), (z,y) € R. By transitivity, (z,y) € R
and thus (z,y) € R}y O

4.1 First-order Definability

Now, some definitions. The class of all KD45-frames is denoted by Ckpas. The
class of all S5 frames is denoted by Css. Easily, Cs5 C Ckpas. We denote by Cy
the class of finite daisies without petals, and Cy for the class of finite daisies
with a single petal. We denote by D; the finite daisy with ¢ stamens and no
petals, and D} for the finite daisy with ¢ stamens and a single petal. Clearly,
D; and D) are well-defined up to ismorphism of Kripke structures.

Lemma 96 Let A be a modal formula. Then Cs5 I+ A iff Cy IF A. Also Ckpas I+
Aiff Cp IF A.

Proof Let Cg5 IF A. Cy C Css5, so Cy IF A. Let Cy IF A. Let F € Cg5 and
suppose that F ¥ A. Then Cgs ¥ A. Because of the finite model property of
Css, there is a finite frame F’ € Cgs, such that F' ¥ A. Therefore, there is a
state w from F’, such that F',w ¥ A. Let F” be the generated subframe (see
Definition [7)) of F’ at w. Then F” w ¥ A (see []]), so F” ¥ A, but F” is the
equivalence class of w in F/, so F” € Cj, and thus Cy ¥ A, contradicts Cy I+ A.

Let Ckpas IF A. C1 C Ckpas, so C1 IF A. Let C1 I A. Suppose there is
some F € Ckpus, such that F ¥ A. Because of the finite model property of
KD45, there is a finite frame F' € Ckpas, such that I/ ¥ A. Then there is a
state w from F’, such that F/,w ¥ A. Let F” be the generated subframe of
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F’ at w. Then F’,w ¥ A, so F” ¥ A. F” is a finite daisy with at most one
petal. So there is a number n > 1, such that either w is reflexive, and then
F” = D,, € Cy, or w is not reflexive, and then F’ = D!, € C;. If ¥ is D,,,
then F” is a p-morphic image of D/, € Cy. But Cy I+ A, so D), IF A, therefore
F” I A, contradicts F” ¥ A. Otherwise, F” is D! € C1, and because C; I A,
F” |- A, contradicts F” ¥ A. O

Lemma 97 Let A be a modal formula. Exactly one of the following three
holds: either Cg5 IH A, D1 W A, or there is a number n > 1, such that for all i:
D; IF A & i < n. Exactly one of the following three holds: either Cxpgs IF A,
D) ¥ A, or there is a number n’ > 1, such that for all i: D} I A < i < n’. If
such n and n' exist, then n’ < n.

Proof For the first condition, consider the validity of A in the class Cy. There
are three cases. First, let Cy IF A. By Lemma this happens if and only if
Css IF A. Second, let for all F € Cy : F ¥ A. Then because Dy € Cjy, we have
that D1 ¥ A. Now let D1 ¥ A and suppose that for some F € Cy : F I A.
But D1 is a p-morphic image of F, so Dy I A, contradicts D1 ¥ A. Third, let
there be some frame F’ € Cy, such that F’ I A, and let there be some frame
F"” € Cy, such that F” ¥ A. Let n > 1 be the first number, such that D,, ¥ A.
Because D; is a p-morphic image of F/, Dy I+ A, so n # 1, therefore n > 1.
Moreover, if i > n, D, is a p-morphic image of D;, so D; ¥ A, because suppose
otherwise. Then D,, IF A, contradicts D,, ¥ A. Now, let i < n. Because n is
the first number, such that D, ¥ A, it follows that D; I A. Therefore, there
is a number n > 1 and for all i: D; I+ A < i < n. Now, suppose that there is a
number n > 1, such that for all : D; I+ A < ¢ < n. Then Dy I+ A and D,, ¥ A.

For the second condition, consider the validity of A in the class C}. There
are again three cases. First, let Cy IF A. By Lemmal96] this happens if and only
if Ckpas IF A. Second, let for all F € C; : F ¥ A. Then because D] € C1, we
have that D] ¥ A. Now let D} ¥ A and suppose that for some F € C : F |- A.
But Dj is a p-morphic image of F, so D] I+ A, contradicts D] ¥ A. Third let
there be some frame F’ € C1, such that F' I A, and let there be some frame
F” € C1, such that F” ¥ A. Let n > 1 be the first number, such that D), ¥ A.
Because D] is a p-morphic image of F/, D} I A, so n # 1, thus n > 1. Now,
if i > n, then D/ is a p-morphic image of D/, and suppose that D} |- A, then
D) Ik A, contradicts D], ¥ A. Let i < n. Then because n is the first number,
such that D], ¥ A, we have that D] I+ A. Therefore, there is a number n > 1
and for all i: D} |- A < i < n. Now, suppose that there is a number n > 1 and
for all i: D} IF A< i <n. Then D; I+ A and D,, ¥ A.

Finally, let such n and n’ exist. Then n’ < n by the properties of p-morphic
images. Il

For n > 1, we denote ¥, (2) =gef Yy1.. . Vyn(A{(x 7 yp) | 1 <k < n} —
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Vil =u) | 1 <k <l <n}). Clearly, for any KD45 frame F, F F 4, (x) iff
every daisy from F has less than n stamens.

Theorem 98 Let A be a modal formula. Then there is a first-order formula
1, such that A and 1) are globally correspondent over the class of frames Ckpas.
Also, 1 can be effectively computed.

Proof We note here the following: Because KD45 is finitely (hence recursively)
axiomatizable, canonical (hence complete) and because KD45 has the finite
model property, the problem of Ckpgs IF A is decidable. The same applies to
the problem of Cgs IF A.

Now, we show an algorithm for finding the first-order correspondent of A
over Ckp4s, thus proving both points of the theorem.

First we show first-order definitions of A over the classes Cy and C; separately,
then we use these definitions to form the definition of A over the class Ckpas.

First, the definition of A over Cy. Because of Lemma [07], there are 3 cases:

1. If Cs5 IF A, then 9, =gef T is a definition of A over Cp and let i =g 1.

2. If D1 ¥ A, then v¢, =4 L is a definition of A over Cy and let ¢ =45 2.

3. Otherwise, there is a number n > 1, such that for all m: D,, I+t A & m <
n. Therefore, it is easy to check that the formula 1¢, =gef 1 is a definition of
A over Cy and let i =g¢r 3.

Now, the definition of A over Cj. Because of Lemma [97] there are 3 cases:

1. If Ckpas IF A, then Y¢, =g4¢¢ T is a definition of A over C; and let
J —def L.

2. If D7 W A, then ¢, =g¢r L is a definition of A over C; and let j =ger 2.

3. Otherwise, there is a number n’ > 1, such that for all m: D] IF A < m <
n'. Therefore, it is easy to check that the formula ¢, =gef ¥y is a definition
of A over C; and let j =g 3.

Let § 4oy Va((2 7 2) A gy) V ((z 7 2) Ade,)).

Let F € Ckpas, we now show that F E ¢ iff F I A, by examining the cases
of the pair i, j:

l.i=1,7=1.¢% =T, s0 FF . Because j = 1, Ckpas I+ A, so F I- A.

2.i=1,j=2. ¢ =Ve(zruz).

2.1. F € Cs5. Then, F F ¢ and because i = 1, F IF A.

2.2. F ¢ Cg5. Then F ¥ 9. Suppose F |- A. But D] is a p-morphic image of
F, so D} IF A, contradicts j = 2.

.i=1,j=3. ¢y =Ve((zrz)V (=(zrz)Ay)).

3.1. F € Cg5. Then F E Va(x r x), so F E 9. But i = 1, so Cgs IF A, so
FI- A.

3.2. F ¢ Cgs.

3.2.1. F E 9. Suppose F ¥ A. Then there is a state w from F, such that
F,w ¥ A. Let F’ be the generated subframe F’ of F at w, we have that F/, w ¥
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A. Suppose F’ € Cgs, then because i = 1, F/ IF A, contradiction. So F’ ¢ Cgs, so
because F F ¢, F is a daisy with < n’ stamens and exactly 1 petal. Therefore
there is a number m < n’, such that F’ is isomorphic to D],
j=3,D IFA soF Ik A contradiction.

3.2.2. F IF A. Suppose F ¥ . Then F F Jz(—=(z r ) A ((z 7 ) V ).
Then there is a state w from F, such that w is a petal and w has > n/ R-
successors. Then D/, is a p-morphic image of the generated subframe of F at
w, so D/, I A, however by j =3, D/, ¥ A, contradiction.

4. 1= 2,7 = 1. Impossible.

5.i=2,7=2.¢%=1,s0F ¥ . Suppose F I A. But D; is a p-morphic
image of F, so Dy IF A, however by i = 2, D; ¥ A, contradiction, therefore
F ¥ A.

6. ¢ = 2,7 = 3. Impossible.

7.1=3,j5 = 1. Impossible.

8.i=3,7=2. ¢ =Ve((zrz)Aiy).

8.1. FE®. Then F € Cs5. Suppose F ¥ A. Then there is a state w from F,
such that F,w ¥ A. Let F’ be the generated subframe of F at w, we have that
F' ¥ A. Because F F ¢, F F 1, and therefore F’ is an equivalence class with
< n stamens. Therefore, F/ € Cy and there is some m < n, such that F’ is
isomorphic to D,,. Therefore, D,, ¥ A, but i = 3, so D,, IF A, contradiction.

8.2. FIF A. Suppose F ¥ 9. Then F E Jz(—(z r x) V —1by,).

8.2.1. There is some w from F, such that w is not reflexive. Then D] is a
p-morphic image of the generated subframe of F at w, so D] I A, however by
Jj =2, D} ¥ A, contradiction.

8.2.2. All states of F are reflexive. Then F F 3Jz(—¢y,), so there is some
state w from F, such that w has > n R-descendants. Then D, is a p-morphic
image of the generated subframe of F at w, therefore D,, IF A, but by i = 3,
D, ¥ A, contradiction.

9.i=3,7=3.

9.1. F F . Suppose F ¥ A. Then there is a state w of F, such that F, w ¥ A.
Let F' be the generated subframe of F at w, we have that F’ ¥ A. Because
F E 4, F/ is a finite daisy with at most one petal.

9.1.1. w is a petal of F’. Because F F v, we have that F F ¢,/[w], so w has
< n' R-descendants. So there is a number m < n’, such that F’ is isomorphic
to D!, so DI W A, but by j =3, D/, E A, contradiction.

9.1.2. w is a stamen of F'. Because F F ¢, we have that F F 1, [w], so w has
< n R-descendants. So there is a number m < n, such that F’ is isomorphic
to Dy, so Dy, ¥ A, but by ¢ = 3, D,, I A, contradiction.

9.2. F IF A. Suppose F ¥ . Then F F Jz((=(x r z) V =) A ((x 7
x) V b)), so there is a state w of F, such that F E ((=(z r ) V —¢p) A ((z r
x) V =py))[w]. Let F/ be the generated subframe of F at w, then F' I- A.

and because of
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9.2.1. FE (=(z 7 ) Ay ) [w]. Then F is a daisy with one petal and > n/
stamens. Therefore, D/, is a p-morphic image of F’, so D!, I A. But by j = 3,
D!, ¥ A, contradiction.

9.22. FE ((z r ©) A p,)[w]. Then F’ is a daisy with no petals and > n
stamens. Therefore, D,, is a p-morphic image of F’, so D,, IF A. But by ¢ = 3,
D, ¥ A, contradiction.

9.2.3. F F (=9, A=ty ) [w]. Then there are two cases. Either F E (z r x)[w],
in which case the proof is the same as in the case 9.2.2 above, or F £ —(x r
x)[w], where the proof is the same as in the case 9.2.1. above. O

4.2 Modal Definability

Let F € Ckpas. Then there is a set of daisies D, such that F = [/ D. Let Q =4f
{Card(S(z)) | x € D} and let s(F) =g4¢r sup(Q). Let Qo =gef {Card(S(x)) |
z € D & P(z) = 0} and let so(F) =g4¢f sup(Qo). Let Q1 =gef {Card(S(x)) |
z € D & P(z) # 0} and let s1(F) =4¢r sup(Q1). We denote the class of frames
F € Ckpas such that 1 < s(F) < w by C.

Definition 99 (Restriction of a Daisy) Let F and F’ be daisies and let
k > 0. We say that F' is a restriction of F to at most k petals and at most k
stamens iff F/ has either k petals if F has at least k petals, or has the same
number of petals as F otherwise, and F’ has either k stamens if F has at least
k stamens, or has the same number of stamens as F otherwise. Clearly, up to
isomorphism, for a given daisy F and k > 0, there is a single daisy, which is
the restriction of F to at most k petals and at most k& stamens. We denote this
daisy by F |1 k and we say that it is the restriction of F to k

Definition 100 (Restriction) Let F be a KD45-frame and let & > 0. Let D
be the unique set of daisies (up to isomorphism), such that F = ) D. We say
that the following frame is the restriction of F to k: F |1 k =4¢p WH{F' |1 k |
F' € D}.

Lemma 101 Let F € Ckpss and let n > 0. Then there is a frame F/ in C?,
such that: 1. for all FOL sentences v with quantifier rank n, F F ¢ iff F/ E ).
2. 50(F") < min(so(F),n) and s1(F’) < min(si1(F),n). 3. F/ is a p-morphic

image of F.

Proof Let F' =4 F [1 n (see Definition [100), then s(F') < n and F’ €
C®. We use the Ehrenfeucht-Fraissé method, see chapter 1 of [22]. Clearly,
the duplicator wins the Ehrenfeucht-Fraissé game G, (F,F’). By Ehrenfeucht’s
theorem, F =,, F’ (for every sentence ¢ € FOL with quantifier rank n, F £ 1)
iff F/ E ). By the definition of F, sq(F’) < so(F), so(F') < n, s1(F) < s1(F),
s1(F") < n, and F’ is a p-morphic image of F. O
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Lemma 102 Let Fo € C* F; € C F' € C?. If 59(Fg) > s0(F’) and s1(F;) >
s1(F"), then for every sentence ¢ € FOL, if ¢ is modally definable in ML(OJ)
over Ckpas, Fo E ¢, F1 E ¢, then F/ E 1.

Proof Suppose Fg E 1 and Fy E v, but F/ ¥ 4. Let A be a modal definition
of ¥ over Ckpas. Then Fy IF A, F1 IF A, and F’ ¥ A, so there is some state w of
F’, such that F/,w ¥ A, so let F” be the generated subframe of F’ at w. Then
F” wl A, soF" ¥ A. There are two cases for F”. First, let w be reflexive. Then
so(F") < so(F’) < s0(Fp), so F” is a p-morphic image of a daisy of Fp, then
F” I A, contradiction. Now, let w be a petal. Then s1(F”) < s1(F') < s1(Fq).
Then F” is a p-morphic image of a daisy of F1, so F” IF A, contradiction. [

For n > 0, we denote A, =4¢¢ A{Opr |1 <k <n} = V{0piAp;) |1
i < j <n}. It can easily be verified that for any KD45 frame F and any state
w from F, F,w IF A, iff w has less than n R-descendants. Therefore, for all
n > 0, ¥,(x) and A, are locally correspondent with respect to Cxpas. This
implies that Va1, (x) and A,, are globally correspondent with respect to Ckpas.
We assume that ¢ is a variable, which does not occur in any A,,.

Lemma 103 For all i and j such that 1 <14 < j, Va(((x r ) A;) V (=(x 7
x) A 1p;)) is globally correspondent to ((¢ — Ogq) A A;) V A; with respect to
CoU (1.

Proof Let F = (W,R) € CyUC;.

First, we show that F E Va(((z 7 ) A;) V (=(x r x) Ay)) iff F IF A; or
FlI-((g—= 0q) N 4j).

1. Let FEVz(((x rx) Apj) V (=(x rx) Ady)).

1.1. F has a petal w. Then F F 9;[w], so F has < ¢ stamens. Then F F Vx;,
so FIF A;.

1.2. F has no petals. Let w be any state of F. Then F F 1;[w], so F has
< j stamens. Then F F Vzi;, so F I A;, but F has no petals (F I (¢ = 0q)),
so FIF ((¢ = Og) A A)).

2. Let F I- A;. Then F has < ¢ stamens, so F F ;. But ¢ < j, so F F 1;.
Then F EVa(((x r z) Apj) V (=(x r z) Ay)).

3. Let F IF ((¢ = 0q) AN Aj). Then F IF (¢ — Og¢) and F I A;. Then
FEVz(zrx) and F |- Vay;. So FEVz(((x rz) Ay) V (=(zrz) Ay)).

It remains to show that for F I+ A; or F I- ((¢ — 0q) A A;) if FIF ((¢ —
()q) VAN Aj) V A;.

The left-to-right direction is obvious. Let F I ((¢ = 0¢) A A;) V A; and
suppose that F l A; and F ¥ ((¢ = 0q)AA;). Then there are states w; and ws
from F, such that F,w; ¥ A; and F,wo ¥ ((¢ — Og)AA;). Therefore, w; has at
least ¢ R-descendants, and ws is not reflexive or has at least j R-descendants.
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Now, we have that F I A; vV A; and F IF (¢ — Oq) V A;, but this means that
F - A; (because i < j), so wy has less than j R-descendents, therefore wy is
not reflexive. First, F, wy ¥ (¢ — 0q). Second, F, wy ¥ A; because the stamens
of F are at least i. Because ¢ does not occur in A;, F,ws ¥ (¢ — Oq) vV A;. This
contradicts F IF (¢ — 0q) V A4;. O

Lemma 104 Let for some 1 < i < j, Va(((x r ) A;) V (=(x r x) Ay))
be globally correspondent to some modal formula A with respect to Cy U Cf.
Then Va(((x 7 ) Apj) V (=(z r x) A1);)) is globally correspondent to A with
respect to Ckpas.

Proof Analogous to case 9 in the proof of Theorem OJ

Lemma 105 For all 1 <i < j, Va(((x r ) Apj) V (=(x r x) A1) is globally
correspondent to ((¢ = 0g) A A;) V A; with respect to Ckpas.

Proof TFollows by Lemmas and O
We denote Ag =g L, A =def T Y0 =def L, Y =def T-

Lemma 106 Let ¢ be a FOL sentence. Then 1) is modally definable in ML([J)
over Ckpgs iff there are ordinals o, o1 such that 0 < 01 < 09 < w and for every
F € C’ FEiff 50(F) < 0g and 51(F) < o71.

Proof (“only if”) Let ¢ be modally definable in ML(O) over Ckpas. Let
So =aef {s0(F) | F € C® & F E ¢}, S1 =4er {s1(F) | F € C* & F F ¢}. Let
00 =def sup(So) which is an ordinal even when Sy = (). Let 01 =4¢f sup(Sh)
which is an ordinal even when S; = (). By the definition of C?, 0 < 09 < w and
0<o0; <w.

Suppose o1 > 0g. Then there is some frame F’ € C?, such that F/ € S1, and
s1(F") > o9, because suppose otherwise. Then o1 < 0, contradicts o1 > oy.
Also, F' £ 4. Let F” be F’ without its petals. Then F” is a p-morphic image
of F/. Let A be a modal definition of 1, then F' I A, so F” I A and F” k& ).
But s(F”) = s(F’), so F” € C? so so(F") < og. But so(F”) = s1(F'), so
oo < s1(F") = so(F") < 09, contradiction. We conclude that og < oy.

Let F € C°. First, let F F ¢. By the definition of Sy and Si, so(F) < oy
and s1(F) < 1. Now let s¢(F) < 0¢p and s1(F) < o1. Then there are frames
Fo € Sp, such that so(F) < so(Fp) and F; € Sp, such that s1(F) < s1(F1). By
Lemma F E .

(“if”") Let there be ordinals ¢, o1, such that 0 < o1 < 0p < w and for every
F e C% FEqiff 5o(F) < 0og and 51(F) < o71.

If o9 < w, let ag =4 00 + 1, otherwise let ag =g40r 0. If 01 < w, let
a1 =gef 01 + 1, otherwise let a1 =g¢r 1. Let A =45 ((¢ = 0q) A Any) V Aq, -
We show that for all F € Cxpgs, F E ¢ iff F I A.
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1. 09 = w,01 = w. Then A = T. Suppose that F £ 1. Then F £ =3 and
by Lemma there is a frame F/ € C? such that F/ E =, so F' ¥ 1. But
because F' € C?, 5o(F') < w and s1(F") < w, so F' E 4, contradiction.

2. 090 =w,01 =0. Then A = (¢ — 0q).

2.1.F € Cg5. Then F I+ A. Suppose F ¥ 9. Then F F —¢) and by Lemma([I0T],
there is a frame F/ € C?, such that F' E =), so(F') < w and s1(F’) < s1(F) = 0.
So F’ E 1), contradicts F' F —).

2.2. F ¢ Cg5. Then F ¥ A. Suppose F £ 4. Then F E Jx—(z r ) A . By
Lemma , there is a frame F/ € C?, such that F’ £ 3z—(x r ) A . Then
F' E 4 and s1(F') > 0, so F’ ¥ 9, contradiction.

3.00=w,0< 01 <w. Then A= (q— 0q) V A,,.

3.1. F € Cg5. Then F IF (¢ — Oq), so F I A. Suppose F ¥ 1. Then F E -
and by Lemma there is a frame F/ € C° such that F' F =), so(F') < w
and s1(F') < s1(F) < 01. So F' E 1), contradicts F' E —).

3.2. F ¢ Css.

3.2.1. F I A. Suppose F ¥ 1, so F £ —. By Lemma there is a
p-morphic image of F, F/, such that F' € C? so(F/) < w, and F' F =), so
F' ¥ 4. Then F’ IF A, but s1(F’) > a1 > o1 > 0. By the definition of s;(F’),
F’ has a petal, w, which has > a7 R-descendants. Then F',w ¥ (¢ — ¢q) and
F',w ¥ A,,. Because ¢ does not occur in A,,, F/,w ¥ A.

3.2.2. F E 9. Suppose F ¥ A. So there is some state w of F, such that
F,wlF A. So F,wlF (¢ — Oq) and F,wl¥ A,,. Then w is not reflexive and w
has > o1 R-descendants. So F £ ¢ A 3z(=(z 7 2) Atq, ). By Lemmal[l01] there
is a frame F' € C? such that F' £ ¢ A 3z(—(2 r ) A e, ). Then, F E 1, but
s1(F") > o1, so F' £ 1), contradiction.

4. 09 = 0,01 = w, contradicts o1 < oy.

5. 09 = 0,00 = 0. Then A = 1L, so F ¥ A. Suppose F F 9. By Lemma
m there is a frame F’ € C?, such that F’ F 1, but then both so(F’) < 0 and
s1(F") <0, so s(F) = 0, impossible.

6. 09 = 0,0 < 01 < w. contradicts o1 < oyg.

7.0 < 09 < w,01 = w. contradicts o1 < og.

8.0<0p<w,00=0. Then A= (q— 0q) N\ Ay,-

81. F Ik A. Then F IF (¢ — 0q), so F € Css, so s1(F) = 0. Suppose
F 1, then F F . By Lemma there is a p-morphic image F’ of F, such
that F/ € C?, s1(F') < s1(F) = 0, and F F ¢, so so(F) > 0 and therefore
s(F) > og. But F' IF A,,, so every state in F/ has at most op successors,
contradiction.

8.2. F E 9. Suppose F ¥ A.

8.2.1. F ¥ (¢ — 0q). Then F has a non-reflexive state, so F F Jz—(z r
x)A. By Lemma there is a frame F/ € C?, such that F' £ 32— (x 7 z) A).
Then F’ E 4 and s1(F’) > 0, so F’ ¥ 9, contradiction.
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8.22. F ¥ A,,. Then F has some state with more than oy successors.
So F E ¢ A Jx(—1hg,). By Lemma there is a frame F/ € C®, such that
F' E Y ATz(—thay ), so so(F) < op and s1(F') < o1 = 0. Then s(F’) > 0¢. Then
either so(F') > o, contradicts so(F’) < o9, or s1(F') > g9 > 0, contradicts
Sl(F/) =0.

9.0<0p <w,0< 01 <w. Then A= ((¢ = 0q) N An,) V Agy

9.1. Let F I A. Suppose F ¥ 1, so F F —). By Lemma there is a
p-morphic image F’ of F, such that F/ € C® and F' £ =), so F/ ¥ ¢ and
F I+ A.

9.1.1. so(F") > 09. So there is a finite daisy without petals in F’, D, which
has at least o stamens. Because D is a generated subframe of F', D I+ A. Let
M = (D,V) be a model defined as follows: V(q) = 0, and for all k, such that
1 <k < agp, V(pg) are distinct singletons from D. Such a valuation is possible
because D has at least «g stamens. Clearly, M ¥ A, contradiction.

9.1.2. 51(F") > o1. So there is a finite daisy D’ in F at least one petal w
and at least oy stamens. Let D be the generated subframe of F/ at w. Then
DI A. Let M = (D, V) be a model defined as follows: V' (q) = {w}, and for all
k, such that 1 < k < aq, V(px) are distinct singletons of stamens of D. Such
a valuation is possible because D has at least aq stamens. Clearly, M ¥ A,
contradiction.

9.2. Let F E 4. Suppose F ¥ A. Then by Lemma FEVz((xrax)A
Yag)V (2(x 7 2) Ao, ). Then F E ATz (=((z 7 ) Ahay) A (2 (2 7 2) Athay ).
By Lemma , there is a frame F/ € C?, such that F' F ¢ A Jz(—((z
) Ahag) A =(=(z 7 ) Aba,y)). Then F' E 9 and there is some world w from
F’ such that F' E =((z r x) A ¢a,)[w] and F' F =(=(x 7 ) A a,)[w], so
F'IF ((z 7 2) = —thay ) [w] and F' IF (=(z r z) = )y, )[w].

9.2.1. w is reflexive. Then F/ E =)o, [w]. If w is part of a daisy with a petal,
then s1(F’') > og. Otherwise, so(F’) > 0p. Because s1(F’) < so(F’), in both
cases we have so(F') > o, contradicts F 1.

9.2.2. w is not reflexive. Then F' F =), [w]. Then s1(F') > oy, contradicts
F' E . O

Definition 107 (Restriction to at most k& Daisies of the Same Kind)

Let F and F/ be KD45-frames and let k > 0. Let D be the unique set of daisies,
up to isomorphism, such that F = |4 D, and let D’ be the unique set of daisies,
up to isomorphism, such that F/ = |4/ D’. We say that F’ is the restriction of F
to at most k daisies of the same kind iff for any daisy x € D, if D has at least
k isomorphic copies of  then D’ contains k isomorphic copies of x, otherwise
D’ contains the same number of isomorphic copies of x as D. Clearly, up to
isomorphism, there is a single KD45-frame which is the restriction of F to at
most k daisies of the same kind. We denote this frame by F |2 k.
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Let Cfg, be the class of all finite KD45 frames.

Let & > 0. We denote by C]’fin the class of finite KD45-frames F such that
every daisy in F has at most k£ petals and k stamens and F contains at most
k isomorphic copies of every daisy.

Proposition 108 Let F be a Ckpss-frame and let £ > 0. Then there is a
frame F/ € C’ﬁn, such that: 1. for all FOL sentences ¢ with quantifier rank k:
FE iff F" E4. 2. F' is a p-morphic image of F.

Proof Let F” =4 F |1 k (see Definition . This is similar to the proof of
the weaker statement in Lemma . Let F' =g¢t F” 2 k (see Definition |107)).
Clearly, F is finite and F’ € Cf,. Also, clearly F’ is a p-morphic image of F”,
and F” is a p-morphic image of F, so F’ is a p-morphic image of F. Clearly,
the duplicator wins the Ehrenfeucht-Fraissé game G, (F,F’). By Ehrenfeucht’s

theorem, F/ =, F. O
Proposition 109 Let ¢ be a sentence with quantifier rank k. Then Cxpgs F ¥
iff Cf, = 9.

Proof Similar to the proof of Proposition [108 O

Corollary 110 Let ¢y € FOL be a sentence. The problem of deciding Cxpas F
1 is PSPACE-complete.

Proof A theorem by Stockmeyer in [51] shows that the complexity of deciding
the validity of a first-order formula with equality as its only predicate symbol
is PSPACE-complete. We also use the fact that the first-order theory we are

considering is a conservative extension of the theory for =, to conclude that
the problem is PSPACE-hard. To see that the problem is in PSPACE, we use
Proposition {109 |

Theorem 111 The problem of modal definability of a FOL sentence ¥ in
ML(O) owver the class Ckpas is in PSPACE.

Proof Let m' be the quantifier rank of ¢ and let m =4 m' + 1. Let Q =4¢f
{¥o,V1,...,¥m, Y}, which has m + 2 elements.

If there are ag,a; € {0,1,...,m,w}, such that 1, € Q, o, € @, 0 <
a1 < oo <w and Ckpas F Y < Va(((z r ) Aday) V (2(x 7 ) A, )), then for
all F € C° F E ¢ iff 50(F) < ap and s1(F) < a;. Then there are ordinals oy
and o1, such that 0 < g < 07 < w, and for all F € C?, F £ ¢ iff 54(F) < oy
and s1(F) < o;. Then by Lemma ¥ is modally definable in ML(OJ) over
Ckpas-

Now, let there be no ag, 1 € {0,1,...,m,w}, such that ¥, € Q, Yo, € Q,
0<a; <ay<wand Ckpas F ¢ < Ve (((z 7 ) Aday) V (0(z 7 2) A tay)).
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Suppose 9 is modally definable in ML(J) over Ckpys. Then by Lemma m
there are some ordinals g and o7, such that 0 < 01 < 09 < w and for all
F € C% F E o iff 59(F) < 0 and 51(F) < o1. Then there are ordinals ag and
a1, such that 0 < a7 < agp < w and for all F € Cb. F E Y iff so(F) < ap
and s1(F) < aj. Then Ckpas F ¢ <> Va(((x 7 ) A ay) V (2(x 7 ) Aday)).
But ap,1 ¢ {0,w} C {0,1,...,m,w}, so therefore Ckpss ¥ p «> L and
Ckpas ¥ ¢ < T. Let F € Ckpas be such that F ¥ 1, then F F —. Let
F' =45 F I1 m (see Definition . Then the duplicator wins the Ehrenfeucht-
Fraissé game G, (F,F’), so F =, F/. Because the quantifier rank of —) is < m,
F' ¥ 4. Clearly F/ € C®, and also so(F') < m < ag and s1(F') < m < ai,
which implies F/ & 1), contradicts F/ ¥ 4.

By Corollary the problem of Ckpygs F v for FOL formulas «v is in
PSPACE. Therefore, the problem of modal definability of FOL sentences in
ML(O) over the class Ckpgs is also in PSPACE. O

Definition 112 (Relativized Reduct) Let F, Fy be structures for some first-
order language L. We say that Fg is a relativized reduct of F if there exist a
formula ¢(z,x) € L and a list § of worlds in F such that Fy is the restriction
of F to the set of all worlds s in F such that F F ¢(z, z)[s, s]. In this case, Fy
is called the relativized reduct of F with respect to ¢ (z,x) and s.

Definition 113 (Stable Classes of Frames) Let C be a class of frames. We
say that C is stable iff there is a FOL formula 7, (Z, z) and a FOL sentence s,
such that:

(a) for all frames F in C, for all lists § of worlds in F, and for all frames F’,
if F/ is the relativized reduct of F with respect to v1(Z,x) and §, then F’ is in
C,

(b) for all frames Fy in C, there are frames F,F’ in C and there is a list §
of worlds from F, such that F( is the relativized reduct of F with respect to
7 (Z,z) and 5, F E 49, F' £ 49, and for all ML(O) formulas A: if F IF A, then
F' I A.

Theorem 114 If C is a stable class of frames, then the problem of deciding
the validity of FOL sentences in C is reducible to the problem of deciding the
modal definability of FOL sentences in ML(O) with respect to C.

Proof See the proof in [3]. O

Note that by examining the proof of the above theorem in [3], it becomes
clear that in these cases, the validity problem is polynomially reducible to the
modal definability problem.

Proposition 115 Ckpgys is a stable class.
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Proof Let vi(x1,%2,%) =gcf
(Fe((z 7 2) A (2 # 21) A (2 # 22))

AVz(zrz)V(zirz)V(zra)V(zarz) = (z=x1) V(2 = x2)))
= ((z # z1) A (z # 22)).

It is clear that for any frame F € Ckpys and any states wq, we from F, there
is a relativized reduct of F with respect to v1(x1, x2, ) and wy, ws and it is in
Ckp45, because we can only remove a whole daisy.

Let v2 =gef Jz—(2 7 ).

Now, let Fy € Ckpas, we find F € Ckpus, states wo and wy from F, and F/ €
Ckpas, such that Fy is the relativized reduct of F with respect to v1(x1, x2, x)
and wy,wy, F/ is a p-morphic image of F, F E 9, and F/ ¥ ~,, which proves
that Ckpgs is a stable class.

Let D be an isomorphic copy of D}, which is disjoint with Fo, and let
F =4 Foly D. Let wy and wo be the two states of D in any order. Clearly,
Fy is the relativized reduct of F with respect to vi(x1, z2,2) and wy,ws. Let
F’ be the restriction of F to all its stamens, removing the petals. Clearly, F' is
a p-morphic image of F, F E ~5 because of the petal of D, and F’ ¥ . O

Corollary 116 The problem of modal definability of FOL formulas in ML(O)
over Ckpas is PSPACE-hard.

Proof A theorem by Stockmeyer in [51] shows that the complexity of deciding
the validity of a first-order formula with equality as its only predicate symbol is
PSPACE-complete. Clearly, this problem is polynomially reducible to validity
of FOL sentences in the class of all KD45-frames. By Proposition and
Theorem [114] (with the remark after it), the latter problem is polynomially
reducible to the problem of modal definability of FOL sentences in the language
ML(O) over Ckpgs. Therefore, problem of modal definability of FOL sentences
in ML(O) over Ckpys is PSPACE-hard.

5 ML(D, [U]) and CKD45

With the language ML(O, [U]), the KD45 axioms and frames are the same as
with ML(O). In the context of the language ML((J, [U]), the operation disjoint
union loses its meaning and well-known properties. Still, using the symbol 4
for disjoint union as in the context of ML([J), we can see that Proposition
holds in the context of ML(, [U]).

5.1 Modal Definability

Let F € Cf,, m be the maximal number of petals in a daisy in F, and n
be the maximal number of stamens in a daisy in F. The pattern of F is the
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Zo1 Zo2 Zo3 .- Zon

. 11 I12 r13 ... Tin o .
matrix: . . . ) . |, where for all 4, j such that 0 <i < m

Tml Tm2 Tm3 ... Tmn
and 1 < j < n, x;; is the number of daisies in ' with 7 petals and j stamens.
Let F € Cfpp, m be the maximal number of petals in a daisy in F, and n be
the maximal number of stamens in a daisy in F and P be the pattern of F. Let
i,7 be such that 0 <7 <mand 1 < j < n. Let 2 be x;; of P. The Jankov-Fine
formula for (i, j, z), A(d,p,t)(; ;) similarly to [8], pp. 144-145, and [2], is:

N @opn N\ Otgn N\ Oden )\ [U(dg Ady)A

1<q<i 1<q¢<j 1<r<z 1<g<r<z
1<r<z 1<rlz
AN O-@irp)n N\ UG At A N U0 At A
1<k<q<i 1<k<q<j 1<k<i
1<r<a 1<r<z 1<q<j
1<r<zx

N\ [U(dr < pi v VP VIV VDA

1<r<z
A 0w, = O-pp) A N\ U1 = 0t A N\ U1 = 0tpA
1<q<i 1<k<i 1<k<j
1<r<z 1<q<j 1<q¢<j
1<r<z 1<r<z
A W, <00\ %)
1<r<z 1<q<j
where p%,...,p},...,p"f,...,pf,t%,...,t},..., f,...,tjm»,dl,...,dm be pairwise

distinct parametrized variables.

Proposition 117 Let i > 0, j > 1, # > 0. Let A =45 A(d,p,t)(; j2) be the
Jankov-Fine formula for (i, j, ). Then for all frames F € Ckp4s: A is satisfiable
in F iff F contains > x daisies with > i petals and > j stamens.

Proof First, let M = (F,V) and let M I A.
If x = 0, then the proposition is trivially true, so let x > 0.
Because M |- Ao, (U)dr N N\j<yer<y [UI(dg A dy), then V(dy),...,
V(d;) are pairwise non-intersecting non-empty sets.
Because M I A1<q<i (U)py A N1<q<j (U)ty, then the valuations of all p-
1<rlz 1<r<z

variables, if any, and all t-variables of A are non-empty sets. Because M |-

Ni<k<q<i [UI=(0pAP), MIF A1<keq<; [UlR(EAL), and M I A1<k<i [U]=(ppA
1<r<z 1<r<z 1<q<j
1<r<z

tg), these valuations are also pairwise non-intersecting.
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Because M IF Ay, [Ul(dr <> pT V -+ V] VI] V.- V¢, for all r such
that 1 <r <z, V(d;) =V(p))U---UV(p)) UV (t]) U... V(]).

Because M I- A 1<4<i [U](py; — U-pj), then there cannot be any reflexive
1<r<zx
states in any valuation of the p-variables of A, if any, so all these valuations

contain only petals.

Because M I- A1<p<; [Ul(pf, — Ot5) A Ni<w<; [U(t, — Ot), then the
1<¢<5 1<q<j
1<r<z 1<r<z

valuations of all ¢-variables of A contain descendant states, and because all the

variables of A valuate to non-empty sets, the valuations of all ¢t-variables of A
contain at least one stamen each. This also implies that each of the valuations
V(d,) contains at least 7 distinct petals and j distinct stamens, which are from
the same daisy.

Finally, because of the last conjunct of A, for all r such that 1 < r < z,
all descendants of states in any valuation of the d,-variables of A are in some
valuation of a corresponding r-superscripted t-variable of A. Then clearly all
descendants of states of each V' (d,) are only among V'(d,). Therefore suppose
that there are two d-variables of A, d,» and d,.», such that V(d,/) and V(d,~)
both contain states from the same daisy D of F and let w be a stamen of
D. Then clearly by the above, w € V(d,») and w € V(d,~), but V(d,) N
V(d,») = 0, contradiction. Therefore, each V(d,) contain only states from
different daisies.

Then F contains > x daisies with > i petals and > j stamens.

Now, let F' contain > x daisies with > ¢ petals and > j stamens. Let
Dy, ..., D, be x such daisies, let for all r such that 1 <r <z, w{,...,w] be i
distinct petals of D, (if they exist) and o7, ... s VS be j distinct stamens of D,.
We form a valuation V in this way: forall 1 <r <z, 1 <¢<i, 1<k <j:
V(dr) —def |D7"‘7 V(PZ) =def {U)Z}a V(t};) —def {'UIZ} Let M =def <F’ V>7 clearly
M IF A. O

Let ¢ > 0, j > 0, and > 0. Denote Q" =gef {(i0,z0) |0 <9 <i & 0 <
ro < i} and let Q =aef {y | y € P(Q') & Bijy,20)eyio-To > i}. The extended
Jankov-Fine formula for (i, j, z), A(d, p,t)(; ;o) is:

T
/\ \/ /\ A(dpammvppammy tpamm)(z‘g,j,xg)

k=1yeQ (io,o) €y
param=(k,y,i0,%0,%,J,Z)

where for all finite sets of numbers y and for all numbers k,ig, xo, 1, j, z, all
possible parameters param = (k,y,i0,%0,%,J, %), dparam Pparam: tparam are
pairwise-distinct.

Let G € Cpy, let m be the maximum number of petals per daisy in G and
n be the maximum number of stamens per daisy in G. Let P be the pattern of
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G and let for all (i, j, 7), such that z is z;; of P, Aj; =4er A(d, p,t)(; ;) be the
extended Jankov-Fine formula for (i, j, z), where the sets of variables of each

Ajj are pairwise non-intersecting. Let A" =gor A1<i<m Aij, let Q1 be the set of
1<5<n

all d-variables of A’, and let Q2 be the set of all disjuncts of all Ajj.

A =def AN
A (A1 A Ag) = [U=(di Ad2) ATUIC ) (And))
d1,d2€Q1 deQ1,A€Q2
A1,A2€Q2 d A

dy Y d2,d1 S Ag,da S Ag

We say that A is the Jankov-Fine formula of G.

Proposition 118 Let F € Ckpas, G € Cpy,. Let A be the Jankov-Fine formula
of G. Then F I+ —A iff G is not a p-morphic image of F.

Proof We show that A is satisfiable in F iff G is a p-morphic image of F.

First, let A be satisfiable in F. So there is a valuation V' and a model
M = (F,V), such that M |F A. Let P be the pattern of G, let m be the
maximal number of petals and n be the maximal number of stamens per daisy
in G. Then for all z;; from P, M IF A;;, where A;; is the extended Jankov-
Fine formula for (i,j,x;;). Each A;; is a conjunction of disjunctions, so for
all conjuncts of A;j, there is some disjunct, which holds in M. Let A" be the
conjunction of all such disjuncts from all A;;. Clearly, M I A’. By Proposition
@ and by the definition of A;;, F contains a p-morphic pre-image for each
daisy of G, and by the last two conjuncts of A, the parts of these pre-images
(the V-valuations of all d-variables of A’) are non-intersecting and contain all
states of F. Therefore, G is a p-morphic image of F.

Now, let G be a p-morphic image of F and let f be one such p-morphism.

We need two easy to prove lemmas. First, let D be a daisy of G. Then
f7Y[D] is a union of daisies of F. The second lemma states that whenever D is
a daisy of G, which is the image of a union of some daisies of F: {F; | i € I},
then for all ¢ € I: |S(D)| < |S(F;)| and |P(D)| < X;er|P(F;)|.

Let Fq,...,F, be all daisies of G. Let F/,...,F) be their corresponding
pre-images from F. Note that these pre-images contain all states of F. By the
lemmas, each F), is a union of daisies, where the cardinality of stamens per
daisy of F), is > |S(F})|, and where cardinality of all petals of all daisies in F/,
is > |P(Fg)|. It is clear how to define a valuation over F which satisfies A. [

For simplicity, when discussing patterns of frames from Cﬁn, we only consider
(k+ 1) x k matrices.
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Proposition 119 Let 9 be a sentence with quantifier rank &£ and modally
definable by a formula A from ML([J, [U]) in Ckpas. If there is some F €

Zo1
k . 11
C’ﬁn with pattern P; =
L1
1 <5<
k‘ k ]€ .1'0(j+1)
T11
Po =
Tk1

.fo(j,

Tok
Tk

Y

Tkk

Tok
Tk

) ko Zog)

, such that

Tk

k, and F F 4, then there is a frame F' ¢ Ckn with a pattern

such that F' E ).

Proof Let F' € Cﬁn be with pattern P,. Let F” be obtained from F by
adding (k + 2)? new daisies, each of them with 0 petals and j stamens. By
Ehrenfeucht’s theorem, F” =, F, so F” E 1. So F” |- A. But F’ is a p-morphic
image of F”, so F' I A and F’ & 1. O

Proposition 120 Let 3 be a sentence with quantifier rank & and modally
definable by a formula A from ML(O, [U]) in Ckpas. If there is some F € C’ﬁn

To1 Loj Lo(j+1) - Lok
L(i-1)j  T(-1)(G+1)
with pattern P; = Ti(j-1) k Ti(j+1) , such
T+ Ta+1G+1)
[Tkl - . . Thj Th(j+1) oo Tk |
that 1 <1<k, 1<j <k, and F F 1, then there is a frame F’ € C’Iﬁ"’n with a
k k $0(j+1) Y
L(i-1)(j+1)
pattern Py = kok o @) , such that F' 4.
ko zaing+n
_k‘ k k $k(j+1) .. xk‘k_

Proof LetF’ € CF be with pattern P». Let F” be obtained from F by adding
(k+2)* new daisies, each of them with i petals and j stamens. By Ehrenfeucht’s
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theorem, F” =, F, so F” E 9. So F” |- A. But F’ is a p-morphic image of F”,
so F/IF A and F' E . O

Let 1 be a sentence and k& > 0. We denote by Cﬁn (1) the class of all frames
Fe C’ﬁn, such that F F .

Theorem 121 Let vy be a sentence with quantifier rank k, such that Cxpas ¥ ¥
and Cxpas # —. Then 1 is modally definable over Ckpas with a formula of
ML(O, [U]) iff Cﬁn(d}) satisfies the following conditions: (1) 0 # C’ﬁn(i/}) #
Cﬁn and Cﬁn(d)) is closed under p-morphisms; (2) Ck (1) is closed under the
pattern transformations described in Proposition and Proposition [120,

Proof Let ¢ be modally definable over Ckp4s with a formula of ML(OJ, [U]).
Then (1) holds by Proposition and (2) follows by Proposition and
Proposition [120]

Now, let (1) and (2) hold. Because of (1), § C Clﬁn(d)) C Cﬁn, so there is a
frame Fy € Cﬁn, such that Fo ¢ Cﬁn(qj)), so Fg € C’Iﬁn(—nl}), S0 Cﬁn(—'@b) # 0.
For all frames Fg € C ﬁn(ﬂb), take their Jankov-Fine formulas Ap,, and take
Ay to be the conjunction of the negations of all such formulas. We show that

for all frames F € Ckpas:
FrEy < FIFA

i.e. that Ay, modally defines v over Ckpas.

First, let F € Ckpas and let F |- Ay. Let F” =44 F [1 k (see Definition
100). Let F' =4 F” [2 k (see Definition . By Ehrenfeucht’s theorem,
F' =, F, and F' is finite, so F' € Cﬁn. Also, F' is an p-morphic image of F,
so F' IF Ay. By the construction of Ay, and by Proposition no frame of
C’ﬁn(—w,b) is a p-morphic image of F/, so F/ € C’ﬁn(w). Because F/ =, F, F F ).

Now, let F € Ckpys and let F E 1. Suppose for the sake of contradiction
that F ¥ Ay. So there is a valuation V over F and a model M = (F, V), such
that M ¥ A,. Then we can find a frame G € CF,_ (=), such that M ¥ —Ag,
so M I Ag. By Proposition [118 G is a p-morphic image of F.

Let F' =4t F [1 k (see Definition . Then by Ehrenfeucht’s theorem,
F’ £ 1, and also it is not hard to see that G is a p-morphic image of F'.

Now, let F” =g4.¢ F' |2 k (see Definition . Clearly, F” =, F/, F" F 1,
F" e Ck (¢).

It remains to show that G is a p-morphic image of some frame Fy € C’ﬁn(d)).
Then by (1), G € Cﬁn(w), contradicts G € C’ﬁn(ﬂ@b).

Let P be the pattern of F”.

If F” is F/, then we are done.

Otherwise, clearly there are indices i, jo, such that xz;;, of P is k. Let
i1, j1 be such that x;,;, = k, j1 is the largest such second index, and 4 is the
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largest first index, such that the second index is ji. If there is such a pair of
indices 4, jo, such that z;,;, = k and 79 > 0, then let i3, jo be one such pair,
where jo is the largest second index, such that i9 > 0; otherwise, let jo be j;
and i9 be 7.

Case 1. i1 = 0.

Case 1.1. jo = j1. Then ip = 0. Let j =4.¢ j1. Then we have the case as in
Proposition Let F1 be obtained from F” by applying the transformation
described in Proposition for 1 and the indices 0,. By (2), F1 € Ck (v).
Also, it is easy to see that G is a p-morphic image of Fy.

Case 1.2. jo < j1. Let F; be obtained from F” by applying the transformation
from Proposition [I19] for 1,71, then let Fo be obtained by F; by the
transformation from Proposition for is, jo. Then Fy € Cﬁn(w) and again it
is easy to see that G is a p-morphic image of F.

Case 2. 717 > 0. Then j; > jo. Let Fy be obtained from F” by the
transformation from Proposition for i1, j1. Then Fy € C% (1) and again it
is easy to see that G is a p-morphic image of Fa. U

Proposition 122 Let ¢ be a sentence with quantifier depth k. Let 7, be the
sentence which says ‘there are at least (k+2)* daisies, each with at least &k + 1
petals and k+ 1 stamens’. Then 1V 7, is modally definable in ML((J, [U]) over
Ckpas iff Ckpas F 7).

Proof The right-to-left direction is obvious, so suppose the sentence ¥V 7y, is
modally definable by the formula A from ML(O, [U]) over Ckpas. Let Fri1 €
Ckpas be a structure with exactly (k + 2)* daisies with & 4 1 petals and &k + 1
stamens. Then Fiy; F ¢ V 7 because Fiy1 F 7. Therefore Fiyq IF A. Let
F e Cﬁn. Because F' is a p-morphic image of Fgy1, FI- A, so F F ¢V 7. But

F ¥ 74, so F E 4. Thus C& F ¢. By Proposition Ckpas F 1. O

Theorem 123 The problem of the modal definability of sentences in ML(J, [U])
over Ckpas 18 PSPACE-complete.

Proof We have that the problem is PSPACE-hard by Corollary and
Proposition [122] Theorem [12I] guarantees that the problem is in PSPACE,
because it is possible to create a polynomial-space algorithm, which, given a
sentence 1), calculates k and checks whether Cﬁn(w) satisfies the conditions (1)
and (2) of the theorem. O

5.2 First-order Definability

Now, we are going to apply the main idea of [2], which is to apply the properties
of Ehrenfeucht-Fraissé games and Ehrenfeucht’s theorem to the standard
translation of modal formulas, in order to restrict the Kripke frames that we
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are working with. Thus, as we see below in Theorem [133] it is possible to show
that every modal formula of ML([J, [U]) has a first-order definition over Ckpas.

Definition 124 ((n,d)-sort and non-null (n,d)-sort) Let d > 0 and n >
0. We say that a sequence of numbers o1, ...,09n is an (n,d)-sort iff for all i,
such that 1 < i < 2" 0 < g; < d. Clearly, the number of all (n,d)-sorts is
(d +1)%". Additionally, we may require that at least one of the o; is positive.
Thus we define a non-null (n,d)-sort, and the number of all non-null (n, d)-
sorts is < (d +1)%".

Let the variables of PROP be ordered as p1,pa,.... Let {P;, P,,...} be a
countably infinite set of unary predicate symbols.

Definition 125 (L(=,R, P1,...,P,)) Let n > 0. We extend FOL to L(=
,R,Py,...,P,) by adding the new predicate symbols Py,..., P,. Clearly, any
Kripke model M is also a structure for L(=, R, Py, ..., P,). In this case, for all
i such that 1 <1i <n, we will use V(P;) interchangeably with V' (p;).

For any n > 0, let €',...,€%" be a fixed liner order of all sequences of
zeroes and ones of length n, for example, the lexicographical order. Let the ith
element of a sequence ¢ for 1 < 7 < 2" and 1 <17 < n be denoted by eg.

Definition 126 ((n,d)-sort of a set) Let M = (W, R, V) be a Kripke model,
let X be subset of W, let d > 0, n > 0. Let 01,...,09: be an (n,d)-sort. For
each j such that 1 < j < 2", we define the set X =g X N V(Pl)ﬁi N
- N V(P,), where for all i, such that 1 < i < n, V(P)? = V(B) and
V(P)! = W\ V(P,). We say that X is of the given (n,d)-sort o1,...,09n iff
for any j such that 1 < j < 2", the set X has o; elements if 0; < d, and at
least d elements if o; = d.

We say that a Kripke model is a KD45-model iff its frame is a KD45-frame.

Definition 127 ((n,d)-sort of a daisy) Let M a KD45-model, and let D be
a daisy from M. Let Dy be the set of petals of D, and let Dy, be the set
of stamens of D. Let d > 0, n > 0. Let X,c¢ be an (n,d)-sort. Let g, be a
non-null (n, d)-sort. We say that any such tuple (Xpct, Xsta) is an (n, d)-sort of
a datsy. We say that D is of the sort (Ypet, Ysta) iff Dpet is of sort Xpeq and
Dygta is of sort Y. Clearly, for fixed KD45-model M, d and n, the number of
all sorts of daisies is < ((d + 1)")2.

Definition 128 ((n, d)-similar KD45-models) Let M; and Ms be two KD45-
models. Let d > 0, n > 0. We say that M; and My are (n, d)-similar iff for any

(n,d) sort of a daisy (Xpet, Xsta) either M; and Ma contain the same number

of daisies having the sort (Xpet, Xsta) Whenever this number is < d, or each of

them contains at least d daisies of sort (Xpet, Xsta)-
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Proposition 129 Let d > 0, n > 0. Let M; and My be two (n,d)-similar
KD45-models. Then they validate the same sentences from L(=, R, Py, ..., P,)
with quantifier depth < d.

Proof Clearly, the duplicator wins the Ehrenfeucht-Fraissé d-rounds game
over M; and Msy. Therefore they validate the same sentences from
L(=,R, Py,...,P,) with quantifier depth < d. O

Let A € ML(O, [U]). Let n > 0 be such that all variables occurring in A be
among p1, ..., Pn. It is a well-known fact that the standard translation (see
ST(A, z) of the formula A, which gives a formula ¢(z) € L(=, R, Py, ..., P,),
has the property that for any given Kripke model M, M IF A iff M F ¢(x).
Also if d > 0 and the modal depth of A is < d, then the quantifier depth of
Yz is < d.

Therefore, by Proposition and by the above, we get the following
lemma:

Lemma 130 Let d > 0, n > 0. Let M; and My be two (n,d)-similar KD45-
models. Then for any modal formula A € ML(O, [U]) with modal depth < d
and variables among p1,...,pn: My IF A iff Ms IF A. O

Definition 131 (Restriction of a Kripke Model) Let M = (W, R, V) be
a Kripke model, let F/ = (W’ R’) be a Kripke frame where W C W, R =
RN(W’'xW'). Then we say that the model M" = (W', R', V') is the restriction
of M to F’, denoted by M | F/, iff for all propositional variables p, V'(p) =
Vip)nWw'.

Proposition 132 Let d > 0,7 > 0. Let k > d.((d+1)?")2. Let F € Ckpas. Let
F1 =a4er F [1 k (see Definition . Let Fo =qer F1 [2 K (see Definition .
Then for any modal formula A € ML([J, [U]) with variables among p1,...,p,
and modal depth m such that (m + 1) < d the following are equivalent:
()FIFA

(2) F1IFA

(3) Fo Ik A.

Proof First, we show the equivalence of (1) and (2). Clearly, F; is a p-morphic
image of F, so (1) = (2). Now, let F; IF A and suppose F ¥ A. Then there is
a model M over F and a state w in F, such that M, w ¥ A. Then M IF (U)—A.
Let My =4¢¢ M | Fy (see Definition . We now show that M and M; are
(n,d)-similar and by Lemma [130] this shows the contraposition of (2) = (1).

Clearly by Definition there is a bijection f between the daisies of F
and F1, such that for every daisy Dy of Fy, Dy = f~![D1] |1 k.

105



Let Dy be a daisy from F; and let D be f~'[D;]. It is enough to show
that for every daisy type (Xpet, Xsta), D1 is of the type (Xpet, Lsta) iff D is of
the type (Xpet, Xsta). If D1 = D, then there is nothing to prove, so suppose
D, # D.

Let (Zpet, Lsta) be a daisy type, let Tper = {a?ei,...,aé’st}, let Ygtn =
{o5%2, ..., 05}, Denote the set of petals of Dy by DI, the set of stamens of

Dy by D5*, the set of petals of D by DP®', the set of stamens of D by D%,
First, let Dy be of type (Xpet, Lsta). Then easily, D is also of type (Xpet, Zsta,)-
Now, let D be of type (Xpet, Zsta). Then, because DY is a subframe of DPet,

D5% is a subframe of D5%, P ... 4 6B < d.2" < k, and o5 + - - - 4 052 <

d.2"™ < k, we have that Dy is also of type (Xpet, Xsta)-

Now, we show the equivalence of (2) and (3). Because Fa is a p-morphic
image of Fy, we easily get the direction (2) = (3). We need to show that
for every model M; over Fi, we can find an (n, d)-similar model My over Fy,
then the result would follow by Lemma Let M; be a model over F;. By
Definition and the fact that k > d.((d + 1)?")2, we can see that we can
find an (n, d)-similar model My over Fs. O

Theorem 133 Any modal formula A of ML(O, [U]) is first-order definable in
FOL over the class Ckpas.

Proof Let A € ML([, [U]). Let the modal depth of A be m. Let n > 0 be
such that the variables of A are among p1,...,p,. Let d > 0 be such that
(m+1) < d. Let k be such that k > d.((d+1)%")%. Let Cﬁn(A) be the class of
all frames in C’J’;n which validate A.

If Cﬁn(A) = (), then by Proposition @ 1 is a FOL definition of A over
Ckpas-

If C}gn(A) = Cﬁn, then by Proposition m T is a FOL definition of A over
Ckp4s5-

Otherwise, let F € C’Iﬁn(A). by Proposition F is a witness of a class
of frames from Ckpgs, which validate A. Namely, this is the class of all frames
Fo which produce F as F = (Fg [1 k) [2 k. Clearly, this class of frames can be
described by a single FOL sentence, because F is a finite frame. Denote this
formula by .

Let % —aor V(Y | F € C, (A)),

Suppose F € Ckpas and suppose F I+ A. Let F' =4 (F [1 k) [2 k. By
the Proposition F' I A, so F/ € Ck (A). Then by the definition of ¢,
FEYp, soFE .

Now, let F € Ckpgs and let F E t. Then there is a disjunct of v, ¥/, such
that F/ € C*(A) (and so, F' IF A), and F E . Then by the definition of g,
F' = (F |1 k) |2 k. By Proposition [132] F I A. O
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6 ML(D) and CK5

We are using the basic modal language ML(J) and the standard predicate
calculus with individual variables VAR, equality, and a single binary predicate
symbol r FOL. The standard definitions of Kripke frame and Kripke model
apply. See [2] for more information.

The aziom of K5 is the following formula:
(5) (Op — O0p) (Euclidean axiom)

A first-order correspondent of the K5 axiom is:
(5') Vavyi (@ 7 y1) — ¥r((z v 21) = (217 1))

We say that a frame F is a K5 frame iff the axiom (5) is valid on F. Denote
the class of all Euclidean frames by Cks.

Let us examine the problems of modal definability of FOL formulas in
ML(O) over Cks and of first-order definability of ML(OJ) formulas in FOL over
Cks.

6.1 ML(O) formulas are FOL-definable over Cg;

Definition 134 (Simple K5 Frame) We say that an K5 frame F = (W, R)
is a simple K5 frame iff there are sets P(F) (the set of petals) and S(F) (the set
of stamens), such that W = P(F) U S(F), P(F)NS(F) = 0, and the following
hold:

(SK5F 1). Vo € P(F)—-3y € W((y,z) € R)

(SK5F 2). S(F) # 0 = Vz € P(F)3y € S(F)((z,y) € R)

(SK5F 3). Vz € S(F)Vy € S(F)({x,y) € R)

It is easy to check that any Kb5-frame is a disjoint union of simple K5
frames.

Let the class of all generated subframes of K5-frames be denoted by Cyep,.
Clearly any F € Cyep, has zero or one irreflexive states and possibly a cluser of
states, with the irreflexive state, if present, being related to some of the states
in the cluster.

Denote the class of finite generated subframes of K5 by C}. Clearly Cy C
Cyen. We denote by F.,, any frame of Cf, where e € {0,1} is the number
of irreflexive states, s is the number of descendents of the irreflexive state (if
any), and m is the total number of states in the cluster. Clearly m > s > 0
and m + e > 0.

We say that a Kripke model M is a K5-model iff its frame is a K5-frame,
denoted by M € Cks. We say that a Kripke model M is a gen-model iff its
frame is a gen-frame, denoted by M € Cj.,,. We say that a Kripke model M is
an f-model iff its frame is an f-frame, denoted by M € Cf.

We must now remember definitions [124] and
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Definition 135 ((n,d)-sort of a gen-model) Let Xpet, Xgta,, and Xga, be
(n, d)-sorts. We say that any such tuple (Xpet, Lsta, » Lstay) 18 an (n, d)-sort of
a gen-model iff there is at least one number in one of the three (n,d)-sorts,
which is > 0, and also in X, there is at most one number, which is equal to
1, and the rest are 0.

Let M € Cyep. Then its frame D is some Fe g 1. Let Dpe be the set of petals
of D. Let Dgta, be the set of stamens of D, which are descendants of the petal,
if present. Let Dg,, be the set of stamens of D, which are not descendants of a
petal. Let d > 0, n > 0. We say that M is of the (n,d)-sort (Xpet, Xstay, Dstas)
iff Dpet is of sort Xpet, Dsta, 1S Of sort Mgta,, and Dsta, is of sort Ygta,.

Definition 136 ((n,d)-similar gen-models) Let M, My € Cyep. Let d > 0,
n > 0. We say that M; and My are (n, d)-similar iff they have the same (n, d)-
sort.

Proposition 137 Let d > 0, n > 0. Let M; € Cy, and My € Cye, be two
(n,d)-similar models. Then they validate the same sentences from
L(=,R,Py,...,P,) (see Definition [125)) with quantifier depth < d.

Proof Clearly, the duplicator wins the Ehrenfeucht-Fraissé d-rounds game
over M; and Msy. Therefore they validate the same sentences from
L(=,R,Py,...,P,) with quantifier depth < d. O

Let n > 0. Let A € ML(O) and let all variables occurring in A be
among p1, ..., Pn. It is a well-known fact that the standard translation (see
ST(A,z) of the formula A, which gives a formula ¥ (x) € L(=, R, P1,...,P,),
has the property that for any given Kripke model M and a state w in M,
M, w I- A iff M E ¢(z)[w]. Also if d > 0 and the modal depth of A is < d, then
the quantifier depth of Jdzv) is < d.

Therefore, by Proposition [I37] and by the above, we get the following
lemma:

Lemma 138 Let d > 0, n > 0. Let My and My be two (n,d)-similar Cyep-
models. Then for any modal formula A € ML(O) with modal depth < d and
variables among p1,...,pn: A is satisfied on My iff A is satisfied on Ms.

Proof By Proposition [137, either both models validate the sentence
JxST(A, x), or both models validate its negation. The result follows by the
properties of ST. O

For k >0, Cf =4ef {F € Cy | Card(Fyta,) < k & Card(Fista,) < k}
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Definition 139 (Restriction of a gen-frame) Let F € Cy, and let k& > 0.
We say that the frame F/ € C]]f is a restriction of F to k iff:

1. Fpe = Fly,

2. Bither Card(Fq,) < kand Card(Fy,,) = Card(Fl,, ), or Card(Fga,) >
k and Card(F,,) = k,

3. Either Card(Fta,) < k and Card(Fy,,) = Card(F'y,,
k and Card(Fy,,) = k.

Clearly, up to isomorphism, for any F € Cyep, there is a single frame
Fe C]]f, which is the restriction of F to k. We denote this by F/ =4.r F [3 k.
Up to isomorphism, we may consider F/ to be a subframe of F.

), or Card(Fgsq,) >

Proposition 140 Let A € ML(O). Let n > 0 be such that the variables of
A be among p1,...,p,. Let the modal depth of A be d4. Let d > 0 be such
that (da +1) < d. Let k be such that & > (d +1).2". Let F € Cye, and let
F' =F |3 k. Then A is satisfiable on F iff A is satisfiable on F’.

Proof Let M be any model over F. Because k& > (d + 1).2", clearly we
may construct a model M’ over F’, such that M and M’ are (n,d)-similar.
By Proposition [138] A is satisfiable on M iff A is satisfiable on M’.

Now, let M’ be any model over F’. Because k > (d + 1).2", and because F’
is a subframe of F, we may extend M’ to an (n, d)-similar model M over F. By
Proposition A is satisfiable on M iff A is satisfiable on M'. O

Let A € ML(O) and let k > 0. Denote C}(A) =4 {F € Cf | F I A}.
Proposition 141 Let A € ML([). Then A has a definition in FOL over Cks.

Proof Let n > 0 be such that the variables of A be among p1,...,pn. Let
the modal depth of A be dg. Let d > 0 be such that (dq + 1) < d. Let k be
such that £ > (d+1).2™.

Let F € C}“ \ C’}“(A). Then F is a finite frame and we construct a FOL
sentence g, with the following property: for all ' € Cks, F' E ¢ iff there is
a generated subframe F” of F/, such that, up to isomorphism, F” |3 k = F. We
construct the sentence in the following way. Because F € C’; , then there are
numbers e, s,m such that F = F, g ,,,.

First, if m = s = 0, then e = 1 and because k > 1 the sentence is:

Yp =gef VL' (= (z 7 2") A (2" 7 x)).

Second, if e = s = 0, then m > 0 and there are two cases. First, if m = k:
Ur =def 321+ Fzm Nici jam (20 7 20) N Nicigjam (20 7 25)-

Else if m < k, the formula is:

UF =def 321 Fzm N jam (7 7 25) N Ni<ijem (20 # 25)A

Ni<icm V7' (2 7 2'") = Vicjam (2 = %))

Third, e =1 and s > 0. Then m > s and there are three cases.

109



Let 0<s=m=k
YF =gef I3y ... Jys

(V2" (=(2" 7 2))) A Ni<igics Wi # Y5) A Ni<ics(@ 7 90) A Ni<ij<s (¥ T Y5)-

Now let 0 < s <m =k.

YE =gef JTIY1 ... Jys321 ... 2y
(Va'(=(2" r z))) A /\1§i;éj§s(yi # Yj) A /\1§igs(x T Yi) A\
Ni<ijam(Zi 7 25) A Nicizjam(Zi # 25) A Ni<ics Vi<jam Wi = 25)A
VY (Ni<ics (V' # yi) = ~(z 1Y),

Now let 0 < s <m < k.

YE =gdef JTIy1 ... Jys321 ... 2y

(Vo' (= (2" 7 2)) A Ni<igjs Wi 7 Yi) A Nicics(@ 7 9i)A
Ni<ijem(Zi T 25) A Nicizi<m(Zi 7 25) A Ni<ics Vij<m (¥ = 2)A
Vy/(/\1gigs(3/ #yi) =~z ry)A
VZ/(/\lgz‘gm(zl # 2i) = Algigm —(zi 7 2")).

Because, up to isomorphism, the class C]’f \ C’;‘“‘(A) is finite, let 1 be a
sentence, which is the disjunction of all sentences ¢y for all F € C]lf \ Cf(A).
Let us see that —1 is a definition of A over Cks.

First, let F € Cks, F E =), and suppose that F' ¢ A. Then —A is satisfiable
in F at some state w. Let F’ be the generated subframe of F at w. Then —A is
satisfiable on F'. Now let F” =g4.¢ F [3 k. By Proposition —A is satisfiable
on F”’ so F" ¢ C}]? \ C}]f(A), therefore F” I ¢). But then by the definition of ),
F E 1, contradiction.

Now, let F € Cks, F IF A, and suppose that F ¥ —), so F F 1. Because
1) is a disjunction of sentences, there is a disjunct of v, ¢', such that F E 1)’
By the definition of 9/, there is a generated subframe F’ of F, such that, up to
isomorphism, F” = F/ |3 k € C]f \ CF(A), so F" ¥ A ie. A is satisfiable on
F”. But F’ I A and by Proposition —A is satisfiable on F’, contradiction.

We conclude that —t is a definition of A over Cxks. O

6.2 Undecidability of validity of FOL formulas in Ck;

In this section, we use the definitions from [50] for first-order theory, or just a
theory. As in [50], if T is a theory, then L(T) denotes the language of T.

We use a variant of the interpretation argument from [50] to show that
satisfiability of FOL formulas in the class of all reflexive and symmetrical
frames is reducible to satisfiability of FOL formulas in the class of all Kb5-
frames. This shows that validity of FOL sentences in Cks is undecidable.

It is clear that by renaming bound variables while preserving semantic
equivalence, we may obtain a variant of a first-order formula U(x) where a
given variable 2’ does not occur and x does not have any bound occurrences.
Thus we denote by U(z’) the formula obtained by substituting 2’ for z in a
formula obtained in this way.
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Now, remember the definition of a relativized reduct of structure for a
first-order language, Definition [T12]

Definition 142 (Relativization of a Formula) Let L be a first-order
language and let ¢, U(x) € L. We define inductively (1, U), the relativization
of ¥ with respect to U(x), in the following way:
7(a,U) = «a for atomic formulas a.
(_'sza U) = _'T(@Z% U)
(¢1 V g, U) = (T(wlv U) v 7'(%7 U))
(V1 A2, U) = (7(¥1,U) A7(th2, U)).
7(3x,U) = Jx(U(x) A7(,U)).
TV, U) =V (U(z) — 7(¢,U)).

\]

T

\]

Lemma 143 (Relativization Theorem) Let F,F’ be structures for a first-
order language L, let U(x) be a formula from L. If F’ is the relativized reduct
of F with respect to U(x) then for all first-order formulas ¢(y) € L and for all
lists ¢ of worlds in F', F £ 7(¢(9), U(x))[t] it F" E (9)[t].

Proof See Theorem 5.1.1 in [3§]. O

Proposition 144 Let T and T9 be theories with equality such that L(T;) C
L(T3). Let U(x) € L(T3) be a formula. Let the following two conditions hold:

(i). If for some structure F; for the language L(T), F1 F Ty, then there is
a structure Fy for L(Ts) such that Fo E Ty and Fy is the restriction to L(Ty)
of the relativized reduct of Fa with respect to U(x).

(71). If for some structure Fo for the language L(T2), Fo F Ty and Fy E
JzU (x), then Fy has a relativized reduct with respect to U (x) and its restriction
to L(Ty), Fy, is such that Fy E Ty.

Then for any ¢(x1,...,z,) € L(T1), the following two conditions are
equivalent:

(1) There is some structure Fy for L(T;) such that F; E Ty and Fy E
g .. Fxpp(xy, ..o )

(2) There is some structure Fy for L(Ts) such that Fy E Ty and Fy E
JzU(x)A3zq ... Fzp(U(z1)A- - - AU (2n)AT(¢)), where 7(1)) is the relativization
of ¥(x1,...,xy,) with respect to U(z).

Proof Follows by Lemma [143 U

From now on, let T be the first-order theory of symmetrical and reflexive
relations, which is a first-order theory with equality and the non-logical axiom:

Va(z ry z) AVaVy((x m y) = (y r1 x)).

According to [47], the problem of deciding the validity of formulas in T is
undecidable.
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Let us use the following theory as the first-order theory of all Euclidean
Kripke frames: Tk, which is a first-order theory with equality and the following
non-logical axiom:

(5") VaVy1((z r2 y1) = Var((@ 2 21) = (21 12 91)))

Let U(z) be the formula —(z 72 ) A Jz(x 72 2).

Now, extend L(Tks) to L by adding the binary predicate symbol r; and
defining it in the theory Ty, which is an extension of Tks, with language L
and with the following additional non-logical axiom:

(Interpr’) VaVy((z m y) <> U(z) AU(y) A Jz((z rg 2) A (y 72 2)))

Clearly, by using techniques from [50], the problem of deciding validity of
formulas in T+ is reducible to the problem of deciding validity of formulas in
Tks-

Proposition 145 The problem of deciding satisfiability of formulas in T is
reducible to the problem of deciding satisfiability of formulas in Ts.

Proof We use Proposition to show the desired result.

First we prove (7). Let F1 = (W3, R;) be a structure for L(T;) such that
F1 FE T1. Up to isomorphism, choose F; such that:

Wlﬁ{{a,b}’CLGWl &bEWl}ZQ).

Define W5 and Rs in the following way:

Wo =g4er W1 U {{a,b} | (a,b) € R1} (this is a disjoint union).
Ry =g

{{a,{a,b}) | a € W1,b € Wi,{a,b} € Wy} U

{{{a,b},{c,d}) | a,b,c,d € Wi,{a,b} € Wa,{c,d} € Wa}.

Let Fo =g4¢¢ (Wa, R, Ro), which is a structure for L(Ty). Clearly, by the
definition of Fy, Fo E (Interpr’). Now, Fa F (5”) because every Ro-descendant
state in Fg is a pair of states in F; and every two such pairs are in relation Ra.
Thus Fy E To. Also, Fo E 32U (x), because Wi is non-empty and because R;
is reflexive. This means that Fy has a relativized reduct with respect to U(x)
and clearly the restriction of this relativized reduct to L(Ty) is F;.

Now, let us prove (i7). Let Fo = (W3, Ry, Ra) be a structure for L(T3) such
that Fy E Ty and Fo E 32U (z). Let F' = (W3, R}, R}) be the relativized reduct
of Fy with respect to U(z) and let F1 = (W1, R)) be the restriction of F’ to
the language L(T;). Because Fo F Ty, Fo E (Interpr’), so Ry is symmetrical,
which makes R/ also symmetrical. Because F’ is the relativized reduct of F;
with respect to U(z), because Rs is Euclidean, and because Fo F (Interpr’),
R} is reflexive. Thus F; F T;. O

Corollary 146 The problem of deciding validity of formulas in T is reducible
to the problem of deciding validity of formulas in Tks.

Proof Follows by Proposition [145 O
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6.3 Undecidability of modal definability over Cks

Now, let us remember the definition for a stable class of frames (Definition
and the theorem that states that if C is a stable class of frames, then the
first-order validity problem with respect to C is reducible to the problem of
modal definability over C in ML(O) of FOL formulas (Theorem [114]).

Proposition 147 Ck; is a stable class of frames.

Proof Let vi(x1,%2,%) =gef © # 21 N # 2.

Let y2 =gef FoIy(x #y AVz(=((zraz)V(zry)V(zrz)V(yrz)))).

Clearly, 2 is a sentence that states that there are at least two r-independent
states.

Let Fy = (WQ,R0> € Cks.

If Fy is a relativized reduct of Fy with respect to 1 and some states vy, vo
in Fg, then F; € Cks.

Now, we show frames F,F’ € Cks with the property (b) from Definition
Let F =4¢r (W, R) be the disjoint union of Fy and two new independent
states wy and wg. Thus W = Wy U {wy,ws} and R = Ry. Clearly, Fy is the
relativized reduct of F with respect to v and wy, wo, and also F € Cks. Let Wy
be the set of states in W, which do not have R-successors or R-predecessors (the
independent states in F). Let Wa =g, W \ W;. We can see that wy,wp € Wy
and also Wy C Wy. Thus F = (W; \ {w1},0) W (Wo U {w1}, R). Now, let us
define a new frame F' = (W5 U {w;}, R). Clearly F’ € Cks, F is a p-morphic
image of F, F E 9, but F/ ¥ 5. O

Thus we have shown that the problem of modal definability of FOL sentences
over the class of all K5-frames is undecidable.

7 Conclusion

In section [3|, we have seen a deterministic version of the SQEMA algorithm
which uses conjunctive normal form and subformula elimination. We have seen
that this algorithm always terminates. We have seen the invariants for Sahlqvist
and Inductive formulas. There were proofs that the algorithm always succeeds
on Sahlqvist and Inductive formulas.

In section [3] we have also seen a new translation of PCL formulas into
formulas of ML(O, [U]). We have seen a proof that Sahlqvist PCL formulas
translate with this new translation into Sahlqvist ML(O, [U]) formulas. We
have also seen how to use Deterministic SQEMA to find first-order correspondents
of PCL formulas using this new translation. The results have been implemented
in the programming language Java into the SQEMA website, http://www.fmi.
uni-sofia.bg/fmi/logic/sqemal
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In section 4}, we have seen that every modal formula of ML([J) has a first-
order definition over Ckpys. Also, that deciding whether a first-order sentence
has a modal definition in ML(O) over Ckpgs is PSPACE-complete.

In section |5, we have seen that every modal formula of ML([J, [U]) has a
first-order definition over Ckpas. Also, the problem of deciding whether a first-
order sentence has a modal definition which is in ML(O, [U]) and is over Ckpas
is PSPACE-complete.

In section |§|, we have seen that every modal formula of ML(O) has a first-
order definition over the class of all Euclidean frames, Cks. Also, we have seen
that deciding validity of first-order formulas in the class Cks is undecidable.
Modal definability of first-order sentences over Cks is also undecidable.

7.1 Future work

It would be useful to modify Deterministic SQEMA with additional rules for
the special cases of S5 and KD45 modalities.

The author speculates that in its current form, Deterministic SQEMA may
be able to succeed on all modal formulas of modal depth 1, which do have a first-
order correspondent, according to van Benthem in [56][57] - and this is because
of the conjunctive normal form eliminating procedure that the algorithm uses.
It may also be possible to show that by applying the conjunctive normal form
eliminating procedure at the beginning of the algorithm three times (by using
negation), that any formula containing only the universal modality is reduced
to a formula of modal depth 1, similarly to Chapter Three of [39], thus making
sure that Deterministic SQEMA succeeds on all such formulas. There is some
experimental data to suggest that both of these conjectures hold, but a more
formal proof is required.

It would also be interesting to see whether modal and first-order definability
are decidable in some classes of frames, such as Cgs, Ckpas, or Cks, when the
language is the basic modal language with the added difference operator.

Authenticity Claims

The author declares that the following are original findings (items number 1, 2,
and 3 below), or co-authored with Tinko Tinchev and Philippe Balbiani (item
number 4 below).

Scientific Results

The author considers the following to be the main results of the dissertation:
The results in the dissertation can be grouped in the following groups.
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1. Results about the algorithm Deterministic SQEMA, Sahlqvist
and Inductive formulas.

These include:

- Defining a new deterministic version of the SQEMA algorithm with
additional simplification rules for the universal modality.

- A proof of termination of Deterministic SQEMA.

- A new invariant for Deterministic SQEMA executions on Sahlqvist formulas.

- A proof that Deterministic SQEMA succeeds on all Sahlqvist formulas.

- A new invariant for Deterministic SQEMA executions on Inductive formulas.

- A proof that Deterministic SQEMA succeeds on all Inductive formulas.

2. Results about applying Deterministic SQEMA to formulas of
the Pre-Contact Logic language, and results about Sahlqvist PCL
formulas

- Defining a modified translation of PCL formulas into ML(, [U]).

- Proving that the above translation converts Sahlqvist PCL formulas into
Sahlqvist ML(, [U]) formulas.

- Modifying the existing Deterministic SQEMA implementation at http://
www.fmi.uni-sofia.bg/fmi/logic/sqema to accept PCL formulas and succeed
on all Sahlqvist PCL formulas by using the modified translation.

3. Computability and complexity results about the correspondence
problems in the class of all KD45 Kripke frames

The results of this group are:

- A proof that all modal formulas of the basic modal language are first-order
definable in the class of all KD45 frames.

- A proof that the problem of deciding whether first-order formulas are
modally definable in the basic modal language in the class of KD45 frames is
PSPACE-complete.

- A proof that all modal formulas of the basic modal language extended
with the universal modality are first-order definable in the class of all KD45
frames.

- A proof that the problem of deciding modal definability in the basic modal
language extended with the universal modality of first-order formulas in the
class of KD45 frames is PSPACE-complete.

4. Computability and complexity results about the correspondence
problems in the class of all Euclidean Kripke frames - this group
of results was examined in collaboration with Tinko Tinchev and Philippe
Balbiani.

- A proof that all modal formulas of the basic modal language have a first-
order definition in the class of all Euclidean Kripke frames.

- A proof that the problem of deciding whether a first-order formula is valid
in the class of all Euclidean Kripke frames is undecidable.
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- A proof that the problem of deciding whether a first-order formula is
modally definable in the class of all Euclidean Kripke frames is undecidable.
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