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1. Ëåâåíùàéí ðàçñòîÿíèÿ. Ñâîéñòâà.
Íåêà Σ å êðàéíî ìíîæåñòâî(àçáóêà).
Äåôèíèöèÿ 1 dεL : Σ∗ × Σ∗ → N
Íåêà v, w, v′, w′ ∈ Σ∗ è a, b ∈ Σ.
1) v = ε èëè w = ε

dεL(v, w)
def
= max(|v|, |w|)

2) |v| ≥ 1 è |w| ≥ 1
Íåêà v = av′ è w = bw′.

dεL(v, w)
def
= min( if(a = b, dεL(v′, w′),∞),

1 + dεL(v′, bw′),
1 + dεL(av′, w′),
1 + dεL(v′, w′) )

Ôóíêöèÿòà dεL ùå íàðè÷àìå Ëåâåíùàéí ðàçñòîÿíèå. dεL(v, w) ùå íàðè÷àìå
Ëåâåíùàéí ðàçñòîÿíèå ìåæäó äóìèòå v è w. Ëåâåíùàéí ðàçñòîÿíèåòî ìåæäó
äóìèòå v è w å ìèíèìàëíèÿ áðîé åëåìåíòàðíè îïåðàöèè, ñ êîèòî îò v ìîæåì
äà ïîëó÷èì w. Åëåìåíòàðíè îïåðàöèè ñà èçòðèâàíå íà ñèìâîë, âìúêâàíå íà
ñèìâîë è çàìÿíà íà åäèí ñèìâîë ñ äðóã.

Äåôèíèöèÿ 2′

↪→: Σ∗ ×N → Σ∗

Íåêà k ∈ N , x1, x2, ..., xk ∈ Σ è t ∈ N .

x1x2...xk ↪→ t
def
=
{
ε, àêî t ≥ k
xt+1xt+2...xk èíà÷å

Àêî êúì åëåìåíòàðíèòå îïåðàöèè, ñ êîèòî v ñå òðàíñôîðìèðà äî w,
äîáàâèì òðàíñïîçèöèÿ íà äâà ñúñåäíè ñèìâîëà, ïîëó÷àâàìå ðàçøèðåíî ñ
òðàíñïîçèöèÿ Ëåâåíùàéí ðàçñòîÿíèå.

Äåôèíèöèÿ 2 dtL : Σ∗ × Σ∗ → N
Íåêà v, w, v′, w′ ∈ Σ∗ è a, b, a1, b1 ∈ Σ.
1) v = ε èëè w = ε

dtL(v, w)
def
= max(|v|, |w|)

2) |v| ≥ 1 è |w| ≥ 1
Íåêà v = av′ è w = bw′.

dtL(v, w)
def
= min( if(a = b, dtL(v′, w′),∞),

1 + dtL(v′, bw′),
1 + dtL(av′, w′),
1 + dtL(v′, w′),
if(a1 < v′ & b1 < w′ & a = b1 & a1 = b, 1 + dtL(v ↪→ 2, w ↪→ 2),∞) )

(c < d⇔ c å ïðåôèêñ íà d.)
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Ôóíêöèÿòà dtL ùå íàðè÷àìå ðàçøèðåíî ñ òðàíñïîçèöèÿ Ëåâåíùàéí ðàçñòîÿíèå.
dtL(v, w) ùå íàðè÷àìå ðàçøèðåíî ñ òðàíñïîçèöèÿ Ëåâåíùàéí ðàçñòîÿíèå
ìåæäó äóìèòå v è w.

Àêî êúì åëåìåíòàðíèòå îïåðàöèè äîáàâèì ñëåïâàíå íà äâà ñúñåäíè ñèìâîëà
(merge) è ðàçäåëÿíå íà åäèí ñèìâîë íà äðóãè äâà (split), ïîëó÷àâàìå ðàçøèðåíî
ñ merge è split Ëåâåíùàéí ðàçñòîÿíèå.

Äåôèíèöèÿ 3 dmsL : Σ∗ × Σ∗ → N
Íåêà v, w, v′, w′ ∈ Σ∗ è a, b ∈ Σ.
1) v = ε èëè w = ε

dmsL (v, w)
def
= max(|v|, |w|)

2) |v| ≥ 1 è |w| ≥ 1
Íåêà v = av′ è w = bw′.

dmsL (v, w)
def
= min( if(a = b, dmsL (v′, w′),∞),

1 + dmsL (v′, bw′),
1 + dmsL (av′, w′),
1 + dmsL (v′, w′),
if(|w| ≥ 2, 1 + dmsL (v′, w ↪→ 2),∞),
if(|v| ≥ 2, 1 + dmsL (v ↪→ 2, w′),∞) )

Ôóíêöèÿòà dmsL ùå íàðè÷àìå ðàçøèðåíî ñ merge è split Ëåâåíùàéí ðàçñòîÿíèå.
dmsL (v, w) ùå íàðè÷àìå ðàçøèðåíî ñ merge è split Ëåâåíùàéí ðàçñòîÿíèå
ìåæäó äóìèòå v è w.

Îçíà÷åíèÿ Ùå èçïîëçâàìå ìåòàîçíà÷åíèÿ, êîèòî èìàò àðãóìåíòè. Îò
êîíòåêñòà ùå áúäå ÿñíî êîãà èçïîëçâàìå îçíà÷åíèå è êîãà ìåòàîçíà÷åíèå.

Ïðèìåð: Íåêà χ ∈ {ε, t,ms}. Òîãàâà dχL ...
dχL îçíà÷àâà dεL, dtL èëè dmsL .

Òâúðäåíèå 1 Íåêà χ ∈ {ε, t,ms} è v, w ∈ Σ∗. Òîãàâà dχL(v, w) = 0⇔ v = w .

Äîêàçàòåëñòâî
⇐) Íåêà v = w = x è |x| = k. Ñ èíäóêöèÿ ïî k ùå äîêàæåì, ÷å

dχL(x, x) = 0 .
1) k = 0
dχL(x, x) = dχL(ε, ε) = 0
2) Èíäóêöèîííî ïðåäïîëîæåíèå: ∀x ∈ Σ∗(|x| = k ⇒ dχL(x, x) = 0) . Íåêà

a ∈ Σ, x ∈ Σ∗ è |x| = k. Ùå äîêàæåì, ÷å dχL(ax, ax) = 0.

dχL(ax, ax) = min( if(a = a, dχL(x, x),∞),
... ) =

min( if(a = a, 0,∞),
... ) = 0

⇒) Ñ èíäóêöèÿ ïî |v| ùå äîêàæåì, ÷å ∀v, w ∈ Σ∗(dχL(v, w) = 0⇒ v = w)
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1) v = ε. Íåêà dχL(v, w) = 0. Ùå äîêàæåì, ÷å w = ε. dχL(v, w) = max(|v|, |w|) =
0. Ñëåäîâàòåëíî w = ε.

2) Èíäóêöèîííî ïðåäïîëîæåíèå: ∀v, w ∈ Σ∗(|v| ≤ i& dχL(v, w) = 0⇒ v = w)
Íåêà a ∈ Σ è |v| ≤ i. Ùå äîêàæåì, ÷å dχL(av, w) = 0 ⇒ av = w. Íåêà

dχL(av, w) = 0. Îò äåôèíèöèÿòà íà dχL ñëåäâà, ÷å |w| ≥ 1. Íåêà b ∈ Σ,
w′ ∈ Σ∗ è w = bw′. Îò äåôèíèöèÿòà íà dχL ñëåäâà, ÷å a = b è dχL(v, w′) = 0.
Îò èíäóêöèîííîòî ïðåäïîëîæåíèå ñëåäâà, ÷å v = w′. Ñëåäîâàòåíî av = w.

Òâúðäåíèå 2 Íåêà χ ∈ {ε, t,ms} è v, w ∈ Σ∗. Òîãàâà dχL(v, w) = dχL(w, v).

Äîêàçàòåëñòâî Ñ èíäóêöèÿ ïî ïîñòðîåíèåòî íà dχL(v, w) äîêàçâàìå, ÷å
dχL(v, w) = dχL(w, v).

1) v = ε èëè w = ε
dχL(v, w) = max(|v|, |w|) = max(|w|, |v|) = dχL(w, v)
2) |v| ≥ 1 è |w| ≥ 1
Íåêà a, b ∈ Σ, v′, w′ ∈ Σ∗, v = av′ è w = aw′.
2.1) χ = ε
Èíäóêöèîííî ïðåäïîëîæåíèå:

dεL(v′, w′) = dεL(w′, v′) & dεL(v′, bw′) = dεL(bw′, v′) & dεL(av′, w′) = dεL(w′, av′)

dεL(v, w) = min( if(a = b, dεL(v′, w′),∞),
1 + dεL(v′, bw′),
1 + dεL(av′, w′),
1 + dεL(v′, w′) ) =

min( if(b = a, dεL(w′, v′),∞),
1 + dεL(bw′, v′),
1 + dεL(w′, av′),
1 + dεL(w′, v′) ) = dεL(w, v)

2.2) χ = t
Èíäóêöèîííî ïðåäïîëîæåíèå:

dtL(v′, w′) = dtL(w′, v′) & dtL(v′, bw′) = dtL(bw′, v′) & dtL(av′, w′) = dtL(w′, av′) &
dtL(v ↪→ 2, w ↪→ 2) = dtL(w ↪→ 2, v ↪→ 2)

Íåêà a1, b1 ∈ Σ.

dtL(v, w) = min( if(a = b, dtL(v′, w′),∞),
1 + dtL(v′, bw′),
1 + dtL(av′, w′),
1 + dtL(v′, w′),
if(a1 < v′ & b1 < w′ & a = b1 & a1 = b, 1 + dtL(v ↪→ 2, w ↪→ 2),∞) ) =

min( if(b = a, dtL(w′, v′),∞),
1 + dtL(bw′, v′),
1 + dtL(w′, av′),
1 + dtL(w′, v′),
if(a1 < v′ & b1 < w′ & b1 = a& b = a1, 1 + dtL(w ↪→ 2, v ↪→ 2),∞) ) = dtL(w, v)
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2.3) χ = ms
Èíäóêöèîííî ïðåäïîëîæåíèå:

dmsL (v′, w′) = dmsL (w′, v′)&dmsL (v′, bw′) = dmsL (bw′, v′)&dmsL (av′, w′) = dmsL (w′, av′)&
dmsL (v′, w ↪→ 2) = dmsL (w ↪→ 2, v′) & dmsL (v ↪→ 2, w′) = dmsL (w′, v ↪→ 2)

dmsL (v, w) = min( if(a = b, dmsL (v′, w′),∞),
1 + dmsL (v′, bw′),
1 + dmsL (av′, w′),
1 + dmsL (v′, w′),
if(|w| ≥ 2, 1 + dmsL (v′, w ↪→ 2),∞),
if(|v| ≥ 2, 1 + dmsL (v ↪→ 2, w′),∞) ) =

min( if(b = a, dmsL (w′, v′),∞),
1 + dmsL (bw′, v′),
1 + dmsL (w′, av′),
1 + dmsL (w′, v′),
if(|w| ≥ 2, 1 + dmsL (w ↪→ 2, v′),∞),
if(|v| ≥ 2, 1 + dmsL (w′, v ↪→ 2),∞) ) = dmsL (w, v)

Äåôèíèöèÿ 4 Íåêà χ ∈ {ε, t,ms}.
LχLev : N × Σ∗ → P (Σ∗)

LχLev(n,w)
def
= {v|dχL(v, w) ≤ n}

Äåôèíèöèÿ íà LεLev, LtLev è LmsLev ñå äàâà â [SMFSCLA].

Òâúðäåíèå 3 Íåêà χ ∈ {ε, t,ms}. Íåêà a ∈ Σ è v, w ∈ Σ∗. Òîãàâà
dχL(v, w) = k ⇒ dχL(av, w) ≤ k + 1.

Äîêàçàòåëñòâî Íåêà dχL(v, w) = k.
1) w = ε
dχL(av, w) = dχL(av, ε) = k + 1
2) |w| ≥ 1
Îò äåôèíèöèÿòà íà dχL ñëåäâà, ÷å dχL(av, w) ≤ 1 + dχL(v, w) = k + 1.

Òâúðäåíèå 4 Íåêà χ ∈ {ε, t,ms}. Íåêà a,w1 ∈ Σ è v, w ∈ Σ∗. Òîãàâà
dχL(v, w) = k ⇒ dχL(av, w1w) ≤ k + 1.

Äîêàçàòåëñòâî Íåêà dχL(v, w) = k. Îò äåôèíèöèÿòà íà dχL ñëåäâà, ÷å
dχL(av, w1w) ≤ 1 + dmsL (v, w) = k + 1.

Òâúðäåíèå 5 Íåêà χ ∈ {ε, t,ms}. Íåêà w1 ∈ Σ è v, w ∈ Σ∗. Òîãàâà
dχL(v, w) = k ⇒ dχL(v, w1w) ≤ k + 1.

Äîêàçàòåëñòâî Òâúðäåíèå 5 ñëåäâà íåïîñðåäñòâåíî îò Òâúðäåíèå 3 è
Òâúðäåíèå 2.
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Òâúðäåíèå 6 Íåêà χ ∈ {ε, t,ms}. Íåêà w1 ∈ Σ è v, w ∈ Σ∗. Òîãàâà
dχL(v, w) = k ⇒ dχL(w1v, w1w) ≤ k.

Äîêàçàòåëñòâî Íåêà dχL(v, w) = k. Îò äåôèíèöèÿòà íà dχL ñëåäâà, ÷å
dχL(w1v, w1w) ≤ dmsL (v, w) = k.

Òâúðäåíèå 7 Íåêà χ ∈ {ε, t,ms}. Íåêà w ∈ Σ∗, w = w1w2...wp, p ≥ 1 è
n > 0. Òîãàâà

LχLev(n,w) ⊇ Σ.LχLev(n− 1, w)
⋃

Σ.LχLev(n− 1, w2w3...wp)
⋃

LχLev(n− 1, w2w3...wp)
⋃

w1.L
χ
Lev(n,w2w3...wp).

Äîêàçàòåëñòâî Îò òâúðäåíèÿ 3, 4, 5 è 6 ñëåäâà ñúîòâåòíî, ÷å
LχLev(n,w) ⊇ Σ.LχLev(n− 1, w) ,
LχLev(n,w) ⊇ Σ.LχLev(n− 1, w2w3...wp) ,
LχLev(n,w) ⊇ LχLev(n− 1, w2w3...wp) è
LχLev(n,w) ⊇ w1.L

χ
Lev(n,w2w3...wp) .

Ñëåäîâàòåëíî

LχLev(n,w) ⊇ Σ.LχLev(n− 1, w)
⋃

Σ.LχLev(n− 1, w2w3...wp)
⋃

LχLev(n− 1, w2w3...wp)
⋃

w1.L
χ
Lev(n,w2w3...wp).

Äåôèíèöèÿ 5 Íåêà χ ∈ {ε, t,ms}.
Rχ : N+ × Σ+ → P (Σ∗)
Íåêà w ∈ Σ∗, w = w1w2...wp, p ≥ 1 è n ≥ 1.
1) χ = ε

Rε(n,w)
def
= Σ.LεLev(n− 1, w)

⋃
Σ.LεLev(n− 1, w2w3...wp)

⋃
LεLev(n− 1, w2w3...wp)

⋃
w1.L

ε
Lev(n,w2w3...wp)

2) χ = t

Rt(n,w)
def
= Σ.LtLev(n− 1, w)

⋃
Σ.LtLev(n− 1, w2w3...wp)

⋃
LtLev(n− 1, w2w3...wp)

⋃
w1.L

t
Lev(n,w2w3...wp)

⋃
if(|w| ≥ 2, w2w1.L

t
Lev(n− 1, w3...wp), φ).
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3) χ = ms

Rms(n,w)
def
= Σ.LmsLev(n− 1, w)

⋃
Σ.LmsLev(n− 1, w2w3...wp)

⋃
LmsLev(n− 1, w2w3...wp)

⋃
w1.L

ms
Lev(n,w2w3...wp)

⋃
Σ.Σ.LmsLev(n− 1, w2w3...wp)

⋃
if(|w| ≥ 2,Σ.LmsLev(n− 1, w ↪→ 2), φ).

Òâúðäåíèå 8 Íåêà w ∈ Σ∗, w = w1w2...wp, p ≥ 1 è n ≥ 1. Òîãàâà
LχLev(n,w) = Rχ(n,w).

Äîêàçàòåëñòâî
⊇)
1) χ = ε
Îò Òâúðäåíèå 7 ñëåäâà, ÷å LεLev(n,w) ⊇ Rε(n,w).
2) χ = t
Ùå äîêàæåì, ÷å
(∗t) |w| ≥ 2⇒ LtLev(n,w) ⊇ w2w1.L

t
Lev(n− 1, w3...wp).

Íåêà |w| ≥ 2 è v ∈ LtLev(n − 1, w3...wp). Ñëåäîâàòåëíî dtL(v, w3...wp) ≤
n − 1. Îò äåôèíèöèÿòà íà dtL ñëåäâà, ÷å dtL(w2w1v, w1w2w3...wp) ≤ 1 +
dtL(v, w3...wp) ≤ n. Îò (∗t) è Òâúðäåíèå 7 ñëåäâà, ÷å LtLev(n,w) ⊇ Rt(n,w).

3) χ = ms
3.1) Ùå äîêàæåì, ÷å
(∗ms1 ) LmsLev(n,w) ⊇ Σ.Σ.LmsLev(n− 1, w2...wp).
Íåêà v ∈ LmsLev(n − 1, w2...wp) è a, b ∈ Σ. Ñëåäîâàòåëíî dmsL (v, w2...wp) ≤

n−1. Îò äåôèíèöèÿòà íà dmsL ñëåäâà, ÷å dmsL (abv, w1w2...wp) ≤ 1+dmsL (v, w2...wp) ≤
n.

3.2) Ùå äîêàæåì, ÷å
(∗ms2 ) |w| ≥ 2⇒ LmsLev(n,w) ⊇ Σ.LmsLev(n− 1, w3...wp).
Íåêà |w| ≥ 2, v ∈ LmsLev(n−1, w3...wp) è a ∈ Σ. Ñëåäîâàòåëíî dmsL (v, w3...wp) ≤

n−1. Îò äåôèíèöèÿòà íà dmsL ñëåäâà, ÷å dmsL (av, w1w2w3...wp) ≤ 1+dmsL (v, w3...wp) ≤
n. Îò (∗ms1 ), (∗ms2 ) è Òâúðäåíèå 7 ñëåäâà, ÷å LmsLev(n,w) ⊇ Rms(n,w).
Ñëåäîâàòåëíî LχLev(n,w) ⊇ Rχ(n,w).
⊆) Íåêà v ∈ LχLev(n,w) è dχL(v, w) = k ≤ n.
1) v = ε
dχL(v, w) = |w| = k
dχL(v, w2...wp) = |w2...wp| = k − 1 ≤ n− 1
Ñëåäîâàòåëíî v ∈ LχLev(n− 1, w2...wp).
2) |v| ≥ 1
Íåêà |v| = t è v = v1v2...vt. Ñëåäîâàòåëíî

dχL(v, w) = min( if(v1 = w1, d
χ
L(v2...vt, w2...wp),∞),

1 + dχL(v2...vt, w),
1 + dχL(v, w2...wp),
1 + dχL(v2...vt, w2...wp),
...) = k
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2.1) v1 = w1 & dχL(v2...vt, w2...wp) = k ≤ n
Ñëåäîâàòåëíî v ∈ w1.L

χ
Lev(n,w2...wp).

2.2) dχL(v2...vt, w) = k − 1 ≤ n− 1
Ñëåäîâàòåëíî v ∈ Σ.LχLev(n− 1, w).
2.3) dχL(v, w2...wp) = k − 1 ≤ n− 1
Ñëåäîâàòåëíî v ∈ LχLev(n− 1, w2...wp).
2.4) dχL(v2...vt, w2...wp) = k − 1 ≤ n− 1
Ñëåäîâàòåëíî v ∈ Σ.LχLev(n− 1, w2...wp).
Ñëåäîâàòåëíî LεLev(n,w) ⊆ Rε(n,w).
2.5) χ = t è |w| ≥ 2 & |v| ≥ 2 & v1 = w2 & v2 = w1 & dtL(v ↪→ 2, w ↪→ 2) = k − 1 ≤ n− 1
Ñëåäîâàòåëíî v ∈ Σ.Σ.LtLev(n− 1, w2...wp).
Ñëåäîâàòåëíî LtLev(n,w) ⊆ Rt(n,w).
2.6) χ = ms è |w| ≥ 2 & dmsL (v2...vt, w3...wp) = k − 1 ≤ n− 1
Ñëåäîâàòåëíî v ∈ Σ.LmsLev(n− 1, w ↪→ 2).
2.7) χ = ms è |v| ≥ 2 & dmsL (v3...vt, w2...wp) = k − 1 ≤ n− 1
Ñëåäîâàòåëíî v ∈ Σ.Σ.LmsLev(n− 1, w2...wp).
Ñëåäîâàòåëíî LmsLev(n,w) ⊆ Rms(n,w).
Ñëåäîâàòåëíî LχLev(n,w) ⊆ Rχ(n,w).

2. Íåäåòåðìèíèðàíè êðàéíè àâòîìàòè çà Ëåâåíùàéí
ðàçñòîÿíèÿ ïðè ôèêñèðàíà äóìà.
Îçíà÷åíèÿ Ñ èçðàçè îò âèäà i#e, i#et è i#es ùå îçíà÷àâàìå ñúîòâåòíî

<< i, 0 >, e >, << i, 1 >, e > è << i, 2 >, e >.

Äåôèíèöèÿ 6 Íåêà χ ∈ {ε, t,ms}. Íåêà w ∈ Σ∗ è n ∈ N . Ùå äåôèíèðàìå
íåäåòåðìèíèðàíèÿ êðàåí àâòîìàò AND,χn (w).

AND,χn (w)
def
= < Σ, QND,χn , IND,χ, FND,χn

∗
, δND,χn >

Íåêà |w| = p è w = w1w2...wp.
1) χ = ε

QND,εn
def
= {i#e|0 ≤ i ≤ p& 0 ≤ e ≤ n}

IND,ε
def
= {0#0}

FND,εn
∗ def= {p#e|0 ≤ e ≤ n}

Íåêà a ∈ Σ
⋃{ε} è q1, q2 ∈ QND,εn .

< q1, a, q2 >∈ δND,εn ⇔def

q1 = i#e & q1 = i#e+1 & a ∈ Σ èëè
q1 = i#e & q1 = i+ 1#e+1 èëè
q1 = i#e & q1 = i+ 1#e & a = wi+1

2) χ = t
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QND,tn
def
= QND,εn

⋃{i#et |0 ≤ i ≤ p− 2 & 1 ≤ e ≤ n}
IND,t

def
= {0#0}

FND,tn
∗ def= FND,εn

∗

Íåêà a ∈ Σ
⋃{ε} è q1, q2 ∈ QND,tn .

< q1, a, q2 >∈ δND,tn ⇔def

< q1, a, q2 >∈ δND,εn èëè
q1 = i#e & q2 = i#e+1

t & a = wi+2 èëè
q1 = i#et & q2 = i+ 2#e & a = wi+1

3) χ = ms

QND,msn
def
= QND,εn

⋃{i#es |0 ≤ i ≤ p− 1 & 1 ≤ e ≤ n}
IND,ms

def
= {0#0}

FND,msn
∗ def= FND,εn

∗

Íåêà a ∈ Σ
⋃{ε} è q1, q2 ∈ QND,msn .

< q1, a, q2 >∈ δND,msn ⇔def

< q1, a, q2 >∈ δND,εn èëè
q1 = i#e & q2 = i+ 2#e+1 & a ∈ Σ èëè
q1 = i#e & q2 = i+ 1#e

s & a ∈ Σ èëè
q1 = i#es & q2 = i+ 1#e & a ∈ Σ

Îïèñàíèå íà AND,εn å äàäåíî â [MSFASLD].

Çàáåëåæêà QND,χn , FND,χn
∗ è δND,χn çàâèñÿò îò äóìàòà w. Êîãàòî ùå

èçïîëçâàìå òåçè îçíà÷åíèÿ, îò êîíòåêñòà ùå å ÿñíî êîÿ å äóìàòàw.

Ôèã. 1 AND,ε2 (w1w2...w5)
(Ñ Σε îçíà÷àâàìå Σ

⋃{ε}.)
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Ïðåõîäèòå â àâòîìàòà AND,χn (w) ñúîòâåñòâàò íà äåôèíèöèÿòà íà Rχ: â
AND,εn ïðåõîäèòå îò âèäà< i#e, a, i#e+1 > (a ∈ Σ) ñúîòâåòñòâàò íàΣ.LεLev(n−
1, w). Ïðåõîäèòå îò âèäà < i#e, a, i + 1#e+1 > (a ∈ Σ) - íà Σ.LεLev(n −
1, w2w3...wp). Ïðåõîäèòå îò âèäà< i#e, ε, i#e+1 > - íà LεLev(n−1, w2w3...wp).
È ïðåõîäèòå îò âèäà < i#e, wi, i + 1#e > - íà w1.L

ε
Lev(n,w2w3...wp). Ùå

äîêàæåì, ÷å L(AND,χn (w)) = LεLev(n,w).

Ôèã. 2 AND,t2 (w1w2...w5)

Ôèã. 3 AND,ms2 (w1w2...w5)

Òâúðäåíèå 9 Íåêà χ ∈ {ε, t,ms}. Íåêà n ∈ N è w ∈ Σ∗. Íåêà i#e ∈ QND,χn .
Òîãàâà L(i#e) = LχLev(n− e, wi+1...wp).
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(L(π) = {w|∃π′ ∈ FND,χn (< π,w, π′ >∈ δND,χn
∗)})

Òâúðäåíèÿòà L(i#e) = LεLev(n−e, wi+1...wp), L(i#e) = LtLev(n−e, wi+1...wp)
è L(i#e) = LmsLev(n− e, wi+1...wp) ñà ôîðìóëèðàíè â [SMFSCLA].

Äîêàçàòåëñòâî Èíäóêöèÿ ïî i.
1) i = p
L(p#e) = {x|x ∈ Σ∗ & |x| ≤ n− e} = LχLev(n− e, ε)
2) 0 ≤ i ≤ p− 1
Èíäóêöèîííî ïðåäïîëîæåíèå:
(ÈÏ1) ∀j ≥ 1∀e(L(i+ j#e) = LχLev(n− e, wi+j+1...wp))
Ùå äîêàæåì, ÷å L(i#e) = LχLev(n− e, wi+1...wp).
Äîêàçàòåëñòâî: ñ èíäóêöèÿ ïî e.
2.1) e = n
L(i#n) = wi+1.L(i+ 1#n) =ÈÏ1 wi+1.L

χ
Lev(0, wi+2...wp) =

wi+1...wp = LχLev(0, wi+1...wp) = LχLev(n− e, wi+1...wp)
2.2) 0 ≤ e ≤ n− 1
Èíäóêöèîííî ïðåäïîëîæåíèå:
(ÈÏ2) L(i#e+1) = LχLev(n− e− 1, wi+1...wp)
2.2.1) χ = ε
L(i#e) = Σ.L(i#e+1)

⋃
Σ.L(i+1#e+1)

⋃
L(i+1#e+1)

⋃
wi+1.L(i+1#e) =ÈÏ1,2

Σ.LεLev(n− e− 1, wi+1...wp)
⋃

Σ.LεLev(n− e− 1, wi+2...wp)
⋃

LεLev(n− e− 1, wi+2...wp)
⋃

wi+1.L
ε
Lev(n− e, wi+2...wp) =

Rε(n− e, wi+1...wp) =Òâúðäåíèå 8
LεLev(n− e, wi+1...wp)

2.2.2) χ = t
L(i#e) = Σ.L(i#e+1)

⋃
Σ.L(i+ 1#e+1)

⋃
L(i+ 1#e+1)

⋃
wi+1.L(i+ 1#e)

⋃
if(i ≤ p− 2, wi+2wi+1.L(i+ 1#e+1), φ) =ÈÏ1,2

Σ.LtLev(n− e− 1, wi+1...wp)
⋃

Σ.LtLev(n− e− 1, wi+2...wp)
⋃

LtLev(n− e− 1, wi+2...wp)
⋃

wi+1.L
t
Lev(n− e, wi+2...wp)

⋃
if(|wi+1...wp| ≥ 2, wi+2wi+1.L

t
Lev(n− e− 1, wi+3...wp), φ) =

Rt(n− e, wi+1...wp) =Òâúðäåíèå 8
LtLev(n− e, wi+1...wp)

2.2.3) χ = ms
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L(i#e) = Σ.L(i#e+1)
⋃

Σ.L(i+ 1#e+1)
⋃
L(i+ 1#e+1)

⋃
wi+1.L(i+ 1#e)

⋃
Σ.Σ.L(i+ 1#e+1)

⋃
if(i ≤ p− 2,Σ.L(i+ 2#e+1), φ) =ÈÏ1,2

Σ.LmsLev(n− e− 1, wi+1...wp)
⋃

Σ.LmsLev(n− e− 1, wi+2...wp)
⋃

LmsLev(n− e− 1, wi+2...wp)
⋃

wi+1.L
ms
Lev(n− e, wi+2...wp)

⋃
Σ.Σ.LmsLev(n− e− 1, wi+2...wp)

⋃
if(|wi+1...wp| ≥ 2,Σ.LmsLev(n− e− 1, wi+3...wp), φ) =
Rms(n− e, wi+1...wp) =Òâúðäåíèå 8
LmsLev(n− e, wi+1...wp)

Ñëåäñòâèå Íåêà χ ∈ {ε, t,ms}. Íåêà w ∈ Σ∗ è n ∈ N . Îò Òâúðäåíèå 9
ñëåäâà, ÷å L(AND,χn (w)) = L(0#0) = LχLev(n,w).

3. Äåòåðìèíèðàíè êðàéíè àâòîìàòè çà Ëåâåíùàéí
ðàçñòîÿíèÿ ïðè ôèêñèðàíà äóìà.
Ùå ïîêàæåì åäèí âúçìîæåí íà÷èì çà äåòåðìèíèçàöèÿ íà AND,χn .

Äåôèíèöèÿ 7 Íåêà χ ∈ {ε, t,ms}.
QND,ε

def
= {i#e|i, e ∈ Z}

QND,t
def
= QND,ε

⋃{i#et |i, e ∈ Z}
QND,ms

def
= QND,ε

⋃{i#es |i, e ∈ Z}
Íåêà n ∈ N . Ùå äåôèíèðàìå δD,χe : QND,χ × {0, 1}∗ → P (QND,χ).
Íåêà b ∈ {0, 1}∗, k ∈ N è b = b1b2...bk.
1) χ = ε

δD,εe (i#e, b)
def
=





{i+ 1#e}, àêî 1 < b
{i#e+1, i+ 1#e+1}, àêî b = 0k & b 6= ε& e < n
{i#e+1, i+ 1#e+1, i+ j#e+j−1}, àêî 0 < b& j = µz[bz = 1]
{i#e+1}, àêî b = ε& e < n
φ èíà÷å

Ñ µz[A] îçíà÷àâàìå íàé-ìàëêîòî z, çà êîåòî å èçïúëíåíî A.

2) χ = t
2.1)

δD,te (i#e, b)
def
=





{i+ 1#e}, àêî 1 < b

{i#e+1, i+ 1#e+1, i+ 2#e+1, i#e+1
t }, àêî 01 < b

{i#e+1, i+ 1#e+1, i+ j#e+j−1}, àêî 00 < b& j = µz[bz = 1]
{i#e+1, i+ 1#e+1}, àêî b = 0k & b 6= ε& e < n
{i#e+1}, àêî b = ε& e < n
φ èíà÷å
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2.2)

δD,te (i#et , b)
def
=
{ {i+ 2#e}, àêî 1 < b

φ, èíà÷å

3) χ = ms
3.1)

δD,mse (i#e, b)
def
=





{i+ 1#e}, àêî 1 < b
{i#e+1, i#e+1

s , i+ 1#e+1, i+ 2#e+1}, àêî 00 < b ∨ 01 < b
{i#e+1, i#e+1

s , i+ 1#e+1}, àêî 0 = b& e < n
{i#e+1}, àêî ε = b& e < n
φ èíà÷å

3.2) δD,mse (i#es , b)
def
= {i+ 1#e}

Ôóíêöèÿòà δD,χe ùå íàðè÷àìå ôóíêöèÿ íà åëåìåíòàðíèòå ïðåõîäè.

Äåôèíèöèÿ 8 Íåêà χ ∈ {ε, t,ms}. Íåêà w ∈ Σ∗ è n ∈ N .
Íåêà AND,χn (w) =< Σ, QND,χn , IND,χ, FND,χn

∗
, δND,χn >.

Ùå äåôèíèðàìå w[ ] : QND,χn → Σ∗.
Íåêà w = w1w2...wp. Íåêà π ∈ QND,χn .
1) π = i#e ∈ QND,χn

w[i#e] = wi+1wi+2...wi+k, êàòî k = min(n− e+ 1, p− i)
2) π = i#et ∈ QND,tn

w[i#et ] = w[i#e]

3) π = i#es ∈ QND,msn

w[i#es ] = w[i#e]

Äóìàòà w[π] ùå íàðè÷àìå ðåëåâàíòíà îòíîñíî π ïîääóìà íà w([SMFSCLA]).

Äåôèíèöèÿ 9 β : Σ× Σ∗ → {0, 1}∗
β(x,w1w2...wp) = b1b2...bp, êàòî bi = 1⇔ x = wi

β(x,w1w2...wp) ùå íàðè÷àìå õàðàêòåðèñòè÷åí âåêòîð íà äóìàòà w1w2...wp
îòíîñíî x.

Äåôèíèöèÿ 10 Íåêà χ ∈ {ε, t,ms}. Íåêà w ∈ Σ∗ è n ∈ N .
Íåêà AND,χn (w) =< Σ, QND,χn , IND,χ, FND,χn

∗
, δND,χn >.

Ùå äåôèíèðàìå δD,χe : QND,χn × Σ→ P (QND,χn ).
δD,χe (π, x)

def
= δD,χe (π, β(x,w[π]))

Äåôèíèöèè íà δD,εe , δD,te è δD,mse ñà äàäåíè â [SMFSCLA].

Äåôèíèöèÿ 11 Íåêà χ ∈ {ε, t,ms}.
Ùå äåôèíèðàìå <χs⊆ QND,ε ×QND,χ.
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1) χ = ε

i#e <εs j
#f def⇔ f > e& |j − i| ≤ f − e

2) χ = t

i#e <ts j
#f def⇔ i#e <εs j

#f

i#e <ts j
#f
t

def⇔ f > e& |j + 1− i| ≤ f − e
3) χ = ms

i#e <mss j#f def⇔ i#e <εs j
#f

i#e <mss j#f
s

def⇔ i#e <εs j
#f

Ðåëàöèÿòà <χs å äåôèíèðàíà ïî òàêüâ íà÷èí, ÷å (*) π1 <
χ
s π2 ⇒ L(π1) ⊃

L(π2). Çàòîâà, êîãàòî äåòåðìèíèçèðàìå AND,χn , çà âñÿêî ñúñòîÿíèå A íà
ïîëó÷åíèÿ äåòåðìèíèðàí àâòîìàò ùå áúäå èçïúíåíî, ÷å (*) ∀q1, q2 ∈ A(q1 6<χs
q2). Êàòî èìàìå ïðåä âèä, ÷å q′ ∈ δD,χe (q, x) ⇒< q, x, q′ >∈ δND,χn

∗, ÷å
q1 ≤χs q2 & < q2, x, q

′
2 >∈ δND,χn

∗ ⇒ ∃q′1 ∈ δD,χe (q1, x)(q′1 ≤χs q′2) è (*), ìîæåì
äà äåôèíèðàìå ôóíêöèÿòà íà ïðåõîäèòå δD,χn çà äåòåðìèíèðàíèÿ àâòîìàò:
δD,χn (A, x) =

⊔
q∈A δ

D,χ
e (q, x), êúäåòî ⊔B ïðåìàõâà îò ⋃B âñÿêî π, çà êîåòî

â ⋃B ñúùåñòâóâà q, òàêà ÷å q <χs π.

Çàáåëåæêà π1 <
χ
s π2 ñúîòâåòñòâà íà π1 subsumes π2 îò [SMFSCLA]. Íå

äåôèíèðàìå ñëó÷àé, â êîéòî i#et <χs π èëè i#es <χs π, çàùîòî ïðè âñÿêà
"äîñòàòú÷íî õóáàâà"äåôèíèöèÿ íà i#et <χs π è i#es <χs π ùå å âÿðíî, ÷å
i#et <χs π ⇒ i + 1#e <χs π è i#es <χs π ⇒ i#e <χs π. Êàòî ñå èìà ïðåä
âèä, ÷å i#et ∈ δD,te (A, x) ⇒ i + 1#e ∈ δD,te (A, x), i#es ∈ δD,te (A, x) ⇒ i#e ∈
δD,te (A, x) è äåôèíèöèÿòà íà ⊔, ëåñíî ñå âèæäà, ÷å ïðè âñÿêà "äîñòàòú÷íî
õóáàâà"äåôèíèöèÿ íà i#et <χs π è i#es <χs π àâòîìàòèòå AD,χn è A∀,χn íÿìà äà
ñå ïðîìåíÿò.

Íà ôèã. 4 å èçîáðàçåíî ìíîæåñòâîòî {π|π ∈ QND,ε2 & 3#0 ≤εs π}, êîãàòî
AND,ε2 (w1w2...w5) =< Σ, QND,ε2 , IND,ε, FND,ε2

∗
, δND,ε2 >.
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Ôèã. 4 AND,ε2 (w1w2...w5) =< Σ, QND,ε2 , IND,ε, FND,ε2

∗
, δND,ε2 >,

èçîáðàçåíî å ìíîæåñòâîòî {π|π ∈ QND,ε2 & 3#0 ≤εs π}

Òâúðäåíèå 10 Íåêà χ ∈ {ε, t,ms}. Òîãàâà ≤χs å ÷àñòè÷íà íàðåäáà.

Äîêàçàòåëñòâî
1) Ðåôëåêñèâíîñò
Íåêà π ∈ QND,ε. Ñëåäîâàòåëíî π = π è π ≤χs π.
2) Àíòèñèìåòðè÷íîñò
Íåêà π1 ≤χs π2 &π2 ≤χs π1. Äîïóñêàìå, ÷å π1 6= π2. Ñëåäîâàòåëíî π1 <

χ
s π2

è π2 <
χ
s π1. Îò äåôèíèöèÿòà íà <χs ñëåäâà, ÷å π1 ∈ QND,ε è π2 ∈ QND,ε.

Íåêà π1 = i#e è π2 = j#f . Ñëåäîâàòåëíî f < e & e < f . Ïðîòèâîðå÷èå.
Ñëåäîâàòåëíî π1 = π2.

3) Òðàíçèòèâíîñò
Íåêà π1 ≤χs π2 & π2 ≤χs π3.
3.1) π1 = π2 èëè π2 = π3

Ñëåäîâàòåëíî π1 ≤χs π3.
3.2) π1 <

χ
s π2 è π2 <

χ
s π3

Îò äåôèíèöèÿòà íà <χs ñëåäâà, ÷å π1 ∈ QND,ε è π2 ∈ QND,ε.
Íåêà π3 = i#e è π2 = j#f .

3.2.1) π3 = k#t èëè π3 = k#t
s

i#e <χs j
#f <χs k

#t
(s). Ñëåäîâàòåëíî e < f < t, |i−j| ≤ f−e è |j−k| ≤ t−f .

Ñëåäîâàòåëíî |i−j|+|j−k| ≤ (f−e)+(t−f). Ñëåäîâàòåëíî |i−j+j−k| ≤ t−e.
Ñëåäîâàòåëíî |i− k| ≤ t− e. Ñëåäîâàòåëíî i#e <χs k#t

(s) è π1 <
χ
s π3.

3.2.2) π3 = k#t
t

i#e <ts j
#f <ts k

#t
t . Ñëåäîâàòåëíî e < f < t, |i− j| ≤ f − e è |k + 1− j| ≤

t − f . Ñëåäîâàòåëíî |j − i| + |k + 1 − j| ≤ (f − e) + (t − f). Ñëåäîâàòåëíî
|k + 1− i| ≤ t− e. Ñëåäîâàòåëíî i#e <ts k#t

t è π1 <
χ
s π3.
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Äåôèíèöèÿ 12 Íåêà χ ∈ {ε, t,ms}. Íåêà w ∈ Σ∗ è n ∈ N .
Íåêà AND,χn (w) =< Σ, QND,χn , IND,χ, FND,χn

∗
, δND,χn >.⊔

: P (P (QND,χn ))→ P (QND,χn )⊔
A
def
= {π|π ∈ ⋃A& ¬∃π′ ∈ ⋃A(π′ <χs π)}

⊔ ñå äåôèíèðà â [SMFSCLA].

Òâúðäåíèå 11 Íåêà χ ∈ {ε, t,ms}. Íåêà w ∈ Σ∗, |w| = p è n ∈ N . Òîãàâà
L(AND,χn (w)) = L(< Σ, QND,χn , IND,χ, FND,χn , δND,χn >), êàòî FND,χn = {i#e|p− i ≤ n− e}.

Äîêàçàòåëñòâî Íåêà i#e å òàêîâà, ÷å p− i ≤ n− e. Îò äåôèíèöèÿòà íà
δND,χn ñëåäâà, ÷å

< i#e, ε, i+ 1#e+1 >∈ δND,χn ,
< i+ 1#e+1, ε, i+ 2#e+2 >∈ δND,χn ,
...
< p− 1#e+p−i−1, ε, p#e+p−i >∈ δND,χn .
Ñëåäîâàòåëíî < i#e, ε, p#e+p−i >∈ δND,χn

∗.
Ñëåäîâàòåëíî L(AND,χn (w)) ⊇ L(< Σ, QND,χn , IND,χ, FND,χn , δND,χn >).
FND,χn

∗ ⊆ FND,χn .
Ñëåäîâàòåëíî L(AND,χn (w)) ⊆ L(< Σ, QND,χn , IND,χ, FND,χn , δND,χn >).
Ñëåäîâàòåëíî L(AND,χn (w)) = L(< Σ, QND,χn , IND,χ, FND,χn , δND,χn >).

Îòòóê íàòàòúê ùå ñ÷èòàìå, ÷åAND,χn (w) =< Σ, QND,χn , IND,χ, FND,χn , δND,χn >.

Ôèã. 5 AND,t2 (w1w2...w5) =< Σ, QND,t2 , IND,t, FND,t2 , δND,t2 >

Äåôèíèöèÿ 13 Íåêà χ ∈ {ε, t,ms}. Íåêà w ∈ Σ∗ è n ∈ N .
Íåêà AND,χn (w) =< Σ, QND,χn , IND,χ, FND,χn , δND,χn >.
Íåêà M ⊆ QND,χn è π ∈ QND,εn . M ùå íàðè÷àìå ìíîæåñòâî ñ îñíîâíî
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ñúñòÿíèå π, àêî ∀π′ ∈M(π ≤χs π′) & ∀π1, π2 ∈M(π1 6<χs π2).

Äåôèíèöèÿ 14 Íåêà χ ∈ {ε, t,ms}. Íåêà w ∈ Σ∗ è n ∈ N . Ùå äåôèíèðàìå
äåòåðìèíèðàíèÿ êðàåí àâòîìàò AD,χn (w).

AD,χn (w)
def
= < Σ, QD,χn , ID,χ, FD,χn , δD,χn >

Íåêà |w| = p è w = w1w2...wp.
ρ : [0, p]→ P (P (QND,χn ))

ρ(i)
def
= {M |M å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå i#0}

QD,χn
def
= (

⋃

0≤i≤p
ρ(i))\{φ}

ID,χ
def
= {0#0}

FD,χn
def
= {M |M ∈ QD,χn & ∃π ∈M(π ∈ FND,χn )}

δD,χn : QD,χn × Σ d−→ QD,χn

δD,χn (M,x)
def
=
{ ⊔

π∈M δD,χe (π, x), àêî⋃π∈M δD,χe (π, x) 6= φ
¬! èíà÷å

Êðàéíèòå àâòîìàòè AD,εn (w), AD,tn (w) è AD,msn (w) ñà äåôèíèðàíè â [SMF-
SCLA].

Êîðåêòíîñò íà äåôèíèöèÿòà
1) Ùå äîêàæåì, ÷å

Ì ∈ ρ(i) & 0 ≤ i ≤ p− 1 & x ∈ Σ⇒ ∀π ∈M(δD,χe (π, x) ∈ ρ(i+ 1))

Íåêà M ∈ ρ(i), 0 ≤ i ≤ p − 1 è x ∈ Σ. Íåêà π ∈ M . Ùå äîêàæåì, ÷å
δD,χe (π, x) ∈ ρ(i+ 1).

1.1) χ = ε
Íåêà π = j#f . Ñëåäîâàòåëíî i#0 ≤εs j#f è |j − i| ≤ f .
1.1.1) δD,εe (π, x) = {j + 1#f}
|j + 1 − (i + 1)| ≤ f . Ñëåäîâàòåëíî i + 1#0 ≤εs j + 1#f . Ñëåäîâàòåëíî

δD,εn (π, x) ∈ ρ(i+ 1).
1.1.2) δD,εe (π, x) = {j#f+1, j + 1#f+1, j + z#f+z−1} çà íÿêîå z > 1
Î÷åâèäíî ∀π1, π2 ∈ δD,εe (π, x)(π1 6<εs π2). Îò |j− i| ≤ f ñëåäâà, ÷å |j− (i+

1)| ≤ f + 1, |j+ 1− (i+ 1)| ≤ f + 1 è |j+ z− (i+ 1)| ≤ f + z−1. Ñëåäîâàòåëíî
i+1#0 ≤εs j#f+1, i+1#0 ≤εs j+1#f+1 è i+1#0 ≤εs j+z#f+z−1. Ñëåäîâàòåëíî
δD,εe (π, x) ∈ ρ(i+ 1).

1.1.3) δD,εe (π, x) = {j#f+1, j+1#f+1} èëè δD,εe (π, x) = {j#f+1} èëè δD,εe (π, x) =
φ

Î÷åâèäíî δD,εe (π, x) ∈ ρ(i+ 1).
1.2) χ = t
1.2.1) π = j#f
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Ñëåäîâàòåëíî i#0 ≤ts j#f è |j − i| ≤ f .
1.2.1.1) δD,te (π, x) = {j + 1#f}
|j + 1 − (i + 1)| ≤ f . Ñëåäîâàòåëíî i + 1#0 ≤ts j + 1#f . Ñëåäîâàòåëíî

δD,te (π, x) ∈ ρ(i+ 1).
1.2.1.2) δD,te (π, x) = {j#f+1, j + 1#f+1, j + 2#f+1, j#f+1

t }
Ñëåäîâàòåëíî ∀π′ ∈ δD,te (π, x)(π′ = k#l

(t) ⇒ l = f + 1). Ñëåäîâàòåëíî
∀π1, π2 ∈ δD,te (π, x)(π1 6<ts π2). Îò |j − i| ≤ f ñëåäâà, ÷å |j − (i + 1)| ≤ f + 1,
|j+1−(i+1)| ≤ f+1, |j+2−(i+1)| ≤ f+1 è |j+1−i| ≤ f+1. Ñëåäîâàòåëíî
i+1#0 ≤ts j#f+1, i+1#0 ≤ts j+1#f+1, i+1#0 ≤ts j+2#f+1 è i+1#0 ≤ts j#f+1

t .
Ñëåäîâàòåëíî δD,te (π, x) ∈ ρ(i+ 1).
1.2.1.3) δD,te (π, x) = {j#f+1, j + 1#f+1, j + z#f+z−1} çà íÿêîå z > 2
Î÷åâèäíî ∀π1, π2 ∈ δD,te (π, x)(π1 6<ts π2). Îò |j − i| ≤ f ñëåäâà, ÷å |j + z −

(i+ 1)| ≤ f + z − 1. Ñëåäîâàòåëíî δD,te (π, x) ∈ ρ(i+ 1).
1.2.1.4) δD,te (π, x) = {j#f+1, j + 1#f+1} èëè δD,te (π, x) = φ
Î÷åâèäíî δD,te (π, x) ∈ ρ(i+ 1).
1.2.2) π = j#f

t .
Ñëåäîâàòåëíî i#0 ≤ts j#f

t è |j + 1− i| ≤ f .
1.2.2.1) δD,te (π, x) = {j + 2#f}
|j + 2 − (i + 1)| ≤ f . Ñëåäîâàòåëíî i + 1#0 ≤ts j + 2#f . Ñëåäîâàòåëíî

δD,te (π, x) ∈ ρ(i+ 1).
1.2.2.2) δD,te (π, x) = φ
Î÷åâèäíî φ ∈ ρ(i+ 1).
1.3) χ = ms
1.3.1) π = j#f

Ñëåäîâàòåëíî i#0 ≤mss j#f è |j − i| ≤ f .
1.3.1.1) δD,mse (π, x) = {j + 1#f}
|j + 1 − (i + 1)| ≤ f Ñëåäîâàòåëíî i + 1#0 ≤mss j + 1#f . Ñëåäîâàòåëíî

δD,mse (π, x) ∈ ρ(i+ 1).
1.3.1.2) δD,mse (π, x) = {j#f+1, j#f+1

s , j + 1#f+1, j + 2#f+1}
Ñëåäîâàòåëíî ∀π′ ∈ δD,mse (π, x)(π′ = k#l

(s) ⇒ l = f + 1). Ñëåäîâàòåëíî
∀π1, π2 ∈ δD,mse (π, x)(π1 6<mss π2). Îò |j− i| ≤ f ñëåäâà, ÷å |j− (i+1)| ≤ f +1,
|j+1−(i+1)| ≤ f+1 è |j+2−(i+1)| ≤ f+1. Ñëåäîâàòåëíî i+1#0 ≤mss j#f+1

(s) ,
i+ 1#0 ≤mss j + 1#f+1 è i+ 1#0 ≤mss j + 2#f+1. Ñëåäîâàòåëíî δD,mse (π, x) ∈
ρ(i+ 1).

1.3.1.3) δD,mse (π, x) = {j#f+1, j#f+1
s , j+1#f+1} èëè δD,mse (π, x) = {j#f+1}

èëè δD,mse (π, x) = φ
Î÷åâèäíî δD,mse (π, x) ∈ ρ(i+ 1).
1.3.2) π = j#f

s .
Ñëåäîâàòåëíî i#0 ≤mss j#f

s è |j − i| ≤ f . δD,mse (π, x) = {j + 1#f}. |j + 1−
(i+ 1)| ≤ f . Ñëåäîâàòåëíî i+ 1#0 ≤mss j + 1#f . Ñëåäîâàòåëíî δD,mse (π, x) ∈
ρ(i+ 1).

2) Ùå äîêàæåì, ÷å
M å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e & 0 ≤ e ≤ n− 1 & x ∈ Σ⇒

∀π ∈M(δD,χe (π, x) å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e+1)
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Íåêà M åìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e, 0 ≤ e ≤ n− 1 è x ∈ Σ. Íåêà
π ∈M . Ùå äîêàæåì, ÷å δD,χe (π, x) å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e+1.

2.1) χ = ε
Íåêà π = j#f . Ñëåäîâàòåëíî p#e ≤εs j#f , |j − p| ≤ f − e è f ≥ e.
2.1.1) δD,εe (π, x) = {j + 1#f}
Îò |j−p| ≤ f−e ñëåäâà, ÷å |j+1−p| ≤ f−(e+1). Ñëåäîâàòåëíî p#e+1 ≤εs

j + 1#f . Ñëåäîâàòåëíî δD,εe (π, x) å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e+1.
2.1.2) δD,εe (π, x) = {j#f+1, j + 1#f+1, j + z#f+z−1} çà íÿêîå z > 1
Î÷åâèäíî ∀π1, π2 ∈ δD,εe (π, x)(π1 6<εs π2). Îò |j − p| ≤ f − e ñëåäâà, ÷å

|j−p| ≤ f+1−(e+1), |j+1−p| ≤ f+1−(e+1) è |j+z−p| ≤ f+z−1−(e+1).
Ñëåäîâàòåëíî p#e+1 ≤εs j#f+1, p#e+1 ≤εs j + 1#f+1 è p#e+1 ≤εs j + z#f+z−1.
Ñëåäîâàòåëíî δD,εe (π, x) å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e+1.

2.1.3) δD,εe (π, x) = {j#f+1, j+1#f+1} èëè δD,εe (π, x) = {j#f+1} èëè δD,εe (π, x) =
φ

Î÷åâèäíî δD,εe (π, x) å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e+1.
2.2) χ = t
2.2.1) π = j#f

Ñëåäîâàòåëíî p#e ≤ts j#f , |j − p| ≤ f − e è f ≥ e.
2.2.1.1) δD,te (π, x) = {j + 1#f}
Îò |j−p| ≤ f−e ñëåäâà, ÷å |j+1−p| ≤ f−(e+1). Ñëåäîâàòåëíî p#e+1 ≤ts

j + 1#f . Ñëåäîâàòåëíî δD,te (π, x) å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e+1.
2.2.1.2) δD,te (π, x) = {j#f+1, j + 1#f+1, j + 2#f+1, j#f+1

t }
Ñëåäîâàòåëíî ∀π′ ∈ δD,te (π, x)(π′ = k#l

(t) ⇒ l = f + 1). Ñëåäîâàòåëíî
∀π1, π2 ∈ δD,te (π, x)(π1 6<ts π2). Îò |j−p| ≤ f−e ñëåäâà, ÷å |j−p| ≤ f+1−(e+1),
|j+1−p| ≤ f+1−(e+1), |j+2−p| ≤ f+1−(e+1) è |j+1−p| ≤ f+1−(e+1).
Ñëåäîâàòåëíî p#e+1 ≤ts j#f+1, p#e+1 ≤ts j + 1#f+1,
p#e+1 ≤ts j + 2#f+1 è p#e+1 ≤ts j#f+1

t .
Ñëåäîâàòåëíî δD,te (π, x) å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e+1.

2.2.1.3) δD,te (π, x) = {j#f+1, j + 1#f+1, j + z#f+z−1} çà íÿêîå z > 2
Î÷åâèäíî ∀π1, π2 ∈ δD,te (π, x)(π1 6<ts π2). Îò |j − p| ≤ f − e ñëåäâà, ÷å

|j + z − p| ≤ f + z − 1− (e+ 1).
Ñëåäîâàòåëíî δD,te (π, x) å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e+1.

2.2.1.4) δD,te (π, x) = {j#f+1, j + 1#f+1} èëè δD,te (π, x) = φ
Î÷åâèäíî δD,te (π, x) å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e+1.
2.2.2) π = j#f

t .
Ñëåäîâàòåëíî p#e ≤ts j#f

t , |j + 1− p| ≤ f − e è f ≥ e.
2.2.2.1) δD,te (π, x) = {j + 2#f}
Îò |j + 1 − p| ≤ f − e ñëåäâà, ÷å |j + 2 − p| ≤ f − (e + 1). Ñëåäîâàòåëíî

p#e+1 ≤ts j + 2#f .
Ñëåäîâàòåëíî δD,te (π, x) å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e+1.

2.2.2.2) δD,te (π, x) = φ
Î÷åâèäíî φ å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e+1.
2.3) χ = ms
2.3.1) π = j#f

Ñëåäîâàòåëíî p#e ≤mss j#f è |j − p| ≤ f − e è f ≥ e.
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2.3.1.1) δD,mse (π, x) = {j + 1#f}
Îò |j−p| ≤ f−e ñëåäâà, ÷å |j+1−p| ≤ f−(e+1). Ñëåäîâàòåëíî p#e+1 ≤mss

j + 1#f . Ñëåäîâàòåëíî δD,mse (π, x) å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e+1.
2.3.1.2) δD,mse (π, x) = {j#f+1, j#f+1

s , j + 1#f+1, j + 2#f+1}
Ñëåäîâàòåëíî ∀π′ ∈ δD,mse (π, x)(π′ = k#l

(s) ⇒ l = f + 1). Ñëåäîâàòåëíî
∀π1, π2 ∈ δD,mse (π, x)(π1 6<mss π2). Îò |j − p| ≤ f − e ñëåäâà, ÷å |j − p| ≤
f + 1 − (e + 1), |j + 1 − p| ≤ f + 1 − (e + 1) è |j + 2 − p| ≤ f + 1 − (e + 1).
Ñëåäîâàòåëíî p#e+1 ≤mss j#f+1

(s) , p#e+1 ≤mss j+1#f+1 è p#e+1 ≤mss j+2#f+1.
Ñëåäîâàòåëíî δD,mse (π, x) å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e+1.

2.3.1.3) δD,mse (π, x) = {j#f+1, j#f+1
s , j+1#f+1} èëè δD,mse (π, x) = {j#f+1}

èëè δD,mse (π, x) = φ
Î÷åâèäíî δD,mse (π, x) å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e+1.
2.3.2) π = j#f

s

Ñëåäîâàòåëíî p#e ≤mss j#f
s , |j − p| ≤ f − e è f ≥ e è δD,mse (π, x) =

{j+ 1#f}. Îò |j−p| ≤ f − e ñëåäâà, ÷å |j+ 1−p| ≤ f − (e+ 1). Ñëåäîâàòåëíî
p#e+1 ≤mss j + 1#f .
Ñëåäîâàòåëíî δD,mse (π, x) å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#e+1.

3) Ùå äîêàæåì, ÷å
M å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#n ⇒ δD,χe (M,x) = φ.
Íåêà M å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå p#n. Ñëåäîâàòåëíî M = φ èëè

M = {p#n}. Ñëåäîâàòåëíî δD,χe (M,x) = φ.
4) Ùå äîêàæåì, ÷å
A ⊆ {M |M å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå i#e} ⇒⊔
A å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå i#e.

Íåêà A ⊆ {M |M å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå i#e}.
Îò äåôèíèöèÿòà íà⊔ ñëåäâà, ÷å ⊔A ⊆ ⋃A. Ñëåäîâàòåëíî ∀π ∈ ⊔A(i#e ≤χs
π). Îò äåôèíèöèÿòà íà ⊔ ñëåäâà, ÷å ∀π1, π2 ∈

⊔
A(π1 6<χs π2). Ñëåäîâàòåëíî⊔

A å ìíîæåñòâî ñ îñíîâíî ñúñòîÿíèå i#e.

Îò 1), 2), 3) è 4) ñëåäâà, ÷å δD,χn å êîðåêòíî äåôèíèðàíà ôóíêöèÿ.
Ñëåäîâàòåëíî AD,χn (w) å êîðeêòíî äåôèíèðàí äåòåðìèíèðàí êðàåí àâòîìàò.

Òâúðäåíèÿòà, îò êîèòî ñëåäâà êîðåêòíîñòòà íà δD,εn , δD,tn è δD,msn , ñà
äåôèíèðàíè â [SMFSCLA].

Òâúðäåíèå 12 Íåêà χ ∈ {ε, t,ms}. Íåêà w ∈ Σ∗, |w| = p è n ∈ N . Íåêà
AND,χn (w) =< Σ, QND,χn , IND,χ, FND,χn , δND,χn >. Òîãàâà i#e ∈ FND,χn & π ≤χs
i#e ⇒ π ∈ FND,χn .

Äîêàçàòåëñòâî Íåêà i#e ∈ FND,χn è π = j#f ≤χs i#e. Ñëåäîâàòåëíî
|j − i| ≤ e− f è p− i ≤ n− e. Ñëåäîâàòåëíî p− j ≤ n− f − (e− f − (i− j)).
Ñëåäîâàòåëíî p− j ≤ n− f . Ñëåäîâàòåëíî π ∈ FND,χn .

Òâúðäåíèå 13 Íåêà χ ∈ {ε, t,ms}. Íåêà w ∈ Σ∗, |w| = p è n ∈ N .
Íåêà AND,χn (w) =< Σ, QND,χn , IND,χ, FND,χn , δND,χn >. Íåêà x ∈ Σ, s ∈ N è
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ξ0 = j#f
(s) . Íåêà ξ1, ξ2...ξs, η′2 ∈ QND,χn . Òîãàâà

j < p&
< ξ0, ε, ξ1 >∈ δND,χn & < ξ1, ε, ξ2 >∈ δND,χn & ...& < ξs−1, ε, ξs >∈ δND,χn &
< ξs, x, η

′
2 >∈ δND,χn ⇒

j + 1#f ≤χs η′2.

Äîêàçàòåëñòâî
Íåêà j < p, < j#f

(s) , ε, ξ1 >∈ δND,χn , < ξ1, ε, ξ2 >∈ δND,χn ,..., < ξs−1, ε, ξs >∈
δND,χn è < ξs, x, η

′
2 >∈ δND,χn

1.1) χ = ε
ξ0 = j#f

Îò äåôèíèöèÿòà íà δND,εn ñëåäâà, ÷å η′2 ∈ {j+s#f+1+s, j+1+s#f+1+s, j+
1 + s#f+s}. Ñëåäîâàòåëíî j + 1#f ≤εs η′2.

1.2) χ = t
ξ0 = j#f

Îò äåôèíèöèÿòà íà δND,tn ñëåäâà, ÷å η′2 ∈ {j+s#f+1+s, j+1+s#f+1+s, j+
1 + s#f+s, j + s#f+1+s

t }. Ñëåäîâàòåëíî j + 1#f ≤ts η′2
1.3) χ = ms
1.3.1) ξ0 = j#f

Îò äåôèíèöèÿòà íà δND,msn ñëåäâà, ÷å η′2 ∈ {j+s#f+1+s, j+1+s#f+1+s, j+
1 + s#f+s, j + s#f+1+s

s , j + 2 + s#f+s}. Ñëåäîâàòåëíî j + 1#f ≤mss η′2.
1.3.2) ξ0 = j#f

s

Îò äåôèíèöèÿòà íà δND,msn ñëåäâà, ÷å s = 0 è η′2 = j+1#f . Ñëåäîâàòåëíî
j + 1#f ≤mss η′2.

Òâúðäåíèå 14 Íåêà χ ∈ {ε, t,ms}. Íåêà w ∈ Σ∗ è n ∈ N .
Íåêà AND,χn (w) =< Σ, QND,χn , IND,χ, FND,χn , δND,χn > .
Íåêà η1, η2 ∈ QND,χn , x ∈ Σ, s ∈ N è ξ0 = η2. Íåêà ξ1, ξ2...ξs, η′2 ∈ QND,χn .
Òîãàâà

η1 ≤χs η2 &
< ξ0, ε, ξ1 >∈ δND,χn & < ξ1, ε, ξ2 >∈ δND,χn & ...& < ξs−1, ε, ξs >∈ δND,χn &
< ξs, x, η

′
2 >∈ δND,χn ⇒

∃η′1 ∈ δD,χe (η1, x)(η′1 ≤χs η′2).
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Ôèã. 6

Çàáåëåæêà Êàòî èçïîëçâàìå Òâúðäåíèå 14, ëåñíî ìîæåì äà äîêàæåì,
÷å η1 ≤χs η2 ⇒ L(η1) ⊃ L(η2).

Äîêàçàòåëñòâî Íåêà |w| = p è η1 = i#e.
1) χ = ε
Íåêà η2 = j#f .
1.1) δD,εe (i#e, x) = {i+ 1#e}
1.1.1) j < p
Îò Òâúðäåíèå 13 ñëåäâà, ÷å j + 1#f ≤εs η′2. Îò i#e ≤εs j#f ñëåäâà, ÷å

i+ 1#e ≤εs j + 1#f . Ñëåäîâàòåëíî i+ 1#e ≤εs η′2.
1.1.2) j = p
Îò äåôèíèöèÿòà íà δND,εn ñëåäâà, ÷å f < n, η2 = p#f è η′2 = p#f+1.

Ñëåäîâàòåëíî |p− i| ≤ f − e è f ≥ e. Ñëåäîâàòåëíî |p− (i+ 1)| ≤ (f + 1)− e.
Ñëåäîâàòåëíî i+ 1#e ≤εs p#f+1 = η′2.

1.2) δD,εe (i#e, x) = {i#e+1, i + 1#e+1, i + z#e+z−1} è 0 < β(x,w[i
#e]) è

z = µz′[β(x,w[i
#e])z′ = 1]

1.2.1) j < p
Îò Òâúðäåíèå 13 ñëåäâà, ÷å j + 1#f ≤εs η′2. Îò i#e ≤εs j#f ñëåäâà, ÷å

i + 1#e ≤εs j + 1#f . Ñëåäîâàòåëíî i + 1#e ≤εs η2. Îò 0 < β(x,w[i
#e]) ñëåäâà,

÷å i+ 1#e 6= η′2. Ñëåäîâàòåëíî i+ 1#e <εs η
′
2.

Îò äåôèíèöèÿòà íà≤εs ñëåäâà, ÷å ∀γ ∈ QND,εn (i+1#e <εs γ ≤εs η′2&¬∃π(i+
1#e <εs π <

ε
s γ)⇒ γ ∈ {i#e+1, i+ 1#e+1, i+ 2#e+1}).

1.2.1.1) ∃γ ∈ QND,εn (i + 1#e <εs γ ≤εs η′2 & ¬∃π(i + 1#e <εs π <
ε
s γ) & γ ∈

{i#e+1, i+ 1#e+1}).
{i#e+1, i+1#e+1} ⊂ δD,εe (i#e, x). Ñëåäîâàòåëíî ñúùåñòâóâàγ ∈ δD,εe (i#e, x),

çà êîåòî γ ≤εs η′2.
1.2.1.2) ∀γ ∈ QND,εn (i + 1 <εs γ ≤εs η′2 & ¬∃π(i + 1#e <εs π <εs γ) ⇒ γ 6∈

{i#e+1, i+ 1#e+1}).
Ñëåäîâàòåëíî ∀γ ∈ QND,εn (i + 1 <εs γ ≤εs η′2 & ¬∃π(i + 1#e <εs π <εs

γ) ⇒ γ = i + 2#e+1). Ñëåäîâàòåëíî η′2 = i + me+m−1 çà íÿêîå m, êàòî
m > 1 è β(x,w[i

#e])m = 1. Îò z = µz′[β(x,w[i
#e])z′ = 1] ñëåäâà, ÷å z ≤ m.

Ñëåäîâàòåëíî i+ z#e+z−1 ≤εs η′2.
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1.2.2) j = p
Îò äåôèíèöèÿòà íà δND,εn ñëåäâà, ÷å f < n, η2 = p#f è η′2 = p#f+1. Îò

i#e ≤εs p#f ñëåäâà, ÷å i#e+1 ≤εs p#f+1.
1.3) δD,εe (i#e, x) = {i#e+1, i+ 1#e+1} è β(x,w[i

#e]) = 0k çà íÿêîå k > 0.
Àíàëîãè÷íî íà 1.2) äîêàçâàìå, ÷å ∃η′1 ∈ δD,εe (η1, x)(η′1 ≤εs η′2).
1.4) δD,εe (i#e, x) = {i#e+1} è i = p è e < n.
1.4.1) η2 = p#f è f < n
Î÷åâèäíî i#e+1 ≤εs p#f+1 = η′2.
1.4.2) η1 <

ε
s η2 è η2 = j#f è j < p

Îò Òâúðäåíèå 13 ñëåäâà, ÷å j + 1#f ≤εs η′2. Îò p#e <εs j
#f ñëåäâà, ÷å

|j − p| ≤ f − e è f > e. Ñëåäîâàòåëíî |j + 1− p| ≤ f − (e+ 1). Ñëåäîâàòåëíî
p#e+1 ≤εs j + 1#f ≤εs η′2.

1.5) δD,εe (i#e, x) = φ
Î÷åâèäíî e = n è η1 = η2 è (i = p èëè 0 = β(x,w[i

#e])). Ñëåäîâàòåëíî
¬∃η′2(< ξ0, ε, ξ1 >∈ δND,εn & < ξ1, ε, ξ2 >∈ δND,εn & ... & < ξs−1, ε, ξs >∈
δND,εn & < ξs, x, η

′
2 >). Ïðîòèâîðå÷èå. (Òîçè ñëó÷àé å íåâúçìîæåí.)

2) χ = t
2.1) η2 = j#f

2.1.1) δD,te (i#e, x) = {i+ 1#e}
2.1.1.1) j < p
Îò Òâúðäåíèå 13 ñëåäâà, ÷å j + 1#f ≤ts η′2. Îò i#e ≤ts j#f ñëåäâà, ÷å

i+ 1#e ≤ts j + 1#f . Ñëåäîâàòåëíî i+ 1#e ≤ts η′2.
2.1.1.2) j = p
Îò äåôèíèöèÿòà íà δND,tn ñëåäâà, ÷å f < n, η2 = p#f è η′2 = p#f+1.

Ñëåäîâàòåëíî |p− i| ≤ f − e è f ≥ e. Ñëåäîâàòåëíî |p− (i+ 1)| ≤ (f + 1)− e.
Ñëåäîâàòåëíî i+ 1#e ≤ts p#f+1 = η′2.

2.1.2) δD,mse (i#e, x) = {i#e+1, i+1#e+1, i+2#e+1, i#e+1
t } è 01 < β(x,w[i

#e])
2.1.2.1) j < p
Îò Òâúðäåíèå 13 ñëåäâà, ÷å j + 1#f ≤ts η′2. Îò i#e ≤ts j#f ñëåäâà, ÷å

i+1#e ≤ts j+1#f . Îò 01 < β(x,w[i
#e]) ñëåäâà, ÷å η′2 6= i+1#f . Ñëåäîâàòåëíî

i+1#e <ts η
′
2. Íåêà η′1 ∈ QND,tn å òàêîâà, ÷å i+1 <ts η

′
1 ≤ts η′2 è ¬∃π(i+1#e <ts

π <ts η
′
1) (î÷åâèäíî òàêîâà η′1 ñúùåñòâóâà). Îò äåôèíèöèÿòà íà <ts ñëåäâà,

÷å η′1 ∈ {i#e+1, i+1#e+1, i+2#e+1, i#e+1
t } (η′1 6∈ {i−2#e+1

t , i−1#e+1
t }, çàùîòî

â ïðîòèâåí ñëó÷àé s = 0, η2 ∈ {i− 2#e, i− 1#e}, η1 6≤ts η2, ïðîòèâîðå÷èå).
2.1.2.2) j = p
Îò äåôèíèöèÿòà íà δND,tn ñëåäâà, ÷å f < n, η2 = p#f è η′2 = p#f+1. Îò

i#e ≤ts p#f ñëåäâà, ÷å i#e+1 ≤ts p#f+1.
2.1.3) δD,te (i#e, x) = {i#e+1, i + 1#e+1, i + z#e+z−1} è 00 < β(x,w[i

#e]) è
z = µz′[β(x,w[i

#e])z′ = 1]
Àíàëîãè÷íî íà 1.2) äîêàçâàìå, ÷å ∃η′1 ∈ δD,te (η1, x)(η′1 ≤ts η′2).
2.1.4) δD,te (i#e, x) = {i#e+1, i+ 1#e+1}
Àíàëîãè÷íî íà 1.2) äîêàçâàìå, ÷å ∃η′1 ∈ δD,te (η1, x)(η′1 ≤ts η′2).
2.1.5) δD,te (i#e, x) = {i#e+1} è i = p è e < n.
Àíàëîãè÷íî íà 1.4) äîêàçâàìå, ÷å ∃η′1 ∈ δD,te (η1, x)(η′1 ≤ts η′2).
2.1.6) δD,mse (i#e, x) = φ
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Àíàëîãè÷íî íà 1.5) äîêàçâàìå, ÷å òîçè ñëó÷àé å íåâúçìîæåí.
2.2) η2 = j#f

t .
Îò äåôèíèöèÿòà íà δND,tn ñëåäâà, ÷å s = 0 è η′2 = j + 2#f è 1 <

β(x,w[j
#f
t ]). Îò i#e <ts j#f

t ñëåäâà, ÷å |j + 1− i| ≤ f − e è f > e.
2.2.1) δD,te (i#e, x) = {i+ 1#e}
Îò |j + 1 − i| ≤ f − e ñëåäâà, ÷å |j + 2 − (i + 1)| ≤ f − e. Ñëåäîâàòåëíî

i+ 1#e ≤ts j + 2#f .
2.2.2) δD,te (i#e, x) = {i#e+1, i+ 1#e+1, i+ 2#e+1, i#e+1

t }
Îò |j + 1 − i| ≤ f − e ñëåäâà, ÷å |j + 2 − i| ≤ f − (e + 1) (j + 1 < i) èëè

|j + 2 − (i + 1)| ≤ f − (e + 1) (i = j + 1) èëè |j + 2 − (i + 2)| ≤ f − (e + 1)
(i < j + 1). Ñëåäîâàòåëíî i#e+1 ≤ts j + 2#f èëè i + 1#e+1 ≤ts j + 2#f èëè
i+ 2#e+1 ≤ts j + 2#f .

2.2.3) δD,te (i#e, x) = {i#e+1, i + 1#e+1, i + z#e+z−1} è 00 < β(x,w[i
#e]) è

z = µz′[β(x,w[i
#e])z′ = 1]

Îò |j+1−i| ≤ f−e ñëåäâà, ÷å |j+2−(i+1)| ≤ f−e. Ñëåäîâàòåëíî i+1#e <ts
j+2#f . Àíàëîãè÷íî íà ñëó÷àé 1.2) äîêàçâàìå, ÷å ∃η′1 ∈ δD,te (η1, x)(η′1 ≤ts η′2).

2.2.4) δD,te (i#e, x) = {i#e+1, i+ 1#e+1} è β(x,w[i
#e]) = 0k çà íÿêîå k > 0

Àíàëîãè÷íî íà 2.2.2) äîêàçâàìå, ÷å i#e+1 ≤ts j + 2#f èëè i + 1#e+1 ≤ts
j + 2#f . (Îò β(x,w[i

#e]) = 0k è 1 < β(x,w[j
#f
t ]) ñëåäâà, ÷å j + 1 ≤ i).

2.2.5) δD,te (i#e, x) = {i#e+1} è i = p < n
Îò |j + 1− i| ≤ f − e ñëåäâà, ÷å |j + 2− i| ≤ f − (e+ 1)
2.2.6) δD,te (i#e, x) = φ
Î÷åâèäíî òîçè ñëó÷àé å íåâúçìîæåí.
3) χ = ms

Íåêà η2 = j#f
(s) .

3.1) δD,mse (i#e, x) = {i+ 1#e}
3.1.1) j < p

Îò Òâúðäåíèå 13 ñëåäâà, ÷å j + 1#f ≤mss η′2. Îò i#e ≤mss j#f
(s) ñëåäâà, ÷å

i+ 1#e ≤mss j + 1#f . Ñëåäîâàòåëíî i+ 1#e ≤mss η′2.
3.1.2) j = p
Îò äåôèíèöèÿòà íà δND,msn ñëåäâà, ÷å f < n, η2 = p#f è η′2 = p#f+1.

Ñëåäîâàòåëíî |p− i| ≤ f − e è f ≥ e. Ñëåäîâàòåëíî |p− (i+ 1)| ≤ (f + 1)− e.
Ñëåäîâàòåëíî i+ 1#e ≤mss p#f+1 = η′2.

3.2) δD,mse (i#e, x) = {i#e+1, i#e+1
s , i+1#e+1, i+2#e+1} è (00 < β(x,w[i

#e])
èëè 01 < β(x,w[i

#e]))
3.2.1) j < p

Îò Òâúðäåíèå 13 ñëåäâà, ÷å j + 1#f ≤mss η′2. Îò i#e ≤mss j#f
(s) ñëåäâà, ÷å

i + 1#e ≤mss j + 1#f . Îò 00 < β(x,w[i
#e]) èëè 01 < β(x,w[i

#e]) ñëåäâà, ÷å
η′2 6= i + 1#f . Ñëåäîâàòåëíî i + 1#e <mss η′2. Íåêà η′1 ∈ QND,msn å òàêîâà,
÷å i + 1 <mss η′1 ≤mss η′2 è ¬∃π(i + 1#e <mss π <mss η′1) (î÷åâèäíî òàêîâà
η′1 ñúùåñòâóâà). Îò äåôèíèöèÿòà íà <mss ñëåäâà, ÷å η′1 ∈ {i#e+1, i#e+1

s , i +
1#e+1, i + 2#e+1}. (η′1 6∈ {i − 1#e+1

s , i + 1#e+1
s }, çàùîòî â ïðîòèâåí ñëó÷àé

s = 0, η2 ∈ {i− 1#e, i+ 1#e}, η1 6≤mss η2, ïðîòèâîðå÷èå).
3.2.2) j = p
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Îò äåôèíèöèÿòà íà δND,msn ñëåäâà, ÷å f < n, η2 = p#f è η′2 = p#f+1. Îò
i#e ≤mss p#f ñëåäâà, ÷å i#e+1 ≤mss p#f+1.

3.3) δD,mse (i#e, x) = {i#e+1, i#e+1
s , i+ 1#e+1} è 0 < β(x,w[i

#e])
Àíàëîãè÷íî íà 3.2) äîêàçâàìå, ÷å ∃η′1 ∈ δD,mse (η1, x)(η′1 ≤mss η′2).
3.4) δD,mse (i#e, x) = {i#e+1} è i = p è e < n.
Àíàëîãè÷íî íà 1.4) äîêàçâàìå, ÷å ∃η′1 ∈ δD,mse (η1, x)(η′1 ≤mss η′2).
3.5) δD,mse (i#e, x) = φ
Àíàëîãè÷íî íà 1.5) äîêàçâàìå, ÷å òîçè ñëó÷àé å íåâúçìîæåí.

Òâúðäåíèå 15 Íåêà χ ∈ {ε, t,ms}. Íåêà w ∈ Σ∗ è n ∈ N . ÍåêàAND,χn (w) =<
Σ, QND,χn , IND,χ, FND,χn , δND,χn >. ÍåêàAD,χn (w) =< Σ, QD,χn , ID,χ, FD,χn , δD,χn >.
Òîãàâà L(AND,χn (w)) ⊆ L(AD,χn (w)).

Äîêàçàòåëñòâî
x1...xk ∈ L(AND,χn (w))
1) x1...xk = ε.
Íåêà π0, π1, ..., πr ∈ QND,χn , r ∈ N ñà òàêèâà ñúñòîÿíèÿ, ÷å π0 = 0#0,

< π0, ε, π1 >∈ δND,χn , < π1, ε, π2 >∈ δND,χn , ..., < πr−1, ε, πr >∈ δND,χn è πr ∈
FND,χn (îò ε ∈ L(AND,χn (w)) ñëåäâà, ÷å òàêèâà ñúñòîÿíèÿ ñúùåñòâóâàò). Îò
äåôèíèöèÿòà íà δND,χn ñëåäâà, ÷å πi = i#i çà 0 ≤ i ≤ r. Ñëåäîâàòåëíî r#r ∈
FND,χn . Î÷åâèäíî 0#0 ≤χs r#r. Îò Òâúðäåíèå 12 ñëåäâà, ÷å 0#0 ∈ FND,χn .
Ñëåäîâàòåëíî {0#0} = ID,χ ∈ FD,χn . Ñëåäîâàòåëíî ε = x1...xk ∈ L(AD,χn (w)).

2) x1...xk 6= ε.
Íåêà π0, π1, ..., πr′ ∈ QND,χn , r′ ∈ N ñà òàêèâà ñúñòîÿíèÿ, ÷å π0 = 0#0,

< π0, p1, π1 >∈ δND,χn , < π1, p2, π2 >∈ δND,χn , ..., < πr′−1, pr′ , πr′ >∈ δND,χn ,
pi ∈ Σ

⋃{ε} çà 0 ≤ i ≤ r′, πr′ ∈ FND,χn è p1p2...pr′ = x1x2...xk (îò x1x2...xk ∈
L(AND,χn (w)) ñëåäâà, ÷å òàêèâà ñúñòîÿíèÿ ñúùåñòâóâàò). Íåêà r å òàêîâà,
÷å r ≤ r′ è pr = xk è pr+1 = pr+2 = ... = pr′ = ε. Î÷åâèäíî πr ≤χs πr′ .
Îò Òâúðäåíèå 12 ñëåäâà, ÷å πr ∈ FND,χn . Íåêà M0 = {0#0} è Mi+1 =
δD,χn (Mi, xi+1) çà i = 0, 1, ..., k − 1. Ùå äîêàæåì, ÷å Mk ∈ FD,χn . Íåêà
j1 < j2 < ... < jk ñà òàêèâà, ÷å pj1pj2 ...pjk = x1x2...xk è pji ∈ Σ çà
1 ≤ i ≤ k. Ùå äîêàæåì ÷ðåç èíäóêöèÿ ïî i, ÷å çà 1 ≤ i ≤ k å èçïúëíåíî, ÷å
∃π ∈Mi(π ≤χs πji).

2.1) i = 1
M1 = δD,χn ({0#0}, x1) = δD,χe (0#0, x1)
Íåêà η1 = η2 = 0#0 è s = j1 − 1. Ñëåäîâàòåëíî < 0#0, ε, π1 >∈ δND,χn ,

< π1, ε, π2 >∈ δND,χn , ..., < πs−1, ε, πs >∈ δND,χn è < πs, x1, πj1 >∈ δND,χn . Îò
Òâúðäåíèå 14 ñëåäâà, ÷å ∃π ∈M1(π ≤χs πj1).

2.2) Äîïóñêàìå, ÷å ∃π ∈Mi(π ≤χs πji). Ùå äîêàæåì, ÷å ∃π′ ∈Mi+1(π′ ≤χs
πji+1). Íåêà η1 ∈ Mi è (η1 ≤χs πji). Íåêà η2 = πji . Î÷åâèäíî ñúùåñòâóâà
s ∈ N òàêîâà, ÷å < η2, ε, πji+1 >, < πji+1, ε, πji+2 >, ..., < πji+s−1, ε, πji+s >
< πji+s, xi+1, πji+1 >∈ δND,χn . Íåêà π′′ ∈ δD,χe (η1, xi+1) å òàêîâà, ÷å π′′ ≤χs
πji+1 (îò Òâúðäåíèå 14 ñëåäâà, ÷å òàêîâà π′′ ñúùåñòâóâà).

π′′ ∈
⋃

q∈Mi

δD,χe (q, xi+1)
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Mi+1 =
⊔

q∈Mi

δD,χe (q, xi+1)

Ñëåäîâàòåëíî ∃π′ ∈Mi+1(π′ ≤χs π′′). Ñëåäîâàòåëíî ∃π′ ∈Mi+1(π′ ≤χs πji+1).
Äîêàçàõìå, ÷å çà 1 ≤ i ≤ k å èçïúëíåíî, ÷å ∃π ∈Mi(π ≤χs πji). Ñëåäîâàòåëíî
∃π ∈ Mk(π ≤χs πjk). πjk = πr ∈ FND,χn . Ñëåäîâàòåëíî ∃π ∈ Mk(π ∈ FND,χn ).
Ñëåäîâàòåëíî Mk ∈ FD,χn . Ñëåäîâàòåëíî x1x2...xk ∈ L(AD,χn (w)).

Òâúðäåíèå 16 Íåêà χ ∈ {ε, t,ms}. Íåêàw ∈ Σ∗ è n ∈ N . ÍåêàAND,χn (w) =<
Σ, QND,χn , IND,χ, FND,χn , δND,χn >. Íåêà π ∈ QND,χn , x ∈ Σ è q ∈ δD,χe (π, x).
Òîãàâà ∃s ∈ N∃η0η1...ηs ∈ QND,χn (η0 = π & < η0, ε, η1 >∈ δND,χn & <
η1, ε, η2 >∈ δND,χn & ...& < ηs−1, ε, ηs >∈ δND,χn & < ηs, x, q >∈ δND,χn ).

Ôèã. 7

Äîêàçàòåëñòâî Òâúðäåíèå 16 ñëåäâà íåïîñðåäñòâåíî îò äåôèíèöèèòå
íà δD,χe è δND,χn .

Òâúðäåíèå 17 Íåêà χ ∈ {ε, t,ms}. Íåêàw ∈ Σ∗ è n ∈ N . ÍåêàAND,χn (w) =<
Σ, QND,χn , IND,χ, FND,χn , δND,χn >. ÍåêàAD,χn (w) =< Σ, QD,χn , ID,χ, FD,χn , δD,χn >.
Òîãàâà L(AND,χn (w)) ⊇ L(AD,χn (w)).

Äîêàçàòåëñòâî Íåêà x1x2...xk ∈ L(AD,χn (w)). ÍåêàM0 = {0#0} èMi+1 =
δD,χn (Mi, xi+1) çà 0 ≤ i ≤ k− 1 è Mk ∈ FD,χn . Ùå äîêàæåì ÷ðåç èíäóêöèÿ ïî
i, ÷å çà 0 ≤ i ≤ k å èçïúëíåíî, ÷å ∀π ∈Mi(< 0#0, x1x2...xi, π >∈ δND,χn

∗).
1) i = 0
< 0#0, ε, 0#0 >∈ δND,χn

2) Äîïóñêàìå, ÷å ∀π ∈ Mi(< 0#0, x1x2...xi, π >∈ δND,χn
∗) Ùå äîêàæåì,

÷å ∀π′ ∈Mi+1(< 0#0, x1x2...xi+1, π
′ >∈ δND,χn

∗).

Mi+1 =
⊔

q∈Mi

δD,χe (q, xi+1) ⊆
⋃

q∈Mi

δD,χe (q, xi+1)

Íåêà π′ ∈ Mi+1. Ñëåäîâàòåëíî ∃q ∈ Mi(π′ ∈ δD,χe (q, xi+1)). Íåêà q å
òàêîâà, ÷å q ∈ Mi è π′ ∈ δD,χe (q, xi+1). Ñëåäîâàòåëíî < 0#0, x1x2...xi, q >∈
δND,χn

∗. Îò Òâúðäåíèå 16 ñëåäâà, ÷å < q, xi+1, π
′ >∈ δND,χn

∗. Ñëåäîâàòåëíî
< 0#0, x1x2...xi+1, π

′ >∈ δND,χn
∗.
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Äîêàçàõìå, ÷å ïðè 0 ≤ i ≤ k å èçïúëíåíî, ÷å ∀π ∈Mi(< 0#0, x1x2...xi, π >∈
δND,χn

∗). Íåêà π å òàêîâà, ÷å π ∈ Mk

⋂
FND,χn (Mk ∈ FD,χn è ñëåäîâàòåëíî

òàêîâà π ñúùåñòâóâà). Ñëåäîâàòåëííî< 0#0, x1x2...xk, π >∈ δND,χn
∗. Ñëåäîâàòåëííî

x1x2...xk ∈ L(AD,χn (w)).

Ñëåäñòâèå Íåêà χ ∈ {ε, t,ms}. Íåêà w ∈ Σ∗ è n ∈ N . Íåêà AND,χn (w) =<
Σ, QND,χn , IND,χ, FND,χn , δND,χn >. ÍåêàAD,χn (w) =< Σ, QD,χn , ID,χ, FD,χn , δD,χn >.
Îò Òâúðäåíèå 17 è Òâúðäåíèå 15 ñëåäâà, ÷å LχLev(n,w) = L(AND,χn (w)) =
L(AD,χn (w)).

Â [SMFSCLA] ñúùî ñå äîêàçâà, ÷å LχLev(n,w) = L(AD,χn (w)).

Òâúðäåíèå 18 Íåêà χ ∈ {ε, t,ms}. Íåêà n ∈ N . Íåêà b ∈ {0, 1}∗. Òîãàâà
1) δD,χe (i+ t#e, b) = {j + t#f(t|s)|j#f

(t|s) ∈ δD,χe (i#e, b)}
2) δD,χe (i+ t#et , b) = {j + t#f(t) |j#f

(t) ∈ δD,χe (i#et , b)}
3) δD,χe (i+ t#es , b) = {j + t#f(s) |j#f

(s) ∈ δD,χe (i#es , b)}

Äîêàçàòåëñòâî Òâúðäåíèåòî ñëåäâà íåïîñðåäñòâåíî îò äåôèíèöèÿòà
íà δD,χe .

4. Óíèâåðñàëíè Ëåâåíùàéí àâòîìàòè.
Ùå ïîêàæåì, ÷å çà âñÿêî n ∈ N ìîæåì äà ïîñòðîèì êðàåí äåòåðìèíèðàí

àâòîìàò A∀,χn , òàêà ÷å:
1) ñúñòîÿíèÿòà íà A∀,χn ïðåäñòàâëÿâàò êðàéíè ìíîæåñòâà, êàòî ïðè χ = ε

åëåìåíòèòå íà íåêðàéíèòå ñúñòîÿíèÿ ñà îò âèäà I + i#e, à íà êðàéíèòå - îò
âèäà Ì+ j#f (ïðè χ = t â ñúñòîÿíèÿòà ó÷àñòâàò è åëåìåíòè îò âèäà It+ i#e

è Ìt + j#f , ïðè χ = ms - îò âèäà Is + i#e è Ìs + j#f );
2) âñåêè ñèìâîë îò âõîäíàòà àçáóêà íàA∀,χn ïðåäñòàâëÿâà äâîè÷åí âåêòîð,

ò.å. äóìà îò åçèêà {0, 1}∗;
3) çà âñåêè äâå äóìè v1v2...vk è w îò Σ∗ ìîæåì äà ïîñòîðèì äóìà b =

b1b2...bk, òàêà ÷å bi ∈ {0, 1}∗ è b ∈ L(A∀,χn ) ⇔ v ∈ L(AD,χn (w)), ò.å. b ∈
L(A∀,χn ) ⇔ v ∈ LχLev(n,w) (ñèìâîëúò vi ùå íàðèðàìå ñúîòâåòåí íà äóìàòà
bi). Íåêà q∀0 , q∀1 , ..., q∀k ñà ñúñòîÿíèÿòà íà A∀,χn , ïðåç êîèòî ìèíàâàìå ñ äóìàòà
b, à qD0 , qD1 , ..., qDk ñà ñúñòîÿíèÿòà íà AD,χn (w), ïðåç êîèòî ìèíàâàìå ñ äóìàòà
v. Ùå ïîñòîèì A∀,χn òàêà, ÷å êîãàòî çàìåñòèì ïàðàìåòðèòå I â q∀j ñ j, àêî q∀j
å íåêðàéíî, èëè ïàðàìåòðèòå M â q∀j ñ k, àêî q∀j å êðàéíî, äà ïîëó÷àâàìå
qDj è îùå: q∀j ùå å êàéíî, ñàìî àêî qDj å êðàéíî.

Îçíà÷åíèÿ Ñ èçðàçè îò âèäà F (I)#e, F (It)#e, F (Is)#e, F (M)#e, F (Mt)#e

è F (Ms)#e ùå îçíà÷àâàìå ñúîòâåòíî << λI.F (I), 0 >, e >, << λI.F (I), 1 >
, e >, << λI.F (I), 2 >, e >, << λM.F (M), 3 >, e >, << λM.F (M), 4 >, e > è
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<< λM.F (M), 5 >, e >.

Äåôèíèöèÿ 15 Íåêà χ ∈ {ε, t,ms}. Íåêà n ∈ N . Ùå äåôèíèðàìå êðàéíèÿ
àâòîìàò A∀,χn .

A∀,χn
def
= < Σ∀n, Q

∀,χ
n , I∀,χ, F ∀,χn , δ∀,χn >

Σ∀n
def
= {x|x ∈ {0, 1}+ & |x| ≤ 2n+ 2}

Ùå äåôèíèðàìå Iχs .
1) χ = ε

Iεs
def
= {I + t#k | |t| ≤ k & − n ≤ t ≤ n& 0 ≤ k ≤ n}

Ôèã. 8 Iεs , n = 2

2) χ = t

Its
def
= Iεs

⋃{It + t#k | |t+ 1|+ 1 ≤ k & − n ≤ t ≤ n− 2 & 1 ≤ k ≤ n}

Ôèã. 9 Its, n = 2
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3) χ = ms

Imss
def
= Iεs

⋃{Is + t#k | |t+ 1|+ 1 ≤ k & − n ≤ t ≤ n− 2 & 1 ≤ k ≤ n}

Ôèã. 10 Imss , n = 2

Ùå äåôèíèðàìåMχ
s .

1) χ = ε

M ε
s
def
= {M + t#k | k ≥ −t− n& − 2n ≤ t ≤ 0 & 0 ≤ k ≤ n}

Ôèã. 11 M ε
s , n = 2

2) χ = t

M t
s
def
= M ε

s

⋃{Mt + t#k | k ≥ −t− n& − 2n ≤ t ≤ −2 & 1 ≤ k ≤ n}
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Ôèã. 12 M t
s , n = 2

3) χ = ms

Mms
s

def
= M ε

s

⋃{Ms + t#k | k ≥ −t− n& − 2n ≤ t ≤ −1 & 1 ≤ k ≤ n}

Ôèã. 13 Mms
s , n = 2

Øå äåôèíèðàìå <χs⊆ (Iχs
⋃
Mχ
s )× (Iχs

⋃
Mχ
s ).

1) χ = ε

I + i#e <εs I + j#f def⇔ i#e <εs j
#f

M + i#e <εs M + j#f def⇔ i#e <εs j
#f

2) χ = t

I + i#e <ts I + j#f def⇔ i#e <ts j
#f

I + i#e <ts It + j#f def⇔ i#e <ts j
#f
t

M + i#e <ts M + j#f def⇔ i#e <ts j
#f

M + i#e <ts Mt + j#f def⇔ i#e <ts j
#f
t
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3) χ = ms

I + i#e <mss I + j#f def⇔ i#e <mss j#f

I + i#e <mss Is + j#f def⇔ i#e <mss j#f
s

M + i#e <mss M + j#f def⇔ i#e <mss j#f

M + i#e <mss Ms + j#f def⇔ i#e <mss j#f
s

Ùå äåôèíèðàìå Iχstates è Mχ
states.

Iχstates
def
= {Q|Q ⊆ Iχs & ∀q1, q2 ∈ Q(q1 6<χs q2)}\{φ}

Mχ
states

def
= {Q|Q ⊆Mχ

s &∀q1, q2 ∈ Q(q1 6<χs q2)&∃q ∈ Q(q ≤χs M#n)&∃i ∈
[−n, 0]∀q ∈ Q(M + i#0 ≤χs q)}

Q∀,χn
def
= Iχstates

⋃
Mχ
states

I∀,χ
def
= {I#0}

F ∀,χn
def
= Mχ

states

Ùå äåôèíèðàìå rn : (Iχs
⋃
Mχ
s ) × Σ∀n d−→ {0, 1}∗. rn(S, x) ïðåäñòàâëÿâà

õàðàêòåðèñòè÷íèÿ âåêòîð, êîéòî ñå îïðåäåëÿ îò ñúîòâåòíoòî íà S ñúñòîÿíèå
â AND,χn è ñúîòâåòíèÿ íà x ñèìâîë îò Σ.

1) S = I + i#e èëè S = It + i#e èëè S = Is + i#e

rn(S, x1x2...xk)
def
=





xn+i+1xn+i+2...xn+i+h, àêî h > 0
ε, àêî h = 0
¬!, àêî h < 0

êúäåòî h = min(n− e+ 1, k − n− i)
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Ôèã. 14 r5(I + 1#3, x1x2...x12) = x7x8x9

2) S = M + i#e èëè S = Mt + i#e èëè S = Ms + i#e

rn(S, x1x2...xk)
def
=





xk+i+1xk+i+2...xk+i+h, àêî h > 0
ε, àêî h = 0
¬!, àêî h < 0

êúäåòî h = min(n− e+ 1,−i)
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Ôèã. 15 r5(M − 4#3, x1x2...x7) = x4x5x6

P ε
def
= {I + i#e|i, e ∈ Z}⋃{M + i#e|i, e ∈ Z}

P t
def
= P ε

⋃{It + i#e|i, e ∈ Z}⋃{Mt + i#e|i, e ∈ Z}
Pms

def
= P ε

⋃{Is + i#e|i, e ∈ Z}⋃{Ms + i#e|i, e ∈ Z}

Ùå äåôèíèðàìåmn : Pχ×N → Pχ. Êîãàòî îò íÿêîå íåêðàéíî ñúñòîÿíèå
ñ äóìà b1b2...bk òðÿáâà äà èçâúðøèì ïðåõîä â êðàéíî ñúñòîÿíèå, ôóíêöèÿòà
mn íè ñëóæè, çà äà êîíâåðòèðàìå åëåìåíòèòå îò âèäà I + i#e âúâ åëåìåíòè
îò âèäà Ì+ i#e. È îáðàòíî - êîãàòî îò êðàéíî ñúñòîÿíèå òðÿáâà äà îòèäåì
â íåêðàéíî, ñ ôóíêöèÿòàmn êîíâåðòèðàìå åëåìåíòèòå îò âèäàM + i#e âúâ
åëåìåíòè îò âèäà I + i#e.

1) χ = ε

mn(S, k)
def
=
{

M + i+ n+ 1− k#e, àêî S = I + i#e

I + i− n− 1 + k#e, àêî S = M + i#e

2) χ = t

mn(S, k)
def
=





M + i+ n+ 1− k#e, àêî S = I + i#e

I + i− n− 1 + k#e, àêî S = M + i#e

Mt + i+ n+ 1− k#e, àêî S = It + i#e

It + i− n− 1 + k#e, àêî S = Mt + i#e
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3) χ = ms

mn(S, k)
def
=





M + i+ n+ 1− k#e, àêî S = I + i#e

I + i− n− 1 + k#e, àêî S = M + i#e

Ms + i+ n+ 1− k#e, àêî S = Is + i#e

Is + i− n− 1 + k#e, àêî S = Ms + i#e

Ùå äåôèíèðàìå mn : P (Pχ)×N → P (Pχ).
mn(A, x)

def
= {mn(a, x)|a ∈ A}

Ùå äåôèíèðàìå fn : (Iχs
⋃
Mχ
s ) × N → {true, false}. Íåêà A å íÿêîå

íåêðàéíî ñúñòîÿíèå. Èñêàìå äà îïðåäåëèì ñúñòîÿíèåòî A′, êîåòî äîñòèãàìå
îò A ñúñ ñèìâîëà b = b1b2...bk. Ïúðâî, êàòî èçïîëçâàìå A è b, íàìèðàìå
íîâî ìíîæåñòâî B, åëåìåíòèòå íà êîåòî ñà îò âèäà I + i#e. B å êàíäèäàò
äà áúäå òúñåíîòî A′. Íî, àêî fn(S, k) = true çà íÿêîé åëåìåíò S íà B,
òî B íå å ïîäõîäÿù êàíäèäàò è À′ = mn(B, k). Àêî çà âñåêè åëåìåíò S
íà B å èçïúëíåíî, ÷å fn(S, k) = false, òî B å ïîäõîäÿù êàíäèäàò è À′ =
B. Â AND,χn (w) åäíî ñúñòîÿíèå i#e å êðàéíî, àêî e <= i − (|w| − n), ò.å.,
àêî å îòäÿñíî íà äèàãîíàëà y = x − (|w| − n). Â A∀,χn (w) ñúîòâåòíèÿò íà
y = x − (|w| − n) äèàãîíàë çà íåêðàéíî ñúñòîÿíèå ñå ñúñòîè îò åëåìåíòèòå
I + k − 2n + t#t ïðè 0 ≤ t ≤ n, àêî k < 2n + 2 (k å äúëæèíàòà íà âõîäíèÿ
ñèìâîë). Â AD,χn (w) íå ìîæå äà ñúùåñòâóâà íåêðàéíî ñúñòîÿíèå, êîåòî äà
èìà åëåìåíò îòäÿñíî íà äèàãîíàëà y = x − (|w| − n). Aíàëîãè÷íî â A∀,χn
ôóíêöèÿòà íà ïðåõîäèòå δ∀,χn íÿìà äà å äåôèíèðàíà çà íåêðàéíî ñúñòîÿíèå
è ñèìâîë b1b2...bk, àêî íåêðàéíîòî ñúñòîÿíèå èìà åëåìåíò îò âèäà I + i#e

îòäÿñíî íà äèàãîíàëà I + k − 2n + t#t. (S å òàêúâ åëåìåíò íà êàíäèäàòà
B, ñàìî àêî fn(S, k) = true.) Èçêëþ÷åíèå ïðàâè ñàìî íà÷àëíîòî ñúñòîÿíèå
íà A∀,χn {I#0}. Òî å íåêðàéíî, íî â AD,χn (w) ñúîòâåòíîòî ìó {0#0} ìîæå è
äà å êðàéíî. Çà êðàéíî ñúñòîÿíèå â A∀,χn ñúîòâåòíèÿò íà y = x − (|w| − n)
äèàãîíàë ñå ñúñòîè îò åëåìåíòèòå M − n + t#t ïðè 0 ≤ t ≤ n è â A∀,χn
ôóíêöèÿòà íà ïðåõîäèòå δ∀,χn íÿìà äà å äåôèíèðàíà çà êðàéíî ñúñòîÿíèå,
çà êîåòî âñè÷êèòå ìó åëåìåíòè îò âèäà M + i#e ñà îòëÿâî íà äèàãîíàëà
M−n+ t#t. (S å îòëÿâî íà äèàãîíàëàM−n+ t#t, ñàìî àêî fn(S, k) = true.)

1) S = I + i#e èëè S = It + i#e èëè S = Is + i#e

fn(S, k)
def
=
{

true, àêî k ≤ 2n+ 1 & e ≤ i+ 2n+ 1− k
false èíà÷å

2) S = M + i#e èëè S = Mt + i#e èëè S = Ms + i#e

fn(S, k)
def
=
{

true, àêî e > i+ n
false èíà÷å

Ùå äåôèíèðàìå Iχ : P (QND,χ)→ P (Pχ).
1) χ = ε

Iε(A)
def
= {I + i− 1#e|i#e ∈ A}
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2) χ = t

It(A)
def
= {I + i− 1#e|i#e ∈ A}⋃{It + i− 1#e|i#et ∈ A}

3) χ = ms

Ims(A)
def
= {I + i− 1#e|i#e ∈ A}⋃{Is + i− 1#e|i#es ∈ A}

Ùå äåôèíèðàìå Mχ : P (QND,χ)→ P (Pχ).
1) χ = ε

M ε(A)
def
= {M + i#e|i#e ∈ A}

2) χ = t

M t(A)
def
= {M + i#e|i#e ∈ A}⋃{Mt + i#e|i#et ∈ A}

3) χ = ms

Mms(A)
def
= {M + i#e|i#e ∈ A}⋃{Ms + i#e|i#es ∈ A}

Ùå äåôèíèðàìå rm : Iχstates
⋃
Mχ
states → Iεs

⋃
M ε
s .

rm(A)
def
=
{

I + i#e, àêî A ∈ Iχstates & e− i = µz[z = e′ − i′ & I + i′#e
′ ∈ A]

M + i#e, àêî A ∈Mχ
states & e− i = µz[z = e′ − i′ &M + i′#e

′ ∈ A]

Åëåìåíòúò íà rm(A) ùå íàðè÷àìå íàé-äåñåí åëåìåíò íà A. Çà äà ðàçáåðåì
äàëè òðÿáâà äà êîíâåðòèðàìå ÷ðåç ôóíêöèÿòàmn êàíäèäàòàB, êîéòî ïîëó÷àâàìå
îò íÿêîå ñúñòîÿíèå è âõîäåí ñèìâîë b1b2...bk, å äîñòàòú÷íî äà ïðîâåðèì
ñòîéíîñòòà fn(rm(B), k), çàùîòî çà âñÿêî íåêðàéíî ñúñòîÿíèå A è âñÿêî
k å èçïúëíåíî, ÷å fn(rm(A), k) = false ⇔ ∀S ∈ A(S å îò âèäà I + i#e ⇒
fn(S, k) = false), à çà âñÿêî âñÿêî êðàéíî ñúñòîÿíèå C å èçïúëíåíî, ÷å
fn(rm(C), k) = true ⇔ ∀S ∈ C(S å îò âèäàM + i#e ⇒ fn(S, k) = true), ò.å.
íåçàâèñèìî îò òîâà äàëè åëåìåíòèòå íà êàíäèäàòà B ñà îò âèäà I + i#e èëè
ñà îò âèäà Ì + i#e, àêî fn(rm(B), k) = true, òî B å íåïîäõîäÿù êàíäèäàò
è, àêî fn(rm(B), k) = false, òî B å ïîäõîäÿù êàíäèäàò.

Ùå äåôèíèðàìå δ∀,χe : (Iχs
⋃
Mχ
s )× Σ∀n d−→ Iχstates

⋃
Mχ
states

⋃{φ}.
1) Íåêà S = I + i#e èëè S = It + i#e èëè S = Is + i#e. Ùå äåôèíèðàìå

δ∀,χe (S, x).
1.1) ¬!rn(S, x)
¬!δ∀,χe (S, x)
1.2) !rn(S, x)

Íåêà δ∀,χe (S, x) =





Iχ(δD,χe (i#e, rn(S, x))), àêî S = I + i#e

Iχ(δD,χe (i#et , rn(S, x))), àêî S = It + i#e

Iχ(δD,χe (i#es , rn(S, x))), àêî S = Is + i#e

2) Íåêà S = M+i#e èëè S = Mt+i#e èëè S = Ms+i#e. Ùå äåôèíèðàìå
δ∀,χe (S, x).

2.1) ¬!rn(S, x)
¬!δ∀,χe (S, x)
2.2) !rn(S, x)

35



Íåêà δ∀,χe (S, x) =





Mχ(δD,χe (i#e, rn(S, x))), àêî S = M + i#e

Mχ(δD,χe (i#et , rn(S, x))), àêî S = Mt + i#e

Mχ(δD,χe (i#es , rn(S, x))), àêî S = Ms + i#e

Ùå äåôèíèðàìå ⊔ : P (P (Iχs ))
⋃
P (P (Mχ

s ))→ P (Iχs )
⋃
P (Mχ

s ).⊔
A
def
= {π|π ∈ ⋃A& ¬∃π′ ∈ ⋃A(π′ <χs π)}

Ùå äåôèíèðàìå5a : Iχstates
⋃
Mχ
states → P (N). Èçïîëçâàìå òàçè ôóíêöèÿ,

çà äà îïðåäåëèì äàëè äúëæèíàòà íà äóìàòà b1b2...bk å ïîäõîäÿùà, çà äà
áúäå äåôèíèðàíà ôóíêöèÿòà íà ïðåõîäèòå δ∀,χn , ò.å. àêî k 6∈ 5a(Q), òî
¬!δ∀,χn (Q, b1b2...bk).

1) Íåêà Q ∈ Iχstates
1.1) Q = {I#0}
5a(Q)

def
= {k|n ≤ k ≤ 2n+ 2}

1.2) Q 6= {I#0}
Íåêà rm(Q) = I + i#e

5a(Q)
def
= {k|2n+ i− e+ 1 ≤ k ≤ 2n+ 2}

Ôèã. 16 n = 5, 5a({I − 2#2, I − 1#2, I + 1#3}) = {9, 10, 11, 12}
Äúëæèíàòà k íà âõîäíèÿ ñèìâîë x1x2...xk òðÿáâà äà å òàêàâà, ÷å
âñè÷êè åëåìåíòè íà ñúñòîÿíèåòî, êîèòî ñà îò âèäà I + i#e, äà ñà
îòëÿâî íà äèàãîíàëà I + k − 2n+ t#t.

2) Íåêà Q ∈Mχ
states
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5a(Q)
def
= {k ∈ N |∀π ∈ Q(if(k < n,M#n−k,M + n− k#0) ≤χs π)}\{0}

Ôèã. 17 n = 5, 5a({M − 4#2,M − 2#3,M − 1#3}) = {7, 8, 9}

Âå÷å ìîæåì äà äåôèíèðàìå ôóíêöèÿòà íà ïðåõîäèòå δ∀,χn : Q∀,χn ×Σ∀n d−→
Q∀,χn .

Íåêà Q ∈ Q∀,χn è x ∈ Σ∀n.
1) |x| 6∈ 5a(Q)
¬!δ∀,χn (Q, x)
2) |x| ∈ 5a(Q)
2.1) ⋃q∈Q δ∀,χe (q, x) = φ

¬!δ∀,χn (Q, x)
2.2) ⋃q∈Q δ∀,χe (q, x) 6= φ

Íåêà ∆ =
⊔
q∈Q δ

∀,χ
e (q, x).

δ∀,χn (Q, x)
def
=
{

∆, àêî fn(rm(∆)) = false
mn(∆, |x|), àêî fn(rm(∆)) = true

Îòòóê íàòàòúê ùå ñ÷èòàìå, ÷å Iχstates = {A|∃x ∈ Σ∀n
∗(δ∀,χn

∗({I#0}, x) =
A) & A ⊆ Iχs } è Mχ

states = {A|∃x ∈ Σ∀n
∗(δ∀,χn

∗({I#0}, x) = A) & A ⊆ Mχ
s }, ò.å.
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ùå ñ÷èòàìå, ÷å A∀,χn íÿìà íåäîñòèæèìè îò {I#0} ñúñòîÿíèÿ.

Äåôèíèöèÿ íà A∀,εn ñå äàâà â [MSFASLD].

Äåôèíèöèÿ 16 Íåêà n ∈ N è $ 6∈ Σ.
w−n+1

def
= w−n+2

def
= ...

def
= w0

def
= $

sn : Σ∗ ×N+ d−→ (Σ
⋃{$})∗

sn(w, i)
def
=
{

wi−nwi−n+1...wv, àêî v ≥ i− n
¬!, àêî v < i− n

êúäåòî v = min(|w|, i+ n+ 1).
hn : Σ∗ × Σ+ d−→ Σ∀n

∗

hn(w, x1x2...xt)
def
=
{

β(x1, sn(w, 1))β(x2, sn(w, 2))...β(xt, sn(w, t)), àêî t ≤ |w|+ n
¬!, àêî t > |w|+ n

Ùå äàäåì ïðèìåð çà èçïîëçâàíåòî íà A∀,χn . Íåêà w = abcabb è x = dacab.
Èñêàìå äà çíàåì äàëè x ∈ LχLev(3, w). Íàìèðàìå b = h3(w, x) = b1b2...b5.
b1 = β(x1, s3(w, 1)) = β(d, $$$abcab) = 00000000, b2 = β(x2, s3(w, 2)) =
β(a, $$abcabb) = 00100100, b3 = β(x3, s3(w, 3)) = β(c, $abcabb) = 0001000,
b4 = β(x4, s3(w, 4)) = β(a, abcabb) = 100100 è b5 = β(x5, s3(w, 5)) = β(b, bcabb) =
10011. x ∈ LχLev(w, 3)⇔ b ∈ L(A∀,χ3 ).

Òâúðäåíèå 19 Íåêà χ ∈ {ε, t,ms}. Íåêà w ∈ Σ∗, x ∈ Σ+, n ∈ N+ è
!hn(w, x). Íåêà b = hn(w, x). Íåêà |b| = |x| = t. Íåêà

q∀,χ0 = {I#0} è
q∀,χi+1 =

{
δ∀,χn (q∀,χi , bi+1), àêî !q∀,χi & !δ∀,χn (q∀,χi , bi+1)
¬! èíà÷å çà 0 ≤ i ≤ t− 1.

Íåêà |w| = p. Íåêà s : [0, t]→ N , êàòî

s(i)
def
=
{

p, àêî q∀,χi ∈ F ∀,χn

i, àêî q∀,χi 6∈ F ∀,χn

Íåêà AD,χn (w) =< Σ, QD,χn , ID,χ, FD,χn , δD,χn >. Íåêà

qD,χ0 = {0#0} è
qD,χi+1 =

{
δD,χn (qD,χi , xi+1), àêî !qD,χi & !δD,χn (qD,χi , xi+1)
¬! èíà÷å çà 0 ≤ i ≤ t− 1.

Íåêà d : (Iχs
⋃
Mχ
s )×N → QND,χ, êàòî

1) ïðè χ = ε

d(I + i#e, z)
def
= z + i#e è

d(M + i#e, z)
def
= z + i#e
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2) ïðè χ = t

d(I + i#e, z)
def
= z + i#e,

d(M + i#e, z)
def
= z + i#e,

d(It + i#e, z)
def
= z + i#et è

d(Mt + i#e, z)
def
= z + i#et

3) ïðè χ = ms

d(I + i#e, z)
def
= z + i#e,

d(M + i#e, z)
def
= z + i#e,

d(Is + i#e, z)
def
= z + i#es è

d(Ms + i#e, z)
def
= z + i#es .

Íåêà d : P (Iχs
⋃
Mχ
s )×N → P (QND,χ), êàòî

d(A, z)
def
= {d(π, z)|π ∈ A}.

Òîãàâà
I) !q∀,χi ⇔!qD,χi è
II) ∀i ∈ [0, t](!q∀,χi & !qD,χi ⇒ d(q∀,χi , s(i)) = qD,χi ) è
III) ∀i ∈ [1, t](!q∀,χi & !qD,χi ⇒ (q∀,χi ∈ F ∀,χn ⇔ qD,χi ∈ FD,χn )).

Òâúðäåíèå 19 å ôîðìóëèðàíî â [MSFASLD] çà χ = ε.

Äîêàçàòåëñòâî
II) èíäóêöèÿ ïî i
1) i = 0
s(0) = 0. d(q∀,χ0 , s(0)) = {0#0} = qD,χ0

2) Äîïóñêàìå, ÷å !q∀,χi & !qD,χi ⇒ d(q∀,χi , s(i)) = qD,χi . Ùå äîêàæåì, ÷å
!q∀,χi+1 &!qD,χi+1 ⇒ d(q∀,χi+1, s(i+1)) = qD,χi+1 . Íåêà !q∀,χi+1 è !qD,χi+1 . Ñëåäîâàòåëíî !q∀,χi
è !qD,χi . Ñëåäîâàòåëíî d(q∀,χi , s(i)) = qD,χi .

Ïîìîùíî òâúðäåíèå Àêî q ∈ q∀,χi è π = d(q, s(i)), òî
- àêî q∀,χi+1 ⊆ Iχs ⇔ δ∀,χe (q, bi+1) ⊆ Iχs , òî

(1∗) d(δ∀,χe (q, bi+1), s(i+ 1)) = δD,χe (π, xi+1)
- àêî ¬(q∀,χi+1 ⊆ Iχs ⇔ δ∀,χe (q, bi+1) ⊆ Iχs ), òî

(2∗) d(mn(δ∀,χe (q, bi+1), |bi+1|), s(i+ 1)) = δD,χe (π, xi+1)
Äîêàçàòåëñòâî Íåêà q ∈ q∀,χi è π = d(q, s(i)). Íåêà π = j#e èëè π = j#e

t

èëè π = j#e
s .

Ùå äîêàæåì, ÷å !rn(q, bi+1) è rn(q, bi+1) = β(xi+1, w[π]).
1) q∀,χi ⊆ Iχs
Ñëåäîâàòåëíî s(i) = i è (q = I + u#e èëè q = It + u#e èëè q = Is + u#e)

çà íÿêîå u, êàòî j = i+ u. Íåêà bi+1 = y1y2...yk (k > 0). Ñëåäîâàòåëíî

rn(q, y1y2...yk)
def
=





yn+u+1yn+u+2...yn+u+h, àêî h = min(n− e+ 1, k − n− u) > 0
ε, àêî h = min(n− e+ 1, k − n− u) = 0
¬! èíà÷å
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=





β(xi+1, wi+1+uwi+2+u...wi+h+u), àêî h > 0
ε, àêî h = 0
¬! èíà÷å

k = min(p, i+ 1 + n+ 1)− (i+ 1− n) + 1 = min(p, i+ n+ 2) + n− i
h = min(n− e+ 1,min(p, i+ n+ 2) + n− i− n− u) =
min(n− e+ 1,min(p, i+ n+ 2)− i− u) =
min(n− e+ 1, p− j, n− u+ 2)
q ∈ Iχs . Ñëåäîâàòåëíî e ≥ |u|. Ñëåäîâàòåëíî n− e+ 1 < n− u+ 2.
Ñëåäîâàòåëíî h = min(n − e + 1, p − j) ≥ 0. Ñëåäîâàòåëíî !rn(q, bi+1) è

rn(q, bi+1) = β(xi+1, w[π]).
2) q∀,χi ⊆Mχ

s

Ñëåäîâàòåëíî s(i) = p è (q = M+u#e èëè q = Mt+u#e èëè q = Ms+u#e)
çà íÿêîå u, êàòî j = p+ u. Íåêà bi+1 = y1y2...yk (k > 0). Ñëåäîâàòåëíî

rn(q, y1y2...yk)
def
=





yk+u+1yk+u+2...yk+u+h, àêî h = min(n− e+ 1,−u) > 0
ε, àêî h = min(n− e+ 1,−u) = 0
¬! èíà÷å

=





β(xi+1, wi−n+k+u+1wi−n+k+u+2...wi−n+k+u+h), àêî h > 0
ε, àêî h = 0
¬! èíà÷å

q∀,χ0 ⊆ Iχs , q∀,χi ⊆Mχ
s . Íåêà i′ å òàêîâà, ÷å i′ ∈ [0, i−1]&q∀,χi′ ⊆ Iχs &q∀,χi′+1 ⊆

Mχ
s . Ñëåäîâàòåëíî fn(q′, |bi′+1|) = true çà íÿêîå q′ ∈ Iχs . Ñëåäîâàòåëíî
|bi′+1| ≤ 2n + 1 è |bi′+1| = n + p − i′. Ñëåäîâàòåëíî |bi+1| = k = n + p − i.
Ñëåäîâàòåëíî

rn(q, y1y2...yk) =





β(xi+1, wp+u+1wp+u+2...wp+u+h), àêî h > 0
ε, àêî h = 0
¬! èíà÷å

k = min(n − e + 1,−u) = min(n − e + 1, p − j) ≥ 0. Ñëåäîâàòåëíî
rn(q, bi+1) = β(xi+1, w[π]).

Ùå äîêàæåì, ÷å
àêî q∀,χi+1 ⊆ Iχs ⇔ δ∀,χe (q, bi+1) ⊆ Iχs , òî 1∗ è
àêî ¬(q∀,χi+1 ⊆ Iχs ⇔ δ∀,χe (q, bi+1) ⊆ Iχs ), òî 2∗

1) q∀,χi ⊆ Iχs
Ñëåäîâàòåëíî s(i) = i è (q = I + u#e èëè q = It + u#e èëè q = Is + u#e)

çà íÿêîå u, êàòî j = i+ u. (j = i+ u, çàùîòî d(q, s(i)) = π.)
Íåêà

∆I =





δD,χe (u#e, rn(q, bi+1)), àêî q = I + u#e

δD,χe (u#e
t , rn(q, bi+1)), àêî q = It + u#e

δD,χe (u#e
s , rn(q, bi+1)), àêî q = Is + u#e
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Íåêà

∆′I =





δD,χe (u+ i#e, rn(q, bi+1)), àêî q = I + u#e

δD,χe (u+ i#et , rn(q, bi+1)), àêî q = It + u#e

δD,χe (u+ i#es , rn(q, bi+1)), àêî q = Is + u#e

Îò i+u = j è rn(q, bi+1) = β(xi+1, w[π]) ñëåäâà, ÷å ∆′I = δD,χe (π, β(xi+1, w[π])) =
δD,χe (π, xi+1).

δ∀,χe (q, bi+1) = Iχ(∆I) ⊆ Iχs .
1.1) q∀,χi+1 ⊆ Iχs
s(i+1) = i+1. Òðÿáâà äà äîêàæåì 1∗. d(δ∀,χe (q, bi+1), s(i+1)) = d(Iχ(∆I), i+

1) = d({I(t|s)+a−1#b|a#b
(t|s) ∈ ∆I}, i+1) = {a+i#b(t|s)|a#b

(t|s) ∈ ∆I} =Òâúðäåíèå 18
∆′I = δD,χe (π, xi+1).

1.2) q∀,χi+1 ⊆Mχ
s

Ñëåäîâàòåëíî s(i + 1) = p è |bi+1| = p − i + n. Òðÿáâà äà äîêàæåì 2∗.
d(mn(δ∀,χe (q, bi+1), |bi+1|), s(i+ 1)) =
d(mn(Iχ(∆I), p− i+ n), p) =
d(mn({I(t|s) − 1 + a#b|a#b

(t|s) ∈ ∆I}, p− i+ n), p) =

d({M(s|t) + n + 1 − (p − i + n) + a − 1#b|a#b
(t|s) ∈ ∆I}, p) = {a + i#b(s|t)|a#b

(t|s) ∈
∆I} = ∆′I =Òâúðäåíèå 18 δD,χe (π, xi+1).

2) q∀,χi ⊆Mχ
s

Ñëåäîâàòåëíî s(i) = p è (q = M+u#e èëè q = Mt+u#e èëè q = Ms+u#e)
çà íÿêîå u, êàòî j = p+ u. (j = p+ u, çàùîòî d(q, s(i)) = π.)

Íåêà

∆M =





δD,χe (u#e, rn(q, bi+1)), àêî q = M + u#e

δD,χe (u#e
t , rn(q, bi+1)), àêî q = Mt + u#e

δD,χe (u#e
s , rn(q, bi+1)), àêî q = Ms + u#e

Íåêà

∆′M =





δD,χe (p+ u#e, rn(q, bi+1)), àêî q = M + u#e

δD,χe (p+ u#e
t , rn(q, bi+1)), àêî q = Mt + u#e

δD,χe (p+ u#e
s , rn(q, bi+1)), àêî q = Ms + u#e

Îò p+u = j è rn(q, bi+1) = β(xi+1, w[π]) ñëåäâà, ÷å ∆′M = δD,χe (π, β(xi+1, w[π])) =
δD,χe (π, xi+1).

δ∀,χe (q, bi+1) = Mχ(∆M ) ⊆Mχ
s .

2.1) q∀,χi+1 ⊆Mχ
s .

Ñëåäîâàòåëíî s(i + 1) = p. Òðÿáâà äà äîêàæåì 1∗. d(δ∀,χe (q, bi+1), s(i +
1)) = d(Mχ(∆M ), p) = d({M(t|s) + a#b|a#b

(t|s) ∈ ∆M}, p) = {p + a#b
(t|s)|a#b

(t|s) ∈
∆M} =Òâúðäåíèå 18 ∆′M = δD,χe (π, xi+1).

2.2) q∀,χi+1 ⊆ Iχs
Îò q∀,χi ⊆ Mχ

s ñëåäâà, ÷å |bi+1| = p − i + n. s(i + 1) = i + 1. Òðÿáâà äà
äîêàæåì 2∗. d(mn(δ∀,χe (q, bi+1), |bi+1|), s(i+1)) = d(mn(Mχ(∆M ), |bi+1|), s(i+
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1)) = d(mn({M(t|s) + a#b|a#b
(t|s) ∈ ∆M}, p − i + n), i + 1) = d({I(t|s) + p − i +

n− n− 1 + a#b|a#b
(t|s) ∈ ∆M}, i+ 1) = {p+ a#b

(t|s)|a#b
(t|s) ∈ ∆M} =Òâúðäåíèå 18

∆′M = δD,χe (π, xi+1).
Ïîìîùíîòî òâúðäåíèå å äîêàçàíî.

Ùå äîêàæåì, ÷å d(q∀,χi+1, s(i+ 1)) = qD,χi+1 .
Íåêà ∆ =

⊔
q∈qi δ

∀,χ
e (q, bi+1)

1) fn(rm(∆), |bi+1|) = false

d(q∀,χi+1, s(i+ 1)) =
d(
⊔
q∈q∀,χ

i
δ∀,χe (q, bi+1), s(i+ 1)) =⊔

q∈q∀,χ
i

d(δ∀,χe (q, bi+1), s(i+ 1)) =1∗ & d(q∀,χ
i

,s(i))=qD,χ
i⊔

π∈qD,χ
i

δD,χe (π, xi+1) = qD,χi+1

2) fn(rm(∆), |bi+1|) = true

d(q∀,χi+1, s(i+ 1)) =
d(mn(

⊔
q∈q∀,χ

i
δ∀,χe (q, bi+1), |bi+1|), s(i+ 1)) =⊔

q∈q∀,χ
i

d(mn(δ∀,χe (q, bi+1), |bi+1|), s(i+ 1)) =2∗ & d(q∀,χ
i

,s(i))=qD,χ
i⊔

π∈qD,χ
i

δD,χe (π, xi+1) = qD,χi+1

II) å äîêàçàíî.

I) èíäóêöèÿ ïî i
1) i = 0
!q∀,χi è !qD,χi

2) Äîïóñêàìå, ÷å !q∀,χi ⇔!qD,χi

Ùå äîêàæåì, ÷å !q∀,χi+1 ⇔!qD,χi+1 .
2.1) ¬!q∀,χi è ¬!qD,χi

Ñëåäîâàòåëíî ¬!q∀,χi+1 è ¬!qD,χi+1 .
2.2) !q∀,χi è !qD,χi

Ùå äîêàæåì, ÷å |bi+1| ∈ 5a(q∀,χi ).
2.2.1) q∀,χi ⊆ Iχs
2.2.1.1) q∀,χi = {I#0}
Â äîêàçàòåëñòâîòî íà Ïîìîùíîòî òâúðäåíèå äîêàçàõìå, ÷å àêî q ∈ q∀,χi ,

òî !rn(q, bi+1). Ñëåäîâàòåíî !rn(I#0, bi+1). Ñëåäîâàòåíî |bi+1| ≥ n. Ñëåäîâàòåíî
|bi+1| ∈ 5a(q∀,χi ).

2.2.1.2) q∀,χi 6= {I#0}
Ñëåäîâàòåëíî i > 0 è !q∀,χi−1. Äîïóñêàìå, ÷å |bi+1| 6∈ 5a(q∀,χi ). Ñëåäîâàòåëíî

|bi+1| < 2n + i − e + 1, êúäåòî rm(q∀,χi ) = I + i#e. e ≥ |i|. Ñëåäîâàòåëíî
|bi+1| ≤ 2n. Ñëåäîâàòåëíî |bi| ≤ 2n+ 1.

2.2.1.2.1) q∀,χi−1 ⊆ Iχs
Îò äåôèíèöèÿòà íà δ∀,χn ñëåäâà, ÷å ¬fn(rm(q∀,χi ), |bi|). Ñëåäîâàòåëíî ¬fn(I+

i#e, |bi|). Íî |bi| ≤ 2n+ 1 è e ≤ i+ 2n+ 1−|bi|. Ñëåäîâàòåëíî fn(I+ i#e, |bi|).
Ïðîòèâîðå÷èå.
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2.2.1.2.2) q∀,χi−1 ⊆Mχ
s

Îò äåôèíèöèÿòà íà δ∀,χn è mn(M + i + n + 1 − |bi|#e, |bi|) = I + i#e

ñëåäâà, ÷å fn(M + i + n + 1 − |bi|#e, |bi|). Íî îò |bi+1| < 2n + i − e + 1,
|bi+1| ≤ 2n è |bi| ≤ 2n + 1 ñëåäâà, ÷å e ≤ i + n + 1 − |bi| + n. Ñëåäîâàòåëíî
¬fn(M + i+ n+ 1− |bi|#e, |bi|). Ïðîòèâîðå÷èå.

2.2.2) q∀,χi ⊆Mχ
s

Ñëåäîâàòåëíî s(i) = p è |bi+1| = p−i+n. Äîïóñêàìå, ÷å |bi+1| 6∈ 5a(q∀,χi ).
Íåêà q å òàêîâà, ÷å q ∈ q∀,χi è if(|bi+1| < n,M#n−|bi+1|,M+n−|bi+1|#0) 6≤χs q.
(Îò |bi+1| 6∈ 5a(q∀,χi ) ñëåäâà, ÷å òàêîâà q ñúùåñòâóâà.) Íåêà π = d(q, s(i)).
Oò II) ñëåäâà, ÷å d(q∀,χi , s(i)) = qD,χi . Ñëåäîâàòåëíî π ∈ qD,χi è if(p <
i, p#i−p, i#0) 6≤χs π. Îò äîêàçàòåëñòâîòî çà êîðåêòíîñò íà δD,χn ñëåäâà, ÷å
∀π ∈ qD,χi (if(p < i, p#i−p, i#0) ≤χs π). Ïðîòèâîðå÷èå.

Äîêàçàõìå, ÷å |bi+1| ∈ 5a(q∀,χi ). Îò |bi+1| ∈ 5a(q∀,χi ), II) è äåôèíèöèÿòà
íà δ∀,χn ñëåäâà, ÷å àêî ∀q ∈ q∀,χi ∀π(π = d(q, s(i)) ⇒ (δ∀,χe (q, bi+1) = φ ⇔
δD,χe (π, xi+1) = φ)), òî !q∀,χi+1 ⇔!qD,χi+1 . Ùå äîêàæåì ∀q ∈ q∀,χi ∀π(π = d(q, s(i))⇒
(δ∀,χe (q, bi+1) = φ ⇔ δD,χe (π, xi+1) = φ)). Íåêà q = I(t|s) + u#e ∈ q∀,χi èëè
q = M(t|s) + u#e ∈ q∀,χi è π = d(q, s(i)). Â äîêàçàòåëñòâîòî íà Ïîìîùíîòî
òâúðäåíèå äîêàçàõìå, ÷å !rn(q, bi+1) è rn(q, bi+1) = β(xi+1, w[π]). Ñëåäîâàòåëíî
δ∀,χe (q, bi+1) = φ⇔ δD,χe (u#e

(s|t), rn(q, bi+1)) = φ⇔ δD,χe (u+s(i)#e
(s|t), rn(q, bi+1)) =

φ⇔ δD,χe (π, xi+1) = φ. I) å äîêàçàíî.

III) Íåêà i > 0, !q∀,χi è !qD,χi

⇒) Ùå äîêàæåì, ÷å q∀,χi ∈ F ∀,χn ⇒ qD,χi ∈ FD,χn

Íåêà q∀,χi ∈ F ∀,χn . Ñëåäîâàòåëíî s(i) = p è ∃q ∈ q∀,χi (q ≤χs M#n). Íåêà
M + u#f ∈ q∀,χi è M + u#f ≤χs M#n. Îò II) ñëåäâà, ÷å p + u#f ≤χs p#n è
p+ u#f ∈ qD,χi . Ñëåäîâàòåëíî qD,χi ∈ FD,χn .
⇐) Ùå äîêàæåì, ÷å q∀,χi 6∈ F ∀,χn ⇒ qD,χi 6∈ FD,χn

Íåêà q∀,χi 6∈ F ∀,χn . Îò i > 0 ñëåäâà, ÷å !q∀,χi−1. Îò II) è îò äåôèíèöèÿòà íà
δD,χn ñëåäâà, ÷å ∀q ∈ q∀,χi−1∃π(π = d(q, s(i− 1)) & δD,χe (π, xi) 6∈ FD,χn )⇒ qD,χi 6∈
FD,χn . Ùå äîêàæåì, ÷å ∀q ∈ q∀,χi−1∃π(π = d(q, s(i − 1)) & δD,χe (π, xi) 6∈ FD,χn ).
Íåêà q ∈ q∀,χi−1 è π = d(q, s(i− 1)).

1) q = I + u#e èëè q = It + u#e èëè q = Is + u#e

Ñëåäîâàòåëíî q∀,χi−1 ⊆ Iχs
1.1) δ∀,χe (q, bi) = φ
ÎòÏîìîùíîòî òâúðäåíèå â äîêàçàòåëòñâîòî íà II) ñëåäâà, ÷å δD,χe (π, xi) =

φ 6∈ FD,χn

1.2) δ∀,χe (q, bi) 6= φ
Íåêà

∆I =





δD,χe (u#e, rn(I + u#e, x)), àêî q = I + u#e

δD,χe (u#e
t , rn(It + u#e, x)), àêî q = It + u#e

δD,χe (u#e
s , rn(Is + u#e, x)), àêî q = Is + u#e

43



Ñëåäîâàòåëíî ¬fn(rm(Iχ(∆I)), |bi|). (Àêî fn(rm(Iχ(∆I)), |bi|), òî
fn(rm(

⊔
η∈q∀,χ

i−1
δ∀,χe (η, bi)), |bi|) è q∀,χi ∈ F ∀,χn . Ïðîòèâîðå÷èå.)

1.2.1) |bi| = 2n+ 2
Ñëåäîâàòåíî i + n + 1 ≤ p. Îò II), I#0 ≤χs q è s(i − 1) = i − 1 ñëåäâà,

÷å i− 1#0 ≤χs π. Îò äîêàçàòåëñòâîòî çà êîðåêòíîñò íà δD,χn ñëåäâà, ÷å ∀x ∈
δD,χe (π, xi)(i#0 ≤χs x). Ñëåäîâàòåëíî δD,χe (π, xi) 6∈ FD,χn .

1.2.2) |bi| ≤ 2n+ 1
Ñëåäîâàòåíî |bi| = p+n−i+1. Íåêà rm(Iχ(∆I)) = I+a#b. Ñëåäîâàòåëíî

b > a + 2n + 1 − (p + n − i + 1). Ñëåäîâàòåëíî b > a + n + i − p. Î÷åâèäíî
àêî d(I + a#b, s(i)) 6∈ FND,χn , òî δD,χe (π, xi) 6∈ FD,χn . Ùå äîêàæåì, ÷å d(I +
a#b, s(i)) 6∈ FND,χn . s(i) = i. d(I + a#b, s(i)) = i + a#b. Îò b > a + n + i − p
ñëåäâà, ÷å i+ a#b 6∈ FND,χn . Ñëåäîâàòåëíî δD,χe (π, xi) 6∈ FD,χn .

2) q = M + u#e èëè q = Mt + u#e èëè q = Ms + u#e

Ñëåäîâàòåëíî q∀,χi−1 ⊆Mχ
s

2.1) δ∀,χe (q, bi) = φ
ÎòÏîìîùíîòî òâúðäåíèå â äîêàçàòåëòñâîòî íà II) ñëåäâà, ÷å δD,χe (π, xi) =

φ 6∈ FD,χn

2.2) δ∀,χe (q, bi) 6= φ
Íåêà

∆M =





δD,χe (i#e, rn(M + i#e, x)), àêî q = M + i#e

δD,χe (i#et , rn(Mt + i#e, x)), àêî q = Mt + i#e

δD,χe (i#es , rn(Ms + i#e, x)), àêî q = Ms + i#e

Ñëåäîâàòåëíî fn(rm(Mχ(∆M )), |bi|). (Àêî ¬fn(rm(Mχ(∆M )), |bi|), òî
¬fn(rm(

⊔
η∈q∀,χ

i−1
δ∀,χe (η, bi)), |bi|) è q∀,χi ∈ F ∀,χn . Ïðîòèâîðå÷èå.)

Íåêà rm(Iχ(∆I)) = M + a#b. Ñëåäîâàòåëíî b > a + n. Î÷åâèäíî àêî
d(mn(M + a#b, |bi|), s(i)) 6∈ FND,χn , òî δD,χe (π, xi) 6∈ FD,χn . Ùå äîêàæåì, ÷å
d(mn(M + a#b, |bi|), s(i)) 6∈ FND,χn . s(i) = i. |bi| = n + p − i + 1. d(mn(M +
a#b, |bi|), s(i)) = d(I+a−n−1+ |bi|#b, s(i)) = d(I+a+p−i#b, s(i)) = a+p#b.
Îò b > a + n ñëåäâà, ÷å a + p#b 6∈ FND,χn . Ñëåäîâàòåëíî δD,χe (π, xi) 6∈ FD,χn .
III) å äîêàçàíî.

5. Ïîñòðîÿâàíå íà A∀,εn , A∀,tn è A∀,msn .
5.1. Êðàòêî îïèñàíèå íà àëãîðèòúìà çà ïîñòðîÿâàíå íà A∀,χn

procedure Build_Automaton( n, χ );
begin
PUSH_IN_QUEUE( {I#0} );
while( not EMPTY_QUEUE() ) do begin
st := POP_FROM_QUEUE();
for b in Σ∀n do begin
if( LENGTH(b) ∈ 5a( st ) ) then begin

44



nextSt := δ∀,χn ( st, b );
if( not EMPTY_STATE( nextSt ) ) then begin
if( HAS_NEVER_BEEN_PUSHED( nextSt ) ) then begin
PUSH_IN_QUEUE( nextSt )

end
ADD_TRANSITION( < st, b, nextSt > )

end
end

end
end

end;

5.2. Ïîäðîáíî îïèñàíèå íà àëãîðèòúìà çà ïîñòðîÿâàíå íà A∀,χn
I) Òèïîâå
1) STATE : âñÿêî êðàéíî ìíîæåñòâî, åëåìåíòèòå íà êîåòî ñà îò òèï PO-

SITION, å îò òèï STATE.
2) POSITION : âñÿêà íàðåäåíà ÷åòâîðêà< parameter, type,X, Y >, êúäåòî

parameter ∈ {I,M}, type ∈ {usual, t, s}, X,Y ∈ Z ( I = 0,M = 1, usual =
0, t = 1, s = 2 ), å îò òèï POSITION.

3) SETOFPOINTS : âñÿêî êðàéíî ìíîæåñòâî, åëåìåíòèòå íà êîåòî ñà îò
òèï POINT, å îò òèï SETOFPOINTS.

4) POINT : âñÿêà íàðåäåíà òðîéêà< type,X, Y >, êúäåòî type ∈ {usual, t, s},
X,Y ∈ Z, å îò òèï POINT.

II) API
1) PROCEDURE PUSH_IN_QUEUE( st : STATE );
Push-âà st â îïàøêàòà QUEUE.
2) FUNCTION EMPTY_QUEUE() : BOOLEAN;
Âðúùà TRUE, ñàìî àêî îïàøêàòà QUEUE å ïðàçíà.
3) FUNCTION POP_FROM_QUEUE() : STATE;
Pop-âà åëåìåíò îò îïàøêàòà QUEUE, àêî òÿ íå å ïðàçíà. Àêî òÿ å ïðàçíà,
âðúùà {}.
4) FUNCTION HAS_NEVER_BEEN_PUSHED( st : STATE ) : BOOLEAN;
Âðúùà TRUE, ñàìî àêî st íå å íèêîãà push-âàíî â îïàøêàòà QUEUE.
5) FUNCTION NEW_POSITION( parameter : { I, M };

type : { usual, t, s };
x,y : INTEGER ) : POSITION;

Âðúùà åëåìåíòà îò òèï POSITION, îïðåäåëåí îò parameter, type, x è y.
6) FUNCTION GET_POSITION_PARAM( pos : POSITION ) : { I, M };
Âðúùà parameter-à, íà pos.
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7) FUNCTION GET_POSITION_TYPE( pos : POSITION ) : { usual, t, s };
Âðúùà type-à íà pos.
8) FUNCTION GET_POSITION_X( pos : POSITION ) : INTEGER;
Âðúùà X-à íà pos.
9) FUNCTION GET_POSITION_Y( pos : POSITION ) : INTEGER;
Âðúùà Y -à íà pos.
10) FUNCTION EMPTY_STATE( st : STATE ) : BOOLEAN;
Âðúùà TRUE, ñàìî àêî st å ïðàçíî.
11) FUNCTION GET_FIRST_POSITION( st : STATE ) : POSITION;
Âðúùà íÿêîé ( áåç çíà÷åíèå êîé ) åëåìåíò íà st.
12) PROCEDURE ADD_TRANSITION( st : STATE; b : STRING; nextSt : STATE );
Äîáàâÿ < st, b, nextSt > â àâòîìàòà(ãðàôà) AUTOMATON .
13) FUNCTION EMPTY_SET_OF_POINTS( set : SETOFPOINTS ) : BOOLEAN;
Âðúùà TRUE, ñàìî àêî set å ïðàçíî.
14) FUNCTION NEW_POINT( type : { usual, t, s }; x,y : INTEGER ) : POINT;
Âðúùà åëåìåíòà îò òèï POINT, îïðåäåëåí îò type, x è y.
15) FUNCTION GET_POINT_TYPE( pt : POINT ) : { usual, t, s };
Âðúùà type-à íà pt.
16) FUNCTION GET_POINT_X( pt : POINT ) : INTEGER;
Âðúùà X-à íà pt.
17) FUNCTION GET_POINT_Y( pt : POINT ) : INTEGER;
Âðúùà Y -à íà pt.
18) FUNCTION SUB_STRING( s : STRING; startPos : INTEGER; length : INTEGER ) :

STRING;
Âðúùà ñòðèíãà s[startPos]s[startPos+ 1]...s[startPos+ length− 1].
19) VAR TYPE_OF_THE_AUTOMATON : { usual, t, ms };
usual = 0, t = 1, ms = 2.

procedure Build_Automaton( n : INTEGER );
VAR st, nextSt : STATE;

b : STRING;
begin
PUSH_IN_QUEUE( { NEW_POSITION( I, usual, 0, 0 ) } );
while( not EMPTY_QUEUE() ) do begin
st := POP_FROM_QUEUE();
for b in { sym | sym : STRING and
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1 <= LENGTH(sym) <= 2n+2 and
for all i( i in [1, LENGTH(sym)] =>

( sym[i] = 0 or sym[i] = 1 ) ) } do begin
if( Length_Covers_All_The_Positions( n, LENGTH(b), st ) ) then begin
nextSt := Delta( n, st, b );
if( not EMPTY_STATE( nextSt ) ) then begin
if( HAS_NEVER_BEEN_PUSHED( nextSt ) ) then begin
PUSH_IN_QUEUE( nextSt )

end
ADD_TRANSITION( st, b , nextSt )

end
end

end
end

end;

function Length_Covers_All_The_Positions( n : INTEGER, k : INTEGER; st : STATE ) :
BOOLEAN;

(* Length_Covers_All_The_Positions( n, k, st ) = true ⇔ k ∈ 5a( st ) *)
VAR pos, pi, q : POSITION;
begin
pos = GET_FIRST_POSITION(st);
if( GET_POSITION_PARAM( pos ) = I ) then begin
if( st = { NEW_POSITION( I, usual, 0, 0 ) } ) then begin
return( k >= GET_POSITION_X( pos ) + n ) end

else begin
for pi in st do begin
if( k < 2*n + GET_POSITION_X( pi ) - GET_POSITION_Y( pi ) + 1 ) then begin
return( false )

end
end

end
else begin
if( k < n ) then begin
q := NEW_POSITION( M, usual, 0, n - k ) end

else begin
q := NEW_POSITION( M, usual, n - k, 0 )

end
for pi in st do begin
if( pi <> q and ( not Less_Than_Subsume( q, pi ) ) ) then begin
return( false )

end
end

end
return( true )

end;
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function Delta( n : INTEGER; st : STATE; b : STRING ) : STATE;
(* Delta( n, st, b ) ñúîòâåòñòâà íà δ∀,χn ( st, b ) *)
VAR bAdd : BOOLEAN;

nextSt, deltaE : STATE;
q, pi, p : POSITION;

begin
nextSt := {};
for q in st do begin
deltaE = Delta_E( n, q, b );
if( not EMPTY_STATE( deltaE ) ) then begin
for pi in deltaE do begin
bAdd := true;
for p in nextSt do begin
if( Less_Than_Subsume( pi, p ) ) then begin
nextSt := nextSt \ {p} end

else begin
if( p = pi or Less_Than_Subsume( p, pi ) ) then begin
bAdd := false;
goto LABEL1

end
end

end
LABEL1 :
if( bAdd ) then begin
nextSt := nextSt U {pi}

end
end

end
end
if( F( n, RM(nextSt), LENGTH(b) ) ) then begin
nextSt := M( n, nextSt, LENGTH(b) )

end
return( nextSt )

end;

function Less_Than_Subsume( q1 : POSITION; q2 : POSITION ) : BOOLEAN;
(* Less_Than_Subsume( q1, q2 ) = true ⇔ q1 <χs q2 *)
VAR m : INTEGER;
begin
if( GET_POSITION_TYPE(q1) <> usual or GET_POSITION_Y(q2) <= GET_POSITION_Y(q1) )
then begin
return( false )

end
if( GET_POSITION_TYPE(q2) = t ) then begin
m = GET_POSITION_X(q2) + 1 - GET_POSITION_X(q1) end
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else begin
m = GET_POSITION_X(q2) - GET_POSITION_X(q1)

end
if( m < 0 ) then begin
m = -m

end
return( m <= GET_POSITION_Y(q2) - GET_POSITION_Y(q1) )

end;

function Delta_E( n : INTEGER, q : POSITION, b : STRING ) : STATE;
(* Delta_E( n, q, b ) ñúîòâåòñòâà íà δ∀,χe ( q, b ) *)
var deltaED : SETOFPOINTS;

st : STATE;
pi : POINT;

begin
deltaED := Delta_E_D( n,

NEW_POINT( GET_POSITION_TYPE(q),
GET_POSITION_X(q),
GET_POSITION_Y(q) ),

R(n, q, b) );
if( EMPTY_SET_OF_POINTS( deltaED ) ) then begin
return( {} )

end
st := {};
if( GET_POSITION_PARAM( q ) = I ) then begin
for pi in deltaED do begin
st := st U { NEW_POSITION( I,

GET_POINT_TYPE( pi ),
GET_POINT_X( pi ) - 1,
GET_POINT_Y( pi ) ) }

end end
else begin
for pi in deltaED do begin
st := st U { NEW_POSITION( M,

GET_POINT_TYPE( pi ),
GET_POINT_X( pi ),
GET_POINT_Y( pi ) ) }

end end
end
return( st )

end;

function M( n : INTEGER; st : STATE; k : INTEGER ) : STATE;
(* M( n, st, k ) ñúîòâåòñòâà íà mn( st, k ) *)
VAR m : STATE;

pi : POSITION;
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begin
m = {};
for pi in st do begin
if( GET_POSITION_PARAM(pi) = I ) then begin
m := m U { NEW_POSITION( M,

GET_POSITION_TYPE(pi),
GET_POSITION_X(pi) + n + 1 - k,
GET_POSITION_Y(pi) ) } end

else begin
m := m U { NEW_POSITION( I,

GET_POSITION_TYPE(pi),
GET_POSITION_X(pi) - n - 1 + k,
GET_POSITION_Y(pi) ) } end

end
end
return(m)

end;

function R( n : INTEGER; pos : POSITION; b : STRING ) : STRING;
(* R( n, pos, b ) ñúîòâåòñòâà íà rn( pos, b ) *)
VAR len : INTEGER;
begin
if( GET_POSITION_PARAM( pos ) = I ) then begin
if( n - GET_POSITION_Y(pos) + 1 < LENGTH(b) - n - GET_POSITION_X(pos) ) then begin
len := n - GET_POSITION_Y(pos) + 1 end

else begin
len := LENGTH(b) - n - GET_POSITION_X(pos)

end
return( SUB_STRING( b, n + GET_POSITION_X(pos) + 1, len ) )

end
if( n - GET_POSITION_Y(pos) + 1 < -GET_POSITION_X(pos) ) then begin
len := n - GET_POSITION_Y(pos) + 1 end

else begin
len := -GET_POSITION_X(pos)

end
return( SUB_STRING( b, LENGTH(b) + GET_POSITION_X(pos) + 1, len ) )

end;

function RM( st : STATE ) : POSITION;
(* RM( st ) ñúîòâåòñòâà íà rm( st ) *)
VAR pi, rm : POSITION;
begin
for pi in st do begin
if( GET_POSITION_TYPE(pi) = usual ) then begin
rm := pi

end
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end
for pi in st do begin
if( GET_POSITION_TYPE(pi) = usual and

GET_POSITION_X(pi) - GET_POSITION_Y(pi) >
GET_POSITION_X(rm) - GET_POSITION_Y(rm) ) then begin

rm := pi
end

end
return( rm )

end;

function F( n : INTEGER; pos : POSITION; k : INTEGER ) : BOOLEAN;
(* F( n, pos, k ) ñúîòâåòñòâà íà fn( pos, k ) *)
begin
if( GET_POSITION_PARAM(pos) = I ) then begin
return( k <= 2*n + 1 and

GET_POSITION_Y(pos) <= GET_POSITION_X(pos) + 2*n + 1 - k )
end
return( GET_POSITION_Y(pos) > GET_POSITION_X(pos) + n )

end;

function Delta_E_D( n : INTEGER; pt : POINT; h : STRING ) : SET_OF_POINTS;
(* Delta_E_D( n, pt, h ) ñúîòâåòñòâà íà δD,χe ( pt, h ) *)
VAR x,y,j,posOfFirst1 : INTEGER;
begin
x := GET_POINT_X(pt)
y := GET_POINT_Y(pt)
if( TYPE_OF_THE_AUTOMATON = usual ) then begin
if( LENGTH(h) = 0 ) then begin
if( y < n ) then begin
return( { NEW_POINT(x, y+1, usual) } )

end
return( {} )

end
if( h[1] = 1 ) then begin
return( { NEW_POINT(x+1, y, usual) } )

end
if( LENGTH(h) = 1 ) then begin
if( y < n ) then begin
return( { NEW_POINT(x, y+1, usual),

NEW_POINT(x+1, y+1, usual) } )
end
return( {} )

end
posOfFirst1 := 0;
for j := 2 to LENGTH(h) do begin
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if( h[j] = 1 ) then begin
posOfFirst1 := j;
goto LABEL2

end
end
LABEL2 :
if( posOfFirst1 = 0 ) then begin
return( { NEW_POINT(x, y+1, usual),

NEW_POINT(x+1, y+1, usual) } )
end
return( { NEW_POINT(x, y+1, usual),

NEW_POINT(x+1, y+1, usual),
NEW_POINT(x+j, y+j-1, usual) } ) end

else begin
if( TYPE_OF_THE_AUTOMATON = t ) then begin
if( GET_POINT_TYPE(pt) = t ) then begin
if( h[1] = 1 ) then begin
return( { NEW_POINT(x+2, y) } )

end
return( {} )

end
if( LENGTH(h) = 0 ) then begin
if( y < n ) then begin
return( { NEW_POINT(x, y+1, usual) } )

end
return( {} )

end
if( h[1] = 1 ) then begin
return( { NEW_POINT(x+1, y, usual) } )

end
if( LENGTH(h) = 1 ) then begin
if( y < n ) then begin
return( { NEW_POINT(x, y+1, usual),

NEW_POINT(x+1, y+1, usual) } )
end
return( {} )

end
if( h[2] = 1 ) then begin
return( { NEW_POINT(x, y+1, usual),

NEW_POINT(x+1, y+1, usual),
NEW_POINT(x+2, y+1, usual),
NEW_POINT(x, y+1, t) } )

end
posOfFirst1 := 0;
for j := 3 to LENGTH(h) do begin
if( h[j] = 1 ) then begin
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posOfFirst1 := j;
goto LABEL3

end
end
LABEL3 :
if( posOfFirst1 = 0 ) then begin
return( { NEW_POINT(x, y+1, usual),

NEW_POINT(x+1, y+1, usual) } )
end
return( { NEW_POINT(x, y+1, usual),

NEW_POINT(x+1, y+1, usual),
NEW_POINT(x+j, y+j-1, usual) } )

end
end
if( GET_POINT_TYPE(pt) = s ) then begin
return( { NEW_POINT(x+1, y) } )

end
if( LENGTH(h) = 0 ) then begin
if( y < n ) then begin
return( { NEW_POINT(x, y+1, usual) } )

end
return( {} )

end
if( h[1] = 1 ) then begin
return( { NEW_POINT(x+1, y, usual) } )

end
if( LENGTH(h) = 1 ) then begin
if( y < n ) then begin
return( { NEW_POINT(x, y+1, usual),

NEW_POINT(x+1, y+1, usual),
NEW_POINT(x, y+1, s) } )

end
end
return( { NEW_POINT(x, y+1, usual),

NEW_POINT(x+1, y+1, usual),
NEW_POINT(x+2, y+1, usual),
NEW_POINT(x, y+1, s) } )

end;

5.3. Îöåíêà íà ñëîæíîñòòà
Ùå äàäåì îöåíêà çà áðîÿ íà ñúñòîÿíèÿòà íà A∀,χn .
1) χ = ε
1.1) Ùå äàäåì îöåíêà çà |Iεstates|
Íåêà f : Iεs → [1, 2n+ 1], êàòî
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f(I + i#e)
def
= i+ e+ 1.

Íåêà g : Iεstates → {0, 1, ..., 2n + 1}∗, êàòî çà âñÿêî A ∈ Iεstates è âñÿêî
j ∈ [1, 2n+ 1] å èçïúëíåíî, ÷å |g(A)| = 2n+ 1 è

g(A)j =
{

0, àêî A⋂Aj = φ
f(π), àêî π ∈ A⋂Aj

êúäåòî Aj = {I − n+ j − 1− t#n−t|0 ≤ t < j + 1 div 2} è a div b = öÿëàòà
÷àñò, êîÿòî ïîëó÷àâàìå, êîãàòî äåëèì a íà b.

Î÷åâèäíî g å èíåêöèÿ è ∀k ∈ [1, 2n + 1]∀A ∈ Istates(g(A)k 6= 0 & 1 ≤ r <
k ⇒ g(A)k > g(A)r).

Ñëåäîâàòåëíî |Iεstates| ≤ |W |, êúäåòîW = {w|w ∈ {0, 1, ..., 2n+1}∗&|w| =
2n+ 1 & ∀k ∈ [1, 2n+ 1]∀r ∈ [1, k − 1](wk 6= 0⇒ wk > wr)}.

Î÷åâèäíî

|W | =
2n+1∑

k=1

(
2n+ 1
k

)2

=
(

2(2n+ 1)
2n+ 1

)
− 1 <

[2(2n+ 1)]!
(2n+ 1)!(2n+ 1)!

Êàòî èçïîëçâàìå ôîðìóëàòà íà Ñòèðëèíã, ïîëó÷àâàìå, ÷å

|W | = O(

√
(2n+ 1) (4n+ 2)4n+2e−(4n+2)

(2n+ 1)(2n+ 1)4n+2e−(4n+2)
) = O(24n−log2

√
2n+1)

Ñëåäîâàòåëíî |Iεstates| = O(24n−log2
√

2n+1)
1.2) Ùå äàäåì îöåíêà çà |M ε

states|
Î÷åâèäíî

M ε
states =

n⋃

k=0

{Ak}

êúäåòî Ak = {A|A ∈ M ε
states & ∃t(0 ≤ t ≤ k & rm(A) = M − k + t#t)}.

Î÷åâèäíî ∀k ∈ [0, n](|Ak| < |An|) è |An| < |Iεstates|. |A0| = 1. Ñëåäîâàòåëíî
|M ε

states| = O(n24n−log2
√

2n+1).
2) χ = ms
Îò Òâúðäåíèå 21 ñëåäâà, ÷å

|Imsstates| ≤
2n+1∑

k=1

(
2n+ 1
k

)2

2k = O(22n
2n+1∑

k=1

(
2n+ 1
k

)2

) = O(26n−log2
√

2n+1)

Î÷åâèäíî |Mms
states| = O(n26n−log2

√
2n+1).

3) χ = t

Î÷åâèäíî |Itstates| = O(26n−log2
√

2n+1) è |M t
states| = O(n26n−log2

√
2n+1).

Ðàçìåðúò íà ïàìåòòà, êîÿòî ùå èçïîëçâà ïðîöåäóðàòà Build_Automaton
åO(|Iχstates|+|Mχ

states|). (Íå îò÷èòàìå ïàìåòòà, êîÿòî ñå èçïîëçâà çà çàïèñâàíå
íà èçõîäàAUTOMATON .) Áðîÿò ñòúïêè, çà êîèòî ùå çàâúðøè ïðîöåäóðàòà
Build_Automaton, å O(n2(|Iχstates|+ |Mχ

states|)).
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5.4. Íÿêîè êðàéíè ðåçóëòàòè
χ = ε

n |Iεstates| |M ε
states| |{< q1, b, q2 > | !δ∀,εn (q1, b) & q2 = δ∀,εn (q1, b)}|

1 8 6 163
2 50 40 5073
3 322 280 144133
4 2187 2025 4067325
5 15510 15026 116976045
6 113633 113841 3445035693

χ = t

n |Itstates| |M t
states| |{< q1, b, q2 > | !δ∀,tn (q1, b) & q2 = δ∀,tn (q1, b)}|

1 9 7 187
2 66 54 6805
3 508 448 229025
4 4155 3884 7730973
5 35584 34711 267593313
6 315199 317409 9515031337

χ = ms

n |Imsstates| |Mms
states| |{< q1, b, q2 > | !δ∀,msn (q1, b) & q2 = δ∀,msn (q1, b)}|

1 9 8 197
2 76 75 8307
3 676 725 317039
4 6339 7214 12126471
5 61914 73566 476227735

6. Ìèíèìàëíîñò íà A∀,εn , A∀,tn è A∀,msn .
Òâúðäåíèå 20 Íåêà χ ∈ {ε, t,ms}. Íåêà n ∈ N è A ∈ Iχstates. Òîãàâà

∃b ∈ Σ∀n(!δ∀,χn (A, b) & δ∀,χn (A, b) ∈Mχ
states).

Äîêàçàòåëñòâî Íåêà k å íàé-ìàëêèÿò åëåìåíò íà 5a(A). Î÷åâèäíî
δ∀,χn (A, 1k) ∈Mχ

states.

Òâúðäåíèå 21
1) A ∈ Itstates & I + i#et ∈ A⇒ I + i+ 1#e ∈ A
2) A ∈M t

states &M + i#et ∈ A⇒M + i+ 1#e ∈ A
3) A ∈ Imsstates & I + i#es ∈ A⇒ I + i#e ∈ A
4) A ∈Mms

states &M + i#es ∈ A⇒M + i#e ∈ A

Äîêàçàòåëñòâî
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1) Íåêà A ∈ Itstates è I + i#et . Ñëåäîâàòåëíî ∃B ∈ Itstates
⋃
M t
states∃x ∈

Σ∀n(δ∀,tn (B, x) = A). Íåêà B ∈ Itstates
⋃
M t
states è x ∈ Σ∀n ñà òàêèâà, ÷å

δ∀,tn (B, x) = A. Ñëåäîâàòåëíî ∃π ∈ B(I + i#et ∈ δ∀,te (π, x) ∨ I + i#et ∈
mn(δ∀,te (π, x), |x|)). Íåêà π ∈ B, êàòî I + i#et ∈ δ∀,te (π, x) èëè I + i#et ∈
mn(δ∀,te (π, x), |x|)). Ñëåäîâàòåëíî I + i + 1#e ∈ δ∀,te (π, x) èëè I + i + 1#e ∈
mn(δ∀,te (π, x), |x|)). Îò I+ i#et ∈ A ñëåäâà, ÷å ¬∃π′ ∈ A(π′ <ts I+ i+1#e) (àêî
äîïóñíåì, ÷å π′ ∈ A è π′ <ts I + i + 1#e, òî π′ <ts I + i#et - ïðîòèâîðå÷èå).
Ñëåäîâàòåëíî I + i+ 1#e ∈ A.

2), 3) è 4) ñå äîêàçàâàò àíàëîãè÷íî íà 1).

Òâúðäåíèå 22 Íåêà χ ∈ {ε, t,ms}. Íåêà n ∈ N . Òîãàâà ∀A,B ∈ Iχstates(L(A) =
L(B)⇒ A = B).

Äîêàçàòåëñòâî
Ùå äåôèíèðàìå y : Iχs → N .
y(I + i#e)

def
= e

y(I + i#et )
def
= e

y(I + i#es )
def
= e

Ùå äåôèíèðàìå min : P (Iχs )→ P (Iχs ).
min(X)

def
= {π|π ∈ X & ∀π′ ∈ X(y(π′) ≥ y(π))}

Ôèã. 18 n = 5,
min({I − 2#2, I − 1#2, I + 1#3, I + 2#3, I + 5#5}) = {I − 2#2, I − 1#2}

Ïîìîùíî òâúðäåíèå ∀A,B ∈ Iχstates(L(A) = L(B)⇒ min(A) = min(B))
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Äîêàçàòåëñòâî Íåêà A,B ∈ Iχstates è L(A) = L(B). Ùå äåôèíèðàìå
MIN : Iχstates → N .

MIN(X) = e
def⇔ ∃π ∈ min(X)(y(π) = e)

(Î÷åâèäíî äåôèíèöèÿòà íà MIN å êîðåêòíà, çàùîòî X ∈ Iχstates ⇒
min(X) 6= φ è π1 ∈ min(X) & π2 ∈ min(X)⇒ y(π1) = y(π2).)

Äîïóñêàìå, ÷å min(A) 6= min(B).
1) MIN(A) < MIN(B)
Ùå ïîñòðîèì ðåäèöè {Ai}∞i=0 è {Bi}∞i=0, òàêà ÷å
∀i ∈ N(

Ai ∈ Iχstates &
Bi ∈ Iχstates &
MIN(Ai) = MIN(A) + i&
MIN(Bi) = MIN(B) + i&
L(Ai) = L(Bi)).

A0 = A, B0 = B. Íåêà Ai è Bi ñà ïîñòðîåíè, òàêà ÷å Ai ∈ Iχstates, Bi ∈
Iχstates, MIN(Ai) = MIN(A) + i, MIN(Bi) = MIN(B) + i è L(Ai) = L(Bi).

Ùå ïîñòðîèì Ai+1 è Bi+1. Íåêà b1 = 02n+2 ∈ Σ∀n. Îò MIN(Ai) <
MIN(Bi) ≤ n ñëåäâà, ÷å MIN(Ai) < n.

1.1) χ = ε
Ñëåäîâàòåíî !δ∀,εn (Ai, b1), δ∀,εn (Ai, b1) ∈ Iεstates èMIN(δ∀,εn (Ai, b1)) = MIN(Ai)+

1 = MIN(A) + i+ 1. Íåêà Ai+1 = δ∀,εn (Ai, b1). Ùå äîêàæåì, ÷å !δ∀,εn (Bi, b1).
Äîïóñêàìå, ÷å ¬!δ∀,εn (Bi, b1). Íåêà b′ ∈ Σ∀n e òàêîâà, ÷å !δ∀,εn (Ai+1, b

′) è δ∀,εn (Ai+1, b
′) ∈

M ε
states. (Îò Òâúðäåíèå 20 ñëåäâà, ÷å òàêîâà b′ ñúùåñòâóâà.) Ñëåäîâàòåëíî

b1b
′ ∈ L(Ai), íî b1b′ 6∈ L(Bi). Ñëåäîâàòåëíî L(Ai) 6= L(Bi). Ïðîòèâîðå÷èå.

Ñëåäîâàòåíî !δ∀,εn (B, b1). Ñëåäîâàòåíî δ∀,εn (B, b1) ∈ Iεstates èMIN(δ∀,εn (Bi, b1)) =
MIN(Bi)+1 = MIN(B)+i+1. ÍåêàBi+1 = δ∀,εn (Bi, b1). Î÷åâèäíî L(Ai+1) =
L(Bi+1) (èíà÷å L(Ai) 6= L(Bi)).

1.2) χ = t
Îò Òâúðäåíèå 21 ñëåäâà, ÷å ∃j∃e(I+j#e ∈ min(Ai)). Ñëåäîâàòåíî !δ∀,tn (Ai, b1),

δ∀,tn (Ai, b1) ∈ Itstates è MIN(δ∀,tn (Ai, b1)) = MIN(Ai) + 1 = MIN(A) +
i + 1. Ñëåäîâàòåíî !δ∀,tn (Bi, b1), δ∀,tn (Bi, b1) ∈ Itstates è MIN(δ∀,tn (Bi, b1)) =
MIN(Bi)+1 = MIN(B)+i+1. Íåêà Ai+1 = δ∀,tn (Ai, b1) è Bi+1 = δ∀,tn (Bi, b1).

1.3) χ = ms
Íåêà b′ = 12n+2. Î÷åâèäíî !δ∀,msn (Ai, b′), δ∀,msn (Ai, b′) ∈ Imsstates,MIN(δ∀,msn (Ai, b′)) =

MIN(Ai), ¬∃π ∈ δ∀,msn (Ai, b′)∃j∃e(π = I + j#e
s ), !δ∀,msn (Bi, b′), δ∀,msn (Bi, b′) ∈

Imsstates, MIN(δ∀,msn (Bi, b′)) = MIN(Bi) è ¬∃π ∈ δ∀,msn (Bi, b′)∃j∃e(π = I +
j#e
s ). Íåêà A′ = δ∀,msn (Ai, b′) è B′ = δ∀,msn (Bi, b′). Ñëåäîâàòåíî !δ∀,msn (A′, b1),
δ∀,msn (A′, b1) ∈ Imsstates èMIN(δ∀,msn (A′, b1)) = MIN(A′)+1 = MIN(Ai)+1 =
MIN(A) + i+ 1. Î÷åâèäíî L(A′) = L(B′). Ñëåäîâàòåíî !δ∀,msn (B′, b1) (èíà÷å
L(A′) 6= L(B′)). Ñëåäîâàòåíî δ∀,msn (B′, b1) ∈ Imsstates è MIN(δ∀,msn (B′, b1)) =
MIN(B′) + 1 = MIN(B) + i + 1. Íåêà Ai+1 = δ∀,msn (A′, b1) è Bi+1 =
δ∀,msn (B′, b1).

Ðåäèöèòå {Ai}∞i=0 è {Bi}∞i=0 ñà ïîñòðîåíè, íî òàêèâà ðåäèöè íå ìîæå äà
ñúùåñòâóâàò. Ïðîòèâîðå÷èå.
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2) MIN(A) > MIN(B)
Àíàëîãè÷íî íà 1) ñå ñòèãà äî ïðîòèâîðå÷èå.
3) MIN(A) = MIN(B) = m
3.1) ∃π ∈ min(A)(π 6∈ min(B))
Íåêà π ∈ min(A) è π 6∈ min(B).
3.1.1) χ = ε
Íåêà π = I + i#m.
Íåêà c = 0n+i10n+1−i.

Ôèã. 19 n = 5, π = I + 1#3, c = 06105

3.1.1.1) m < n
Îò äåôèíèöèÿòà íà δ∀,εn ñëåäâà, ÷åMIN(δ∀,εn (A, c)) = m èMIN(δ∀,εn (B, c)) =

m + 1. Îò 1) ñëåäâà, ÷å ∃c′ ∈ Σ∀n
∗(c′ ∈ L(δ∀,εn (A, c)) & c′ 6∈ L(δ∀,εn (B, c))).

Ñëåäîâàòåëíî cc′ ∈ L(A) è cc′ 6∈ L(B). ÑëåäîâàòåëíîL(A) 6= L(B). Ïðîòèâîðå÷èå.
3.1.1.2) m = n
Îò äåôèíèöèÿòà íà δ∀,εn ñëåäâà, ÷å !δ∀,εn (A, c) è ¬!δ∀,εn (B, c). Ñëåäîâàòåëíî

L(A) 6= L(B). Ïðîòèâîðå÷èå.
3.1.2) χ = t
3.1.2.1) Íåêà π = I + i#m.
Íåêà c = 0n+i10n+1−i. Î÷åâèäíî !δ∀,tn (A, c) è δ∀,tn (A, c) ∈ Itstates. Íåêà

A′ = δ∀,tn (A, c). Î÷åâèäíî MIN(A′) = MIN(A) = m, ¬∃π′ ∈ min(A′)∃j(π′ =
I + jmt ) è π ∈ A′. Ñëåäîâàòåëíî !δ∀,tn (B, c) (èíà÷å L(A) 6= L(B)). Íåêà B′ =
δ∀,tn (B, c). Ñëåäîâàòåëíî L(A′) = L(B′). Ñëåäîâàòåëíî MIN(B′) = m (àêî
MIN(B′) > m, òî îò 1) ñëåäâà, ÷å L(A′) 6= L(B′)). Ñëåäîâàòåëíî π 6∈ B′ è
¬∃π′ ∈ min(B′)∃j(π′ = I+jmt ). Î÷åâèäíî !δ∀,tn (A′, c) èMIN(δ∀,tn (A′, c)) = m.
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Ñëåäîâàòåëíî !δ∀,tn (B′, c) è L(δ∀,tn (A′, c)) = L(δ∀,tn (B′, c)). Î÷åâèäíîMIN(δ∀,tn (B′, c)) =
m+ 1. Îò 1) ñëåäâà, ÷å L(δ∀,tn (A′, c)) 6= L(δ∀,tn (B′, c)). Ïðîòèâîðå÷èå.

3.1.2.2) Íåêà π = I + i#mt .
Íåêà c = 0n+i10n+1−i. Î÷åâèäíî !δ∀,tn (A, c), δ∀,tn (A, c) ∈ Itstates,MIN(δ∀,tn (A, c)) =

m, I+i+1#m ∈ δ∀,tn (A, c), !δ∀,tn (B, c), δ∀,tn (B, c) ∈ Itstates,MIN(δ∀,tn (B, c)) = m,
I + i+ 1#m 6∈ δ∀,tn (B, c) è L(δ∀,tn (A, c)) = L(δ∀,tn (B, c)). Àíàëîãè÷íî íà 3.1.2.1)
ñòèãàìå äî ïðîòèâîðå÷èå.

3.1.3) χ = ms
3.1.3.1) Íåêà π = I + i#m.
Îò Òâúðäåíèå 21 ñëåäâà, ÷å I + i#ms 6∈ B (èíà÷å π = I + i#m ∈ B). Íåêà

c = 0n+i10n+1−i. Î÷åâèäíî !δ∀,msn (A, c) è δ∀,msn (A, c) ∈ Imsstates. Íåêà A′ =
δ∀,msn (A, c). Î÷åâèäíî MIN(A′) = MIN(A) = m, ¬∃π′ ∈ min(A′)∃j(π′ =
I+ jms ) è π ∈ A′. Ñëåäîâàòåëíî !δ∀,msn (B, c) (èíà÷å L(A) 6= L(B)). Íåêà B′ =
δ∀,msn (B, c). Ñëåäîâàòåëíî L(A′) = L(B′). Ñëåäîâàòåëíî MIN(B′) = m (àêî
MIN(B′) > m, òî îò 1) ñëåäâà, ÷å L(A′) 6= L(B′)). Ñëåäîâàòåëíî π 6∈ B′ è
¬∃π′ ∈ min(B′)∃j(π′ = I+jms ). Î÷åâèäíî !δ∀,msn (A′, c) èMIN(δ∀,msn (A′, c)) =
m. Ñëåäîâàòåëíî !δ∀,msn (B′, c) è L(δ∀,msn (A′, c)) = L(δ∀,msn (B′, c)). Î÷åâèäíî
MIN(δ∀,msn (B′, c)) = m+1. Îò 1) ñëåäâà, ÷å L(δ∀,msn (A′, c)) 6= L(δ∀,msn (B′, c)).
Ïðîòèâîðå÷èå.

3.1.3.2) Íåêà π = I + i#ms .
Íåêà c = 02n+2. Î÷åâèäíî !δ∀,msn (A, c), δ∀,msn (A, c) ∈ Imsstates,MIN(δ∀,msn (A, c)) =

m, I+i#m ∈ δ∀,msn (A, c), !δ∀,msn (B, c), δ∀,msn (B, c) ∈ Imsstates,MIN(δ∀,msn (B, c)) =
m, I + i#m 6∈ δ∀,msn (B, c) è L(δ∀,msn (A, c)) = L(δ∀,msn (B, c)). Àíàëîãè÷íî íà
3.1.3.1) ñòèãàìå äî ïðîòèâîðå÷èå.

3.2) ∃π ∈ min(B)(π 6∈ min(A))
Àíàëîãè÷íî íà 3.1) ñå ñòèãà äî ïðîòèâîðå÷èå.
Ïîìîùíîòî òâúðäåíèå å äîêàçàíî.

Ùå äåôèíèðàìå floor : P (Iχs )×N+ → P (Iχs ).

floor(X, 1)
def
= min(X)

floor(X, i+ 1)
def
= min(X\(

⋃

1≤j≤i
floor(X, j)))
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Ôèã. 20 n = 5, X = {I − 2#2, I − 1#2, I + 1#3, I + 2#3, I + 5#5}

Ùå äåôèíèðàìå FLOOR : Iχstates ×N+ d−→ N .

FLOOR(X, s)
def
=
{
e, àêî ∃π ∈ floor(X, s)(y(π) = e)
¬!, àêî floor(X, s) = φ

Ùå äîêàæåì ñ èíäóêöèÿ ïî i, ÷å ∀i∀A,B ∈ Iχstates(L(A) = L(B) ⇒
floor(A, i) = floor(B, i)).

1) i = 1
Íåêà A,B ∈ Iχstates è L(A) = L(B). floor(A, 1) = min(A) = min(B) =

floor(B, 1)
2) Èíäóêöèîííî ïðåäïîëîæåíèå: ∀j ≤ i∀A,B ∈ Iχstates(L(A) = L(B) ⇒

floor(A, j) = floor(B, j)).
Ùå äîêàæåì, ÷å ∀A,B ∈ Iχstates(L(A) = L(B)⇒ floor(A, i+1) = floor(B, i+

1)). Íåêà A,B ∈ Iχstates è L(A) = L(B). Äîïóñêàìå, ÷å floor(A, i + 1) 6=
floor(B, i+ 1).

2.1) ∃π ∈ floor(A, i+ 1)(π 6∈ floor(B, i+ 1))
2.1.1) ∃π ∈ floor(A, i+ 1)∃t∃r(π 6∈ floor(B, i+ 1) & π = I + t#r)
Íåêà π = I + t#r ∈ floor(A, i + 1) è π 6∈ floor(B, i + 1). Ñëåäîâàòåëíî

!FLOOR(A, i + 1). Ñëåäîâàòåëíî !FLOOR(A, 1). Íåêà f = FLOOR(A, i +
1) − FLOOR(A, 1). Íåêà x = 0n+t1n+1−t. Ùå ïîñòðîèì ðåäèöè {Aα}fα=0 è
{Bα}fα=0, òàêà ÷å
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∀α ∈ [0, f ](
Aα, Bα ∈ Iχstates &
L(Aα) = L(Bα) &
π ∈ Aα & π 6∈ Bα &
¬∃π′(π′ <χs π & π′ ∈ Aα

⋃
Bα) &

MIN(Aα) = MIN(Bα) = MIN(A) + α).

A0 = A,B0 = B. Îò èíäóêöèîííîòî ïðåäïîëîæåíèå ñëåäâà, ÷å ¬∃π′(π′ <χs
π & π′ ∈ A0

⋃
B0). Íåêà Aα è Bα ñà ïîñòðîåíè, êàòî

α < f &
Aα, Bα ∈ Iχstates &
L(Aα) = L(Bα) &
π ∈ Aα & π 6∈ Bα &
¬∃π′(π′ <χs π & π′ ∈ Aα

⋃
Bα) &

MIN(Aα) = MIN(Bα) = MIN(A) + α.

Ùå ïîñòðîèì Aα+1 è Bα+1.
2.1.1.1) χ = ε
Îò äåôèíèöèÿòà íà δ∀,εn ñëåäâà, ÷å !δ∀,εn (Aα, x). Íåêà Aα+1 = δ∀,εn (Aα, x).

Î÷åâèäíî Aα+1 ∈ Iεstates. Îò π ∈ Aα ñëåäâà, ÷å π ∈ Aα+1 è ¬∃π′(π′ <εs
π & π′ ∈ Aα+1). Ùå äîêàæåì, ÷å !δ∀,εn (Bα, x). Äîïóñêàìå, ÷å ¬!δ∀,εn (Bα, x).
Ñëåäîâàòåëíî L(Aα) 6= L(Bα). Ïðîòèâîðå÷èå. Ñëåäîâàòåëíî !δ∀,εn (Bα, x).
Íåêà Bα+1 = δ∀,εn (Bα, x). Î÷åâèäíî Bα+1 ∈ Iαstates è L(Aα+1) = L(Bα+1).
Îò ¬∃π′(π′ <εs π&π′ ∈ Bα) ñëåäâà, ÷å π 6∈ Bα+1 è ¬∃π′(π′ <εs π&π′ ∈ Bα+1).
Î÷åâèäíî MIN(Aα+1) = MIN(Bα+1) = MIN(Aα) + 1 = MIN(A) + α+ 1.

2.1.1.2) χ = t
Îò äåôèíèöèÿòà íà δ∀,tn ñëåäâà, ÷å !δ∀,tn (Aα, x). Íåêà Aα+1 = δ∀,tn (Aα, x).

Î÷åâèäíî Aα+1 ∈ Itstates. Îò ¬∃π′(π′ <ts π & π′ ∈ Aα) ñëåäâà, ÷å π ∈ Aα+1 è
¬∃π′(π′ <ts π & π′ ∈ Aα+1). (Àêî äîïóñíåì, ÷å I + t#bt ∈ Aα è b < r, òî îò
Òâúðäåíèå 21 ñëåäâà, ÷å I+t+1#b ∈ Aα. Íî I+t+1#b <ts π. Ïðîòèâîðå÷èå.)
Î÷åâèäíî !δ∀,tn (Bα, x). Íåêà Bα+1 = δ∀,tn (Bα, x). Î÷åâèäíî Bα+1 ∈ Itstates è
L(Aα+1) = L(Bα+1). Îò ¬∃π′(π′ <ts π & π′ ∈ Bα) ñëåäâà, ÷å π 6∈ Bα+1

è ¬∃π′(π′ <ts π & π′ ∈ Bα+1). Î÷åâèäíî MIN(Aα+1) = MIN(Bα+1) =
MIN(Aα) + 1 = MIN(A) + α+ 1.

2.1.1.3) χ = ms
Îò äåôèíèöèÿòà íà δ∀,msn ñëåäâà, ÷å !δ∀,msn (Aα, x).
2.1.1.3.1) ∃π′ ∈ min(Aα)∃i∃e(π′ = I + i#es )
Î÷åâèäíî !δ∀,msn

∗(Aα, xx). Íåêà Aα+1 = δ∀,msn
∗(Aα, xx). Ñëåäîâàòåëíî

!δ∀,msn
∗(Bα, xx). Íåêà Bα+1 = δ∀,msn

∗(Bα, xx).
2.1.1.3.2) ¬∃π′ ∈ min(Aα)∃i∃e(π′ = I + i#es )
ÍåêàAα+1 = δ∀,msn (Aα, x). Î÷åâèäíî !δ∀,msn (Bα, x). ÍåêàBα+1 = δ∀,msn (Bα, x).
Î÷åâèäíî Aα+1 ∈ Imsstates, Bα+1 ∈ Imsstates è L(Aα+1) = L(Bα+1). Î÷åâèäíî

MIN(Aα+1) = MIN(Bα+1) = MIN(Aα)+1 = MIN(A)+α+1. Îò ¬∃π′(π′ <mss
π & π′ ∈ Aα) ñëåäâà, ÷å π ∈ Aα+1 è ¬∃π′(π′ <mss π & π′ ∈ Aα+1). (Àêî
äîïóñíåì, ÷å I + a#b

s ∈ Aα, êàòî I + a#b <mss π, òî îò Òâúðäåíèå 21 ñëåäâà,
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÷å I + a#b ∈ Aα. Ïðîòèâîðå÷èå.) Îò ¬∃π′(π′ <mss π & π′ ∈ Bα) ñëåäâà, ÷å
π 6∈ Bα+1 è ¬∃π′(π′ <mss π & π′ ∈ Bα+1). (Àêî äîïóñíåì, ÷å I + t#rs ∈ Bα, òî
îò Òâúðäåíèå 21 ñëåäâà, ÷å π ∈ Bα. Ïðîòèâîðå÷èå.)

2.1.2) χ = t è ∃π ∈ floor(A, i+ 1)∃t∃r(π 6∈ floor(B, i+ 1) & π = I + t#rt )
Íåêà π = I + t#rt , π ∈ floor(A, i+ 1) è π 6∈ floor(B, i+ 1). Îò Òâúðäåíèå

21 ñëåäâà, ÷å I + t+ 1#r ∈ A. Ñëåäîâàòåëíî ¬∃π′(π′ <ts I + t+ 1#r &π′ ∈ A).
Îò èíäóêöèîííîòî ïðåäïîëîæåíèå ñëåäâà, ÷å ¬∃π′(π′ <ts I + t+ 1#r & π′ ∈
B). Î÷åâèäíî !δ∀,tn (A, 0n+t1n+1−t). Ñëåäîâàòåëíî !δ∀,tn (B, 0n+t1n+1−t). Íåêà
A′ = δ∀,tn (A, 0n+t1n+1−t) è B′ = δ∀,tn (B, 0n+t1n+1−t). Î÷åâèäíî MIN(A′) =
MIN(B′), I+t+1#r ∈ A′ è I+t+1#r 6∈ B′, êàòî ¬∃π′(π′ <ts I+t+1#r&π′ ∈
A′
⋃
B′). Íåêà f = r − FLOOR(A′, 1). Íåêà x = 0n+t+11n−t. Àíàëîãè÷íî íà

2.1.1.2) ïîñòðîÿâàìå ðåäèöè {Aα}fα=0 è {Bα}fα=0, êàòî A0 = A′ è B0 = B′.
2.1.3) χ = ms è ∃π ∈ floor(A, i+ 1)∃t∃r(π 6∈ floor(B, i+ 1) & π = I + t#rs )
Íåêà π = I + t#rs , π ∈ floor(A, i+ 1) è π 6∈ floor(B, i+ 1). Îò Òâúðäåíèå

21 ñëåäâà, ÷å I + t#r ∈ A. Ñëåäîâàòåëíî ¬∃π′(π′ <mss I + t#r & π′ ∈ A).
Îò èíäóêöèîííîòî ïðåäïîëîæåíèå ñëåäâà, ÷å ¬∃π′(π′ <mss I + t#r & π′ ∈
B). Î÷åâèäíî !δ∀,msn (A, 02n+2). Ñëåäîâàòåëíî !δ∀,msn (B, 02n+2). Íåêà A′ =
δ∀,msn (A, 02n+2) è B′ = δ∀,msn (B, 02n+2). Î÷åâèäíî MIN(A′) = MIN(B′),
I + t#r ∈ A′ è I + t#r 6∈ B′, êàòî ¬∃π′(π′ <mss I + t#r & π′ ∈ A′

⋃
B′).

Íåêà f = r − FLOOR(A′, 1). Íåêà x = 0n+t1n+1−t. Àíàëîãè÷íî íà 2.1.1.3)
ïîñòðîÿâàìå ðåäèöè {Aα}fα=0 è {Bα}fα=0, êàòî A0 = A′ è B0 = B′.

Ðåäèöèòå {Aα}fα=0 è {Bα}fα=0 ñà ïîñòðîåíè. Ñëåäîâàòåëíî MIN(Af ) =
MIN(Bf ) = MIN(A0)+f = MIN(A0)+r−FLOOR(A0, 1) = y(π). Ñëåäîâàòåëíî
π ∈ min(Af ), π 6∈ min(Bf ) è L(Af ) = L(Bf ). Ïðîòèâîðå÷èå. Ñëåäîâàòåëíî
floor(A, i+ 1) = floor(B, i+ 1).

2.2) ∃π ∈ floor(B, i+ 1)(π 6= floor(A, i+ 1))
Àíàëîãè÷íî íà 2.1) ñå ñòèãà äî ïðîòèâîðå÷èå.
Äîêàçàõìå, ÷å ∀i∀A,B ∈ Iχstates(L(A) = L(B)⇒ floor(A, i) = floor(B, i)).

Ñëåäîâàòåëíî ∀A,B ∈ Iχstates(L(A) = L(B)⇒ A = B).

Òâúðäåíèå 23 Íåêà χ ∈ {ε, t,ms}. Íåêà n ∈ N . Òîãàâà ∀A,B ∈Mχ
states(L(A) =

L(B)⇒ A = B).

Äîêàçàòåëñòâî Ùå äåôèíèðàìå y : Mχ
s → N .

y(M + i#e)
def
= e

y(M + i#et )
def
= e

y(M + i#es )
def
= e

Ùå äåôèíèðàìå min : P (Mχ
s )→ P (Mχ

s ).
min(X)

def
= {π|π ∈ X & ∀π′ ∈ X(y(π′) ≥ y(π))}

Ïîìîùíî òâúðäåíèå ∀A,B ∈Mχ
states(L(A) = L(B)⇒ min(A) = min(B))
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Äîêàçàòåëñòâî Íåêà A,B ∈ Mχ
states è L(A) = L(B). Ùå äåôèíèðàìå

MIN : Mχ
states → N .

MIN(X) = e
def⇔ ∃π ∈ min(X)(y(π) = e)

Äîïóñêàìå, ÷å min(A) 6= min(B).
1) MIN(A) < MIN(B)
Ùå ïîñòðîèì ðåäèöè {Ai}∞i=0 è {Bi}∞i=0, òàêà ÷å
∀i ∈ N(

Ai ∈Mχ
states &

Bi ∈Mχ
states &

MIN(Ai+1) > MIN(Ai) &
MIN(Bi+1) > MIN(Bi) &
MIN(Ai) < MIN(Bi) &
L(Ai) = L(Bi)).

A0 = A, B0 = B. Íåêà Ai è Bi ñà ïîñòðîåíè, òàêà ÷å
Ai ∈ Mχ

states, Bi ∈ Mχ
states, i > 0 ⇒ MIN(Ai) > MIN(Ai−1), i > 0 ⇒

MIN(Bi) > MIN(Bi−1), MIN(Ai) < MIN(Bi) è L(Ai) = L(Bi).
Ùå ïîñòðîèì Ai+1 è Bi+1. Îò MIN(Ai) < MIN(Bi) ≤ n ñëåäâà, ÷å

MIN(Ai) < n. Íåêà b1 = 0k, êàòî k å íÿêîé (íàïðèìåð íàé-ìàëêèÿò)
åëåìåíò íà 5a(Ai).

1.1) χ = ε
Ñëåäîâàòåíî !δ∀,εn (Ai, b1) (MIN(Ai) < n) èMIN(δ∀,εn (Ai, b1)) = MIN(Ai)+

1. Íåêà Ai+1 = δ∀,εn (Ai, b1). Ùå äîêàæåì, ÷å !δ∀,εn (Bi, b1). Äîïóñêàìå, ÷å
¬!δ∀,εn (Bi, b1). Ñëåäîâàòåëíî L(Ai) 6= L(Bi). Ïðîòèâîðå÷èå. Ñëåäîâàòåíî !δ∀,εn (B, b1).
Ñëåäîâàòåíî MIN(δ∀,εn (Bi, b1)) = MIN(Bi) + 1. Íåêà Bi+1 = δ∀,εn (Bi, b1).
Î÷åâèäíî L(Ai+1) = L(Bi+1) (èíà÷å L(Ai) 6= L(Bi)). Ùå äîêàæåì, ÷å Ai+1 ∈
M ε
states è Bi+1 ∈ M ε

states. Î÷åâèäíî Ai+1 ∈ M ε
states ⇔ Bi+1 ∈ M ε

states

(èíà÷å L(Ai) 6= L(Bi)). Äîïóñêàìå, ÷å Ai+1 ∈ Iεstates è Bi+1 ∈ Iεstates. Îò
MIN(Ai+1) = MIN(A) + i+ 1, MIN(Bi+1) = MIN(B) + i+ 1 è MIN(A) <
MIN(B) ñëåäâà, ÷å Ai+1 6= Bi+1. Îò Òâúðäåíèå 22 ñëåäâà, ÷å L(Ai+1) 6=
L(Bi+1). Ïðîòèâîðå÷èå. ÑëåäîâàòåíîAi+1 ∈M ε

states èBi+1 ∈M ε
states. Î÷åâèäíî

MIN(Ai+1) < MIN(Bi+1).
1.2) χ = t
Î÷åâèäíî ∃j∃e(M + j#e ∈ min(Ai)). (Îò Òâúðäåíèå 21 ñëåäâà, ÷å àêî

M + j#e
t ∈ min(Ai), òî M + j + 1#e ∈ min(Ai).) Ñëåäîâàòåíî !δ∀,tn (Ai, b1) è

MIN(δ∀,tn (Ai, b1)) = MIN(Ai)+1. Ñëåäîâàòåíî !δ∀,tn (Bi, b1) èMIN(δ∀,tn (Bi, b1)) =
MIN(Bi) + 1. Íåêà Ai+1 = δ∀,tn (Ai, b1) è Bi+1 = δ∀,tn (Bi, b1). Î÷åâèäíî
L(Ai+1) = L(Bi+1),Ai+1 ∈M t

states èBi+1 ∈M t
states èMIN(Ai+1) < MIN(Bi+1).

1.3) χ = ms
1.3.1) min(Ai) 6= {M#MIN(Ai)}
Íåêà b′ = 1k1 , êàòî k1 å íÿêîé (íàïðèìåð íàé-ìàëêèÿò) åëåìåíò íà

5a(Ai). Î÷åâèäíî !δ∀,msn (Ai, b′). ÍåêàA′ = δ∀,msn (Ai, b′). Î÷åâèäíîMIN(A′) =
MIN(Ai) è ¬∃π ∈ min(A′)∃j∃e(π = M + j#e

s ). Íåêà B′ = δ∀,msn (Bi, b′)
(î÷åâèäíî !δ∀,msn (Bi, b′)). Î÷åâèäíîMIN(B′) = MIN(Bi)+1 èëè (MIN(B′) =
MIN(Bi) è ¬∃π ∈ min(B′)∃j∃e(π = M + j#e

s )). Î÷åâèäíî A′ ∈ Mms
states

è B′ ∈ Mms
states. Íåêà b′′ = 0k2 , êàòî k2 å íÿêîé (íàïðèìåð íàé-ìàëêèÿò)

63



åëåìåíò íà 5a(A′). Ñëåäîâàòåíî !δ∀,msn (A′, b′′) è !δ∀,msn (B′, b′′). Íåêà Ai+1 =
δ∀,msn (A′, b′′) è Bi+1 = δ∀,msn (A′, b′′). Î÷åâèäíîMIN(Ai+1) = MIN(Ai) + 1 è
MIN(Bi+1) ≥MIN(Bi) + 1.

1.3.2) min(Ai) = {M#MIN(Ai)}
Î÷åâèäíî max(5a(Ai)) = MIN(Ai) + n < max(5a(Bi)) (ôèã. 20).

Ôèã. 21 n = 4, Ai = {M#2,M − 2#3,M − 4#3},
Bi = {M − 1#3,M − 4#3,M − 5#3,Ms − 4#3},

max(5a(Ai)) = 6, max(5a(Bi)) = 8

1.3.2.1) Bi = {M#n}
Î÷åâèäíî L(Ai) 6= L(Bi). Ïðîòèâîðå÷èå.
1.3.2.2) Bi 6= {M#n}
Íåêà b = 1max(5a(Bi)). Ñëåäîâàòåëíî !δ∀,msn (Bi, b) è ¬!δ∀,msn (Ai, b). Ñëåäîâàòåëíî

L(Ai) 6= L(Bi). Ïðîòèâîðå÷èå.
Ðåäèöèòå {Ai}∞i=0 è {Bi}∞i=0 ñà ïîñòðîåíè, íî òàêèâà ðåäèöè íå ìîæå äà

ñúùåñòâóâàò. Ïðîòèâîðå÷èå.
2) MIN(B) < MIN(A)
Àíàëîãè÷íî íà 1) ñå ñòèãà äî ïðîòèâîðå÷èå.
3) MIN(A) = MIN(B) = m
3.1) ∃π ∈ min(A)(π 6∈ min(B))
Íåêà π ∈ min(A) è π 6∈ min(B).
3.1.1) χ = ε
Íåêà π = M + i#m.
3.1.1.1) i < 0
Íåêà c = 0k+i10−i−1, êàòî k å íÿêîé (íàïðèìåð íàé-ìàëêèÿò) åëåìåíò íà

5a(A). Î÷åâèäíî !δ∀,εn (A, c) èMIN(δ∀,εn (A, c)) = m. Ñëåäîâàòåëíî !δ∀,εn (B, c).
Ñëåäîâàòåëíî MIN(δ∀,εn (B, c)) = m + 1. Ñëåäîâàòåëíî MIN(δ∀,εn (A, c)) <

64



MIN(δ∀,εn (B, c)). Î÷åâèäíî δ∀,εn (A, c) ∈M ε
states, δ∀,εn (B, c) ∈M ε

states è L(δ∀,εn (A, c)) =
L(δ∀,εn (B, c)). Àíàëîãè÷íî íà 1) äîñòèãàìå äî ïðîòèâîðå÷èå.

3.1.1.2) i = 0
Ùå äîêàæåì, ÷å m < n. Äîïóñêàìå, ÷å m = n. Ñëåäîâàòåëíî M#n 6∈

min(B). Ñëåäîâàòåëíî ¬∃π ∈ B∃j∃f(π = M+j#f&f ≤ j+n). Ñëåäîâàòåëíî
B 6∈M ε

states. Ïðîòèâîðå÷èå. Ñëåäîâàòåëíî m < n. Î÷åâèäíî max(5a(A)) =
m + n < max(5a(B)). Íåêà b = 1max(5a(B)). Ñëåäîâàòåëíî !δ∀,εn (B, b) è
¬!δ∀,εn (A, b). Ñëåäîâàòåëíî L(A) 6= L(B). Ïðîòèâîðå÷èå.

3.1.2) χ = t
3.1.2.1) Íåêà π = M + i#m.
3.1.1.1.1) i < 0
Íåêà c = 0k+i10−i−1, êàòî k å íÿêîé (íàïðèìåð íàé-ìàëêèÿò) åëåìåíò íà

5a(A). Î÷åâèäíî !δ∀,tn (A, c) èMIN(δ∀,tn (A, c)) = m. Ñëåäîâàòåëíî !δ∀,tn (B, c).
Ñëåäîâàòåëíî MIN(δ∀,tn (B, c)) = m (èíà÷å L(A) 6= L(B)). Ñëåäîâàòåëíî
M + i#mt ∈ B è i ≤ −2. Íåêà A′ = δ∀,tn (A, c) è B′ = δ∀,tn (B, c). Î÷åâèäíî
A′ 6= B′ è L(A′) = L(B′). Ñëåäîâàòåëíî A′ ∈ M t

states è B′ ∈ M t
states.

Î÷åâèäíî M + i+1#m ∈ A′, M + i+1#m 6∈ B′ è ¬∃π′∃j(π′ = M + j#m
t &π′ ∈

min(A′)
⋃
min(B′)). Íåêà c′ = 0k+i+110−i−2. Î÷åâèäíî !δ∀,tn (A′, c′). Ñëåäîâàòåëíî

!δ∀,tn (B′, c′). Î÷åâèäíî MIN(δ∀,tn (A′, c′)) = m, MIN(δ∀,tn (B′, c′)) = m + 1 è
L(δ∀,tn (A′, c′)) = L(δ∀,tn (B′, c′)). Àíàëîãè÷íî íà 1) äîñòèãàìå äî ïðîòèâîðå÷èå.

3.1.1.1.2) i = 0
Àíàëîãè÷íî íà 3.1.1.2) äîñòèãàìå äî ïðîòèâîðå÷èå.
3.1.2.2) Íåêà π = M + i#mt .
Íåêà c = 0k+i10−i−1, êàòî k å íÿêîé (íàïðèìåð íàé-ìàëêèÿò) åëåìåíò íà

5a(A). Î÷åâèäíî !δ∀,tn (A, c),MIN(δ∀,tn (A, c)) = m, !δ∀,tn (B, c),MIN(δ∀,tn (B, c)) =
m, δ∀,tn (A, c) ∈ M t

states, δ∀,tn (B, c) ∈ M t
states, M + i + 2#m ∈ δ∀,tn (A, c), M +

i + 2#m 6∈ δ∀,tn (B, c) è L(δ∀,tn (A, c)) = L(δ∀,tn (B, c)). Àíàëîãè÷íî íà 3.1.2.1)
ñòèãàìå äî ïðîòèâîðå÷èå.

3.1.3) χ = ms
3.1.3.1) Íåêà π = M + i#m.
3.1.3.1.1) i < 0
Íåêà c = 0k+i10−i−1, êàòî k å íÿêîé (íàïðèìåð íàé-ìàëêèÿò) åëåìåíò

íà 5a(A). Î÷åâèäíî !δ∀,msn (A, c) è MIN(δ∀,msn (A, c)) = m. Ñëåäîâàòåëíî
!δ∀,msn (B, c). Ñëåäîâàòåëíî MIN(δ∀,msn (B, c)) = m (èíà÷å L(A) 6= L(B)).
Íåêà A′ = δ∀,msn (A, c) è B′ = δ∀,msn (B, c). Î÷åâèäíî A′ 6= B′ è L(A′) = L(B′).
Ñëåäîâàòåëíî A′ ∈ Mms

states è B′ ∈ Mms
states. Î÷åâèäíî M + i + 1#m ∈ A′

è M + i + 1#m 6∈ B′. (Àêî äîïóñíåì, ÷å M + i#ms ∈ B, òî îò Òâúðäåíèå
21 ñëåäâà, ÷å M + i#m = π ∈ B. Ïðîòèâîðå÷èå.) Î÷åâèäíî ¬∃π′∃j(π′ =
M+j#m

s &π′ ∈ min(A′)
⋃
min(B′)). Ùå äîêàæåì, ÷å i+1 < 0. Äîïóñêàìå, ÷å

i+ 1 = 0. Àíàëîãè÷íî íà 3.1.1.2) äîñòèãàìå äî ïðîòèâîðå÷èå. Ñëåäîâàòåëíî
i + 1 < 0. Íåêà c′ = 0k+i+110−i−2. Î÷åâèäíî !δ∀,msn (A′, c′). Ñëåäîâàòåëíî
!δ∀,msn (B′, c′). Î÷åâèäíîMIN(δ∀,msn (A′, c′)) = m,MIN(δ∀,msn (B′, c′)) = m+1
è L(δ∀,msn (A′, c′)) = L(δ∀,msn (B′, c′)). Àíàëîãè÷íî íà 1) äîñòèãàìå äî ïðîòèâîðå÷èå.

3.1.3.1.2) i = 0
Àíàëîãè÷íî íà 3.1.1.2) äîñòèãàìå äî ïðîòèâîðå÷èå.

65



3.1.3.2) Íåêà π = M + i#ms .
Íåêà c = 0k, êàòî k å íÿêîé (íàïðèìåð íàé-ìàëêèÿò) åëåìåíò íà 5a(A).

Î÷åâèäíî !δ∀,msn (A, c),MIN(δ∀,msn (A, c)) = m, !δ∀,msn (B, c),MIN(δ∀,msn (B, c)) =
m, δ∀,msn (A, c) ∈ Mms

states, δ∀,msn (B, c) ∈ Mms
states, M + i + 1#m ∈ δ∀,msn (A, c),

M + i + 1#m 6∈ δ∀,msn (B, c) è L(δ∀,msn (A, c)) = L(δ∀,msn (B, c)). Àíàëîãè÷íî íà
3.1.3.1) ñòèãàìå äî ïðîòèâîðå÷èå.

3.2) ∃π ∈ min(B)(π 6∈ min(A))
Àíàëîãè÷íî íà 3.1) ñå ñòèãà äî ïðîòèâîðå÷èå.
Ïîìîùíîòî òâúðäåíèå å äîêàçàíî.

Ùå äåôèíèðàìå floor : P (Mχ
s )×N+ → P (Mχ

s ).

floor(X, 1)
def
= min(X)

floor(X, i+ 1)
def
= min(X\(

⋃

1≤j≤i
floor(X, j)))

Ùå äåôèíèðàìå FLOOR : Mχ
states ×N+ d−→ N .

FLOOR(X, s)
def
=
{
e, àêî ∃π ∈ floor(X, s)(y(π) = e)
¬!, àêî floor(X, s) = φ

Ùå äîêàæåì ñ èíäóêöèÿ ïî i, ÷å ∀i∀A,B ∈ Mχ
states(L(A) = L(B) ⇒

floor(A, i) = floor(B, i)).
1) i = 1
Íåêà A,B ∈ Mχ

states è L(A) = L(B). floor(A, 1) = min(A) = min(B) =
floor(B, 1)

2) Èíäóêöèîííî ïðåäïîëîæåíèå: ∀j ≤ i∀A,B ∈ Mχ
states(L(A) = L(B) ⇒

floor(A, j) = floor(B, j)).
Ùå äîêàæåì, ÷å ∀A,B ∈ Mχ

states(L(A) = L(B) ⇒ floor(A, i + 1) =
floor(B, i+1)). ÍåêàA,B ∈Mχ

states è L(A) = L(B). Äîïóñêàìå, ÷å floor(A, i+
1) 6= floor(B, i+ 1).

2.1) ∃π ∈ floor(A, i+ 1)(π 6∈ floor(B, i+ 1))
2.1.1) ∃π ∈ floor(A, i+ 1)∃t∃r(π 6∈ floor(B, i+ 1) & π = M + t#r)
Íåêà π = M + t#r ∈ floor(A, i + 1) è π 6∈ floor(B, i + 1). Ùå ïîñòðîèì

ðåäèöè {Aα}−tα=0 è {Bα}−tα=0, òàêà ÷å

∀α ∈ [0,−t](
Aα, Bα ∈Mχ

states &
L(Aα) = L(Bα) &
M + t+ α#r ∈ Aα &M + t+ α#r 6∈ Bα &
¬∃π′(π′ <χs M + t+ α#r & π′ ∈ Aα

⋃
Bα)).

A0 = A,B0 = B. Îò èíäóêöèîííîòî ïðåäïîëîæåíèå ñëåäâà, ÷å ¬∃π′(π′ <χs
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M + t#r & π′ ∈ A0

⋃
B0). Íåêà Aα è Bα ñà ïîñòðîåíè, êàòî

α < −t&
Aα, Bα ∈Mχ

states &
L(Aα) = L(Bα) &
M + t+ α#r ∈ Aα &M + t+ α#r 6∈ Bα &
¬∃π′(π′ <χs M + t+ α#r & π′ ∈ Aα

⋃
Bα).

Ùå ïîñòðîèì Aα+1 è Bα+1. Íåêà x = 0k+t10−t−1, êàòî k å íÿêîé (íàïðèìåð
íàé-ìàëêèÿò) åëåìåíò íà 5a(Aα).

2.1.1.1) χ = ε
Îò äåôèíèöèÿòà íà δ∀,εn ñëåäâà, ÷å !δ∀,εn (Aα, x). Ñëåäîâàòåëíî !δ∀,εn (Bα, x).

Íåêà Aα+1 = δ∀,εn (Aα, x) è Bα+1 = δ∀,εn (Bα, x). Îò M + t+α#r ∈ Aα, M + t+
α#r 6∈ Bα è ¬∃π′(π′ <χs M+t+α#r&π′ ∈ Aα

⋃
Bα) ñëåäâà, ÷å Aα+1 6= Bα+1.

Ñëåäîâàòåëíî Aα+1 ∈ M ε
states è Bα+1 ∈ M ε

states. Îò ¬∃π′(π′ <εs M + t +
α#r & π′ ∈ Aα) è M + t + α#r ∈ Aα ñëåäâà, ÷å M + t + α + 1#r ∈ Aα+1 è
¬∃π′(π′ <εs M+t+α+1#r&π′ ∈ Aα+1). Îò ¬∃π′(π′ <εs M+t+α#r&π′ ∈ Bα)
è M + t + α#r 6∈ Bα ñëåäâà, ÷å M + t + α + 1#r 6∈ Bα+1 è ¬∃π′(π′ <εs
M + t+ α+ 1#r & π′ ∈ Bα+1). Î÷åâèäíî L(Aα+1) = L(Bα+1).

2.1.1.2) χ = t
Îò äåôèíèöèÿòà íà δ∀,tn ñëåäâà, ÷å !δ∀,tn (Aα, x). Ñëåäîâàòåëíî !δ∀,tn (Bα, x).

Íåêà Aα+1 = δ∀,tn (Aα, x) è Bα+1 = δ∀,tn (Bα, x). Î÷åâèäíî Aα+1 6= Bα+1.
Ñëåäîâàòåëíî Aα+1 ∈ M t

states è Bα+1 ∈ M t
states. Îò ¬∃π′(π′ <ts M + t +

α#r & π′ ∈ Aα) è M + t + α#r ∈ Aα ñëåäâà, ÷å M + t + α + 1#r ∈ Aα+1 è
¬∃π′(π′ <ts M+ t+α+1#r&π′ ∈ Aα+1). (Àêî äîïóñíåì, ÷åM+ t+α#b

t ∈ Aα
è b < r, òî îò Òâúðäåíèå 21 ñëåäâà, ÷å M + t+α+ 1#b ∈ Aα. Íî M + t+α+
1#b <ts M + t+ α#r. Ïðîòèâîðå÷èå.) Îò ¬∃π′(π′ <ts M + t+ α#r & π′ ∈ Bα)
è M + t + α#r 6∈ Bα ñëåäâà, ÷å M + t + α + 1#r 6∈ Bα+1 è ¬∃π′(π′ <ts
M + t+ α+ 1#r & π′ ∈ Bα+1). Î÷åâèäíî L(Aα+1) = L(Bα+1).

2.1.1.3) χ = ms
Îò äåôèíèöèÿòà íà δ∀,msn ñëåäâà, ÷å !δ∀,msn (Aα, x). Ñëåäîâàòåëíî !δ∀,msn (Bα, x).

Íåêà Aα+1 = δ∀,msn (Aα, x) è Bα+1 = δ∀,msn (Bα, x). Î÷åâèäíî Aα+1 6= Bα+1.
Ñëåäîâàòåëíî Aα+1 ∈ Mms

states è Bα+1 ∈ Mms
states. Îò ¬∃π′(π′ <mss M + t +

α#r & π′ ∈ Aα) è M + t + α#r ∈ Aα ñëåäâà, ÷å M + t + α + 1#r ∈ Aα+1 è
¬∃π′(π′ <mss M+t+α+1#r&π′ ∈ Aα+1). (Àêî äîïóñíåì, ÷åM+t+α#b

s ∈ Aα
è b < r, òî îò Òâúðäåíèå 21 ñëåäâà, ÷åM+ t+α#b ∈ Aα. ÍîM+ t+α#b <mss
M + t + α#r. Ïðîòèâîðå÷èå.) Îò ¬∃π′(π′ <mss M + t + α#r & π′ ∈ Bα)
è M + t + α#r 6∈ Bα ñëåäâà, ÷å M + t + α + 1#r 6∈ Bα+1 è ¬∃π′(π′ <mss
M + t + α + 1#r & π′ ∈ Bα+1). (Àêî äîïóñíåì, ÷å M + t + α#r

s ∈ Bα, òî
îò Òâúðäåíèå 21 ñëåäâà, ÷å M + t + α#r ∈ Bα. Ïðîòèâîðå÷èå.) Î÷åâèäíî
L(Aα+1) = L(Bα+1).

2.1.2) χ = t è ∃π ∈ floor(A, i+ 1)∃t∃r(π 6∈ floor(B, i+ 1) & π = M + t#rt )
Íåêà π = M+t#rt , π ∈ floor(A, i+1) è π 6∈ floor(B, i+1). Îò Òâúðäåíèå 21

ñëåäâà, ÷åM+t+1#r ∈ A. Ñëåäîâàòåëíî ¬∃π′(π′ <ts M+t+1#r&π′ ∈ A). Îò
èíäóêöèîííîòî ïðåäïîëîæåíèå ñëåäâà, ÷å ¬∃π′(π′ <ts M + t+ 1#r &π′ ∈ B).
Íåêà k1 å íÿêîé (íàïðèìåð íàé-ìàëêèÿò) åëåìåíò íà 5a(A). Î÷åâèäíî
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!δ∀,tn (A, 0k1+t+110−t−2). Ñëåäîâàòåëíî !δ∀,tn (B, 0k1+t+110−t−2). ÍåêàA′ = δ∀,tn (A, 0k1+t+110−t−2)
è B′ = δ∀,tn (B, 0k1+t+110−t−2). Î÷åâèäíî M + t + 2#r ∈ A′ è M + t + 2#r 6∈
B′, êàòî ¬∃π′(π′ <ts M + t + 2#r & π′ ∈ A′

⋃
B′). Àíàëîãè÷íî íà 2.1.1.2)

ïîñòðîÿâàìå ðåäèöè {Aα}−t−2
α=0 è {Bα}−t−2

α=0 , êàòî A0 = A′ è B0 = B′.
2.1.3) χ = ms è ∃π ∈ floor(A, i+1)∃t∃r(π 6∈ floor(B, i+1)&π = M+ t#rs )
Íåêà π = M + t#rs , π ∈ floor(A, i+ 1) è π 6∈ floor(B, i+ 1). Îò Òâúðäåíèå

21 ñëåäâà, ÷å M + t#r ∈ A. Ñëåäîâàòåëíî ¬∃π′(π′ <mss M + t#r & π′ ∈ A).
Îò èíäóêöèîííîòî ïðåäïîëîæåíèå ñëåäâà, ÷å ¬∃π′(π′ <mss M + t#r & π′ ∈
B). Íåêà k1 å íÿêîé (íàïðèìåð íàé-ìàëêèÿò) åëåìåíò íà 5a(A). Î÷åâèäíî
!δ∀,msn (A, 0k1). Ñëåäîâàòåëíî !δ∀,msn (B, 0k1). Íåêà A′ = δ∀,msn (A, 0k1) è B′ =
δ∀,msn (B, 0k1). Î÷åâèäíîM+t+1#r ∈ A′ èM+t+1#r 6∈ B′, êàòî ¬∃π′(π′ <mss
M + t + 1#r & π′ ∈ A′

⋃
B′). Àíàëîãè÷íî íà 2.1.1.3) ïîñòðîÿâàìå ðåäèöè

{Aα}−t−1
α=0 è {Bα}−t−1

α=0 , êàòî A0 = A′ è B0 = B′.
Ðåäèöèòå {Aα}−tα=0 è {Bα}−tα=0 ñà ïîñòðîåíè. Ñëåäîâàòåëíî M#r ∈ A−t,

M#r 6∈ B−t è ¬∃π′(π′ <χs M#r & π′ ∈ Aα
⋃
Bα). Î÷åâèäíî r < n (èíà÷å

M#n 6∈ min(B−t) è B−t 6∈ Mχ
states). Î÷åâèäíî max(5a(A−t)) = r + n <

max(5a(B−t)). Íåêà b = 1max(5a(B−t)). Ñëåäîâàòåëíî !δ∀,εn (B−t, b) è ¬!δ∀,εn (A−t, b).
Ñëåäîâàòåëíî L(A) 6= L(B). Ïðîòèâîðå÷èå. Ñëåäîâàòåëíî floor(A, i + 1) =
floor(B, i+ 1).

2.2) ∃π ∈ floor(B, i+ 1)(π 6= floor(A, i+ 1))
Àíàëîãè÷íî íà 2.1) ñå ñòèãà äî ïðîòèâîðå÷èå.
Äîêàçàõìå, ÷å ∀i∀A,B ∈Mχ

states(L(A) = L(B)⇒ floor(A, i) = floor(B, i)).

Ñëåäîâàòåëíî ∀A,B ∈Mχ
states(L(A) = L(B)⇒ A = B).

Ñëåäñòâèå Íåêà χ ∈ {ε, t,ms}. Íåêà n ∈ N . Îò Òâúðäåíèå 22 è Òâúðäåíèå
23 ñëåäâà, ÷å A∀,χn å ìèíèìàëåí.

7. Íÿêîè ñâîéñòâà íà A∀,εn .
Òâúðäåíèå 24 Íåêà n ∈ N . Íåêà Q ⊆ Iεs , Q 6= φ è ∀q1, q2 ∈ Q(q1 6<εs q2).

Òîãàâà ∃b ∈ Σ∀n
∗(δ∀,εn

∗({I#0}, b) = Q).

Äîêàçàòåëñòâî
1) Q = {I#0}
b = ε
2) Q 6= {I#0}
Ùå ïîñòðîèì ðåäèöè {bi}n+1

i=1 è {qi}n+1
i=1 .

2.1) Íåêà b1 = 0n010n è q1 = δ∀,εn ({I#0}, b1)
2.2) Íåêà ñìå ïîñòîèëè bi è qi
Íåêà bi+1 = x1x2...x2n+2, êàòî ïðè 0 ≤ j ≤ 2n+ 2

xj =
{

1, àêî I + j − n− 1#e ∈ Q çà íÿêîå e ≤ i èëè j = n+ 2 + i
0 èíà÷å

Íåêà qi+1 = δ∀,εn (qi, bi+1).
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Î÷åâèäíî δ∀,εn
∗({I#0}, b) = Q.

Òâúðäåíèå 25 Íåêà n ∈ N . Íåêà Q ⊆ M ε
s , ∀q1, q2 ∈ Q(q1 6<εs q2),

∃q ∈ Q(q ≤εs M#n) è ∃i ∈ [−n, 0]∀q ∈ Q(M + i#0 ≤εs q). Òîãàâà ∃b ∈
Σ∀n
∗(δ∀,εn

∗({I#0}, b) = Q).

Äîêàçàòåëñòâî
1) Q = {M#0}
δ∀,εn ({I#0}, 0n1) = Q
2) Q 6= {M#0}
Íåêà i ∈ [−n, 0] å òàêîâà, ÷å ∀q ∈ Q(M + i#0 ≤εs q). Íåêà Q0 = {I + j −

i#f |M + j#f ∈ Q}. Ùå äåôèíèðàìå s : Iεstates → Σ∀n.
s(A)

def
= 1m, êúäåòî m = n+max{x− y|I + x#y ∈ A}+ n+ 1.

Íåêà k = |s(Q0)|. Íåêà M0 = δ∀,εn (Q0, s(Q0)) è Mi+1 = δ∀,εn (Mi, 1k−(i+1)).
Î÷åâèäíî ∃p ∈ N(Mp = Q). Ñëåäîâàòåëíî ∃b ∈ Σ∀n

∗(δ∀,εn
∗({I#0}, b) = Q).

Ñëåäñòâèå Íåêà n ∈ N . Îò Òâúðäåíèå 24 è Òâúðäåíèå 25 ñëåäâà, ÷å
I) Q ∈ Iεstates ⇔ Q ⊆ Iεs &Q 6= φ& ∀q1, q2 ∈ Q(q1 6<εs q2)
II) Q ∈M ε

states ⇔ Q ⊆M ε
s &Q 6= φ& ∀q1, q2 ∈ Q(q1 6<εs q2) &

max{x−y|M +x#y ∈ Q} ≤ min{x+y|M +x#y ∈ Q}&max{x−y|M +x#y ∈
Q} ≥ −n

Ñëåäñòâèå A∀,εn ìîæå äà áúäå ïîñòðîåí, êàòî ïàìåòòà, êîÿòî ñå èçïîëçâà,
å O(n2). (Íå îò÷èòàìå ïàìåòòà, êîÿòî ñå èçïîëçâà çà çàïèñâàíå íà èçõîäà
AUTOMATON .)
procedure Build_Automaton( n : INTEGER );
VAR st, nextSt : STATE;

b : STRING;
begin
for st in P( { pos | pos : POSITION and

GET_POSITION_PARAM(pos) = I and
GET_POSITION_TYPE(pos) = usual and
GET_POSITION_Y(pos) >= GET_POSITION_X(pos) and
GET_POSITION_Y(pos) >= -GET_POSITION_X(pos) and
0 <= GET_POSITION_Y(pos) <= n } ) do begin

if( Belongs_To_I_States(st) ) then begin
for b in { sym | sym : STRING and

1 <= LENGTH(sym) <= 2n+2 and
for all i( i in [1, LENGTH(sym)] =>

( sym[i] = 0 or sym[i] = 1 ) ) } do begin
if( Length_Covers_All_The_Positions( n, LENGTH(b), st ) ) then begin
nextSt := Delta( n, st, b );
if( not EMPTY_STATE( nextState ) ) then begin
if( HAS_NEVER_BEEN_PUSHED( nextSt ) ) then begin
PUSH_IN_QUEUE( nextState )

end
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ADD_TRANSITION( st, b , nextSt )
end

end
end

end
end

for st in P( { pos | pos : POSITION and
GET_POSITION_PARAM(pos) = M and
GET_POSITION_TYPE(pos) = usual and
GET_POSITION_Y(pos) >= -GET_POSITION_X(pos) - n and
0 <= GET_POSITION_Y(pos) <= n and
GET_POSITION_X(pos) <= 0 } ) do begin

if( Belongs_To_M_States(st) ) then begin
for b in { sym | sym : STRING and

1 <= LENGTH(sym) <= 2n+2 and
for all i( i in [1, LENGTH(sym)] =>

( sym[i] = 0 or sym[i] = 1 ) ) } do begin
if( Length_Covers_All_The_Positions( n, LENGTH(b), st ) ) then begin
nextSt := Delta( n, st, b );
if( not EMPTY_STATE( nextState ) ) then begin
if( HAS_NEVER_BEEN_PUSHED( nextSt ) ) then begin
PUSH_IN_QUEUE( nextState )

end
ADD_TRANSITION( st, b , nextSt )

end
end

end
end

end
end;

function Belongs_To_I_States( st : STATE ) : BOOLEAN;
VAR q1, q2 : POSITION;
begin
if( EMPTY_STATE( st : STATE ) ) then begin
return( false )

end
for q1 in st do begin
for q2 in st do begin
if( Less_Than_Subsume( q1, q2 ) ) then begin
return( false )

end
end

end
return( true )
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end;

function Belongs_To_M_States( st : STATE ) : BOOLEAN;
VAR q1, q2, leftMost, rightMost : POSITION;
begin
if( EMPTY_STATE( st : STATE ) ) then begin
return( false )

end
leftMost := GET_FIRST_POSITION(st);
rightMost := GET_FIRST_POSITION(st);
for q1 in st do begin
if( GET_POSITION_X(q1) + GET_POSITION_Y(q1) <

GET_POSITION_X(leftMost) + GET_POSITION_Y(leftMost) ) then begin
leftMost := q1

end
if( GET_POSITION_X(q1) - GET_POSITION_Y(q1) >

GET_POSITION_X(rightMost) - GET_POSITION_Y(rightMost) ) then begin
rightMost := q1

end
for q2 in st do begin
if( Less_Than_Subsume( q1, q2 ) ) then begin
return( false )

end
end

end
if( GET_POSITION_X(leftMost) + GET_POSITION_Y(leftMost) <

GET_POSITION_X(rightMost) - GET_POSITION_Y(rightMost) ) then begin
return( false )

end
return( true )

end;
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