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1 General concepts

In this chapter we will introduce the notation and remind some common
properties of the computable functions, enumeration reducability and w —
enumeration reducability. More information can be obtained in [7].

1.1 Computable functions and concepts

We will denote with N the set of all natural numbers which includes 0. If A
is a set with x4 we will denote its characteristic function i.e.

(z) = 1 ifxeA
XA =0 ifz ¢ A

A function is computable if there is a purely mechanical process to calculate
it’s values. As a general rule, when we say that a function is computable, we
assume that it is total. A function that is not total but can still be shown to
have a mechanism for calculating it’s values will be called partial computable.
With ¢. we will denote the partial computable function with index e.

We can encode pairs of natural numbers by a single number using the function
(x,y) — 2%(2y+1)—1 or the function (x,y) — ((z+y)(x+y+1)+y)/2, which
are bijections from N2 to N whose inverses are easily computable too. One can
then encode triples by using pairs of pairs, and then encode n — tuples, and
then tuples of arbitrary size, and then tuples of tuples, etc. The same way,
we can consider standard effective bijections between N and various other
sets like Z, QQ, etc. Given any such finite object a, we use "a ' to denote the
number coding a. By D, we denote the finite set D where u = ¥,cp2Y. We
say that u is a canonical index of the set D.

For n € N, we sometimes use n to denote the set {0,1,...,n — 1}. By 2% we
denote the set of all functions from N to {0, 1}, which we will sometimes refer
to as infinite binary sequences. For any set X, we use X<N to denote the
set of finite tuples of elements from X, which we call strings when X = 2 or
X =N. For 0 € XN and 7 € X<V, we use o7 to denote the concatenation
of these sequences. We use o C 7 to denote that ¢ is an initial segment of
7. When XY are subsets of N, we use X C Y to denote that X is a subset
of Y. We will explicitly mention if they are different.

If A and B are sets, with A ® B we will denote the following set

{20:2 € A} U{22+1:2 € B}
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We will say that A is turing reducable to B and write A <r B, if there is a
natural number e such that x4 = ¢Z, where ¢ is the function with index e
and has as an oracle B. The relation <7 is reflexive and transitive. Denote

AETB@ASTB/\BSTA

=7 is an equivalence relation. The equivalence classes we call Turing degrees.
By dr(A), we denote the equivalence class containing A. The class of all
Turing degrees we denote by Dy which is an upper semi-lattice.

The languages we consider will always be countable and computable. A
language £ consists of three sets of symbols {R; : i € Ig}, {fi : i € Ip},
and {¢; : i € Io}; and two functions ag and ap. Each of I, Ir, and I is
an initial segment of N. For i € Ig, ag(i) is the arity of R;, the same for
the others. A language is computable if the arity functions are computable.
This only matters when the language is infinite; finite languages are trivially
computable.

Remark: on certain places we will use the notation w to denote the set
{0,1,2...}.

1.2 Enumeration reducibility and w-enumeration re-
ducibility

Definition 1. Given sets A, B C N we say that A <., B if there is an
enumeration operator I', such that A =T,(B) ,i.e.

(Vz)(z € A< (Fv)((v,x) € W, AN D, C B))

In the above definition D, is the finite set with canonical code v and W,
is the computably enumerable (c.e.) set with index z with respect to an
effective numbering of all c.e. sets. We can easily see that the relation <, is
reflexive and transitive. Let

A=, B A<.BAB<. A
The enumeration degree of a set A is the equivalence class relatively =..

Definition 2. Let A C N and let AT be defined as A @ (N\A). We say that
A is total iff A =, AT.



If X is a total set then A <, X < A is c.e. in X. An enumeration degree
a is total if a contains a total set. Let d.(X) be the enumeration degree of
a set X. We can define an ordering on the enumeration degrees in the usual
way: d.(A) < d.(B) & A <. B. Denote by D, the set of all enumeration
degrees.

Definition 3. Given a set A CN, let K§ = {(z,z) : x € T,(A)}. Define A’
to be K%Jr. We call A" the enumeration jump of A.

From now on whenever we use the jump operation, we will mean enumer-
ation jump.
The following properties will be used throughout the paper:

Properties 1. i) If n < m then A™ <, At uniformly in n and m.
ii) If A <. B then A’ <, B'.

ii') If A <. B then A™ <, B™ uniformly in n.

i) If n > 0 then A™ is a total set.

Denote by & the set of all sequences of sets of natural numbers. For each
element 5 = {B,}, ,, of & (such element from now on will be denoted just

by g), call the jump class of § the set
Jg ={dr(X) : (Vn)(B, is c.e. in X ™ uniformly in n)}.

For every two sequences X and § let X <w § (Z is w — enumeration
reducible to E) if Jg C Jg. The relation <, is reflexive and transitive.
Let Z =, ? it J4 = Jz. Hence =, is an equivalence relation on &.
Let the w — enumeration degree of B be dw(ﬁ) = {X A =, ﬁ} and
D, = {d%ﬁ) B e} Ifa=d (A) and b = dy(B), then a <, b
if X <. B. Denote by 0, = d,(0,), where @, is the sequence with all
members equal to ). There is a natural embedding of the enumeration
degrees into the w — enumeration degrees. Given a set A denote by A T w
the sequence {A,}, ., where Ay = A and for all n > 0 A, = @. For every
A,B C N we have that A <, Bif A1 w <, B 1 w. So the mapping
£(d.(A)) = d,(A T w) gives an isomorphic embedding of D, to D,,. We shall
identify the enumeration degree d.(A) with its representation d,(A T w) in
D,. So when a = d.(A) and b € D, then by writing a <, b we mean
dy(ATw) <, b.

Remark: from now on we will write Z <, B instead of Z <. BtTw.
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Definition 4. Let B be a sequence of sets which are subsets of N. We define
the respective jump sequence P(B) = {P,(b5)},.., by induction on n:
Z)Pg(ﬁ) = B(),'

ii)Pas(B) = (Pu(B)) & Bua.

We can see that if X C N, then P,(X 1 w) =, X™ uniformly in n.
We will list some simple proprties of the jump sequence which follow easily
from the definition.

Properties 2. i) If m <n then Pm(g) < Pn(g) uniformly in n and m.
it) If m < n then B,, <. Pn(ﬁ) uniformly in n and m.

The following theorem proven by Soskov links the two reducabilities

Theorem 1. Let XO, e Zr, ... be a sequence of sets such that for every r,
Xr Lo 5. There is a total set X such that B <, {XM} _ . and XT Lo
(XM7Y for each r.

n<w

Remark: It follows that if X C N then for every sequence X we have:
A, <. X™ uniformly in n iff Z <w {X(”)},Kw iff Z <, X T w. We also
have A =, P(X)

An important corollary to Theorem 1 is the following:

Lemma 1. (Soskov [5]) Let A and B be two sequences of sets of natural
numbers. The following conditions are equivalent:

i) Z <w i.e. for every total set X, if B, <. X™ wuniformly in n, then
A, <, Xm u%‘/‘ormly m n.

ii) A, <. P,(B) uniformly in n, i.e. there is a computable function g, such
tthat A, = Fg(n)(Pn(g) for every n.

2 Introduction to the field of study

We all know that in mathematics there are proofs that are more difficult than
others, constructions that are more complicated than others, and objects that
are harder to describe than others. The object of computable mathematics
is to study this complexity, to measure it, and to understand where it comes
from.

Here, we will concentrate on the complexity of structures. By structures,
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we mean objects like rings, graphs or linear orderings, which consist of a
domain on which we have relations, functions and constants. Also important
is to study the interplay betwen complexity and structure. By complexity, we
mean descriptional or computational complexity, in the sense of how difficult
it is to describe or compute a certain object. By structure, we refer to
algebraic or structural properties of mathematical structures. The setting is
that of infinite countable structures and thus, within the whole hierarchy of
complexity levels, the appropriate tools to measure complexity are those used
in computability theory. The motivations for the study come from questions
of the following sort: are there syntactical properties that explain why certain
objects ( like structures, relations or isomorphisms) are easier or harder to
compute or to describe?

Given a structure 2(, an w — presentation of it(or copy) is a structure whose
domain is N. What we will need is the w — presentation to be isomorphic
to 2. The following definition will give a way for representing a structure in
order to analyze its computational complexity.

Definition 5. Let £ be a first order language. Let {¢; : © € N} be an
effective enumeration of all atomic formulas with free variables from the set

{zo,x1,...}. The atomic diagram of an w — presentation M is the infinite
binary string D(ON) € 2N defined by

D(im)(z):{ L if M @iz —j:5€N]

0 otherwise.
Definition 6. Let A be a structure (with domain N). A relation R is rela-
tively intrinsically computably enumerable ( r.i.c.e. ) if, for every copy B of
2, the relation R® is c.e. in D(B).

Definition 7. An infinitary ¥, forumla is a countable infinite (or finite)
disjunction of existential formulas over a finite set of free variables. A com-
putable infinitary ¥y formula (denoted ¥5) is an infinite or finite disjunction
of a computable list of existential formulas over a finite set of free variables.

A detailed exposition of infinitary formulas and their properties can be
found in [6].

Definition 8. A relation R is X{ —de finable in A with parameters if there is
a tuplep € NN and a computable sequence of 35 formulas 1; j(x1, ..., Tipl, Y1y s Yj)s
fori,5 € N such that

R={(5) e N : 2 | o, (5. )}.
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The elements in p are the parameters in the definition of R.

The following fundamental theorem was proven by Ash, Knight, Manasse
and Slaman [2], and independently by Chisholm [3].

Theorem 2. Let 2 be a structure and R a relation on it. The following are
equivalent

1. R s r.i.c.e.
2. R is X5 definable in A with parameters.
Ash, Knight [1] proved further

Theorem 3. Let 2 be a computable structure, and let R and P be further
relations on A. Then the following are equivalent:

1. For all B = A, if R® is X0 relative to B, then so is P®.

2. P s definable in the structure 2 by a computable infinitary X, formula
(T, ), with a finite tuple of parameters ¢, in which the relation symbol
for R appears only positively.

Soskov and Baleva [4] introduced the concept of o — intrinsic relations
to prove a generalization of the above results.

Definition 9. For a structure A, a further relation R and a sequence of
relations ﬁ, we say that R is relatively o — intrinsic on A with respect to

if for every B = A, if the inverse image of B is enumeration reducible to
B, then R® is enumeration reducible to B.

Definition 10. Let A C N. The set A is formally o — de finable on A with
respect to the sequence § if there exists a X7 formula ® with free variables
among Wy, ...,W,, X and elements ty,...,t,. of N such that for every element
s of N the following equivalence holds:

seAsA ): (I)(Wl/tl, e Wr/tr,X/S).
Refer to [4] for the more involved definition of the X} formulas.

Theorem 4. (Soskov, Baleva [4]). For a structure A, a further relation R
and a sequence of relations B, the following are equivalent
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1. R is relatively o — intrinsic on 2A with respect to §
2. R is formally o — definable on 2.
The work concentrates around the following two problems

1. Find syntactical conditions, on a given structure I and sequences of
relations and B, guaranteeing that in all copies 8 of 2, if the
sequence with respect to the copy ‘B is enumeration reducible to

%, then the sequence with respect to the copy 8 is enumeration
reducible to B.

2. Find syntactical conditions, on a sequence of structures i and further
sequences of relations A and 5, guaranteeing that in all copies g of
, if the sequence ? with respect to the copies is w — enumeration
reducible to %5, then the sequence with respect to the copies is

w — enumeration reducible to 5.

3 Relatively intrinsic sequence on a structure

3.1 General concepts, forcing and modelling relations,
forcing definability

Suppose we are given the first order relational language £ = (77, ..., Ty). Let
A = (N, Ry, ...Ry) be a structure for £, where the predicates = and # are
among the list Ry, ..., Ry and N is the set of all natural numbers. We are also
given two sequences of subsets of N, i.e. X and ﬁ.(We assume that each of
A, and B,, is a subset of N for simplicity. The proofs in the general case are
similar)

A total mapping from N onto N is called an enumaration of the structure 2.

Given an enumeration f and a sequence Z, by f *1(X) we will denote the
following sequence f~'(Ap), f71 (A1), ....

Definition 11. We say that the sequence X of subsets of N s relatively
intrinsic on A with respect to the sequence B if for every enumeration f of
2 such that f~1(B,) <. ffl(i)l)(n) uniformly in n, the sequence ffl(X) is
w — enumeration reducible to f~1(2A).



We introduce a more convenient definition of a copy, when the language
under consideration is finite. They can be shown to be Turing equivalent.

Definition 12. Let f be an enumaration of the structure 2 and let B be a
subset of N™. Then, f~(B) = {{z1,...,x,) : (f(z1),..., f(z,)) € B} and
YR = YR @ fH(Ry)... ® fY(Ry). The latter set is called the copy
of the structure 2.

In particular, if f is the identity function, we will denote f~*(2) by D(2).

Definition 13. An enumeration f of A is called acceptable with repsect to
B if
(Vn)[f~H(B,) <. fﬁl(Ql)(n) uniformly in n |.

Definition 14. Let f be an acceptable enumeration of 2 with respect to ﬁ
We denote by P/ = {Pﬂ:}n@) the respective jump sequence of the sequence

{1 Q) @ fFH(Bo), fH(B1) ..., f(Bn), ...}, where
Pl =P,({f ') @ fYBy), fH(BL)..., f(B),...}).

Lemma 2. An enumeration f on 2l is acceptable with respect to ? iff PF <,

7.

Proof. Since f is acceptable, we have that f~'(B,) = Wh(n)(f_l(Ql)(n)),
where h is a computable function. We shall prove by induction on n that
PI =Wy (f ~1(20)™), where g is a computable function.

1. Let n = 0. By definition, P/ = f~'(2A) & f~1(By). Let h(0) = €.
By assumption f~(By) = W (f~1()) and f7H(2A) = W, (f71(A)),
where eq is obtained effectively. Then we can obtain effectively an
index iy such that P = Wi, (f~1(A)). Let g(0) = io.

2. Assume the statement is true for n and we will prove it for n 4+ 1. Us-
ing the definition of the jump sequence P/, = (P! @ f~'(Bn11).
By assumption, we can obtain effectively an index e;, ; such that
Y Bpy1) = We;M(f’l(Q[)(n)). By induction hypothesis we have
Pl = W, (f~4(20)"™) where g(n) = i,. By the properties of the

enumeration jump, we can effectively obtain an index e,,; such that

(PHY =W, .. (f _I(Ql)(nﬂ)). Then we can effectively obtain an index

ing1 from e,y1 and ¢, such that Pl = Wi, (f71(2)™"Y),

9



We have
9(0) = i
g(n+1) = H(g(n),h(n))

where H is computable function.

(+) Assume P/ <, f *1(91)(71) uniformly in n via the computable function
gie Pl = Wg(n)(ffl(Ql)(n)). Let g(n) = e,. Then we can effectively pass
from an index e, such that P/ = W, (f _1(91)(n)) to an index h(n) = i, such
that £~ (B,) = Wi, (f 71 (2)™). O

Definition 15. Let f be an enumeration of . For every n,xz and e € N, we
define the relations f =, Fe(z) and f =, = F.(z) by induction on n:

i) [ o Fo(x) iff ()]
a) u=(0,(i,xf,.., o
b) u=(2,xu) A\ f(2u)

) I Eun Fa(2) iff (30)[{0,2) € W, A (Vu € D,)
((u - <O €u,$u> /\f ):n eu<$ )) Vv
(u=(1,eu,x,) A f En —F., (24)) V
(u=(2,24) A f(zu) € Bnt1))]

“’7’) f }Zn _'Fe(x) Zﬁf}ﬁn Fe(x)

Remark: We have an arbitrary coding of the tuples of natural numbers.
We are not interested in what exactly it looks like, but we can say that there
is an effective way to go from this coding to a coding that would resemble
the elements of the sets in their entirety.

We will need the following properties of the jump sequence:

,x) € We AN (Vu € D,)

v, )
> A (f('rzf>7 ( 7"1>> S RZ or
€ By

\//\

Properties 3. i) P/ <. P,(P/) uniformly in n.
ii) P,(PY) <. P uniformly in n.

Lemma 3. i) Let C C N, n € N. Then C <. P! iff there is ¢ € N such

that C' ={z: f =, Fe(2)}

it) Let C' be a sequence of sets. 8 <. P iff there exists a total computable
function g, such that C,, = {z : f =, Fym)(x)}
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Proof. i) We will prove the statement by induction on the definition of
the modelling relation. To be more precise, we will prove for every n,

C:WE(P,{)<=>C:{$:]C):”F6($)}.

1. Let n=20
(—) Following the definition of enumeration reducability,

reC e I((v,z) e W.AD, C Pl).

Recall that P/ = f~1(2A) & f~'(B,). From the definition of the mod-
elling relation, we get f o Fo(z). Hence C = {x : f o F.(2)}.
(+) Fix a natural number e and assume C' = {x : f ¢ F.(z)}. Hence,

relC s [l F(x)

& Ju((v,z) € W, AD, C P)
& e W.(P)).
Thus, we get C' <, Pdc.

2. Assume the statement is true for n. We will prove it for n + 1.
(=) Let C <. P, ie. C = W.(P],) for some index e. From the def-
inition of enumeration reducability and its jump we have the following
equivalences:

z€C e (I)((v,z) €eW,AD, C PL))
< (Fv)((v,z) € W A ((Yu € Dy)
(u = (0, ey, 2,) Ay € We, (P))V
(u= (1, ew, 2) Ay & We,(P]))V
(u=(2,z,) Ao € [ (Bun1)))).

Let C, = W, (P/). By induction hypothesis, z, € C,, < f =, Fo.,(7,)
and x, € C, & [ =, —F., (z,). We can rewrite the equivalences as

follows:
relC« (Fv)((v,z)y e W.AND, C P7{+1)

< () (v, z) € W A ((Yu € D,)
(u =0, ey, x,) Nxy € C,)V

11



(1, eu, Tu) Ny & Cy)V
(2,24) Ay € fH(Bas1))))
& (Fv)((v,z) € W A ((Vu € D,)
(U = <07 €u,33'u> A f ):n Feu(iﬁu))\/
(U = <1a Cus xu) A f ):n ﬁF’eu(ﬁu))\/
(= (2.2.) A € F (Bus)))).
Now by the modelling definition, we get what we needed.

(<) Let C = {z : f |=n F.(x)}. We want to see C = W,(P/,,). By
assumption and the modelling definition:

(u

(u

reC & fEun Fo(r) < () ((v,z) € W A (Yu € D,)

(u=1(0,eu, ) A f [Fn Fe,(2a))V
(u= (1, ey, xu) A f En Fe, (24))V
(u=(2,2,) A f(2u) € Bny1)))

Let C, = {z : f =, F.,()}. By induction hypothesis C,, = W, (P/). Thus

we have:

u

f ):n Feu(xu) = Ty € Cu ~ Ty € Weu(P7{>
flEnF. (v,) e 2, &Cye x, & W, (P

Hence we can rewrite the equivalences in the following way:
reCs (F)((v,z) e WA (Vu € D,)
((w= (0, ey, 2u) Ny € We, (PD)V
(w=(1,e4,1,) ANy & We,(PH))V

(u= (2,20 A f(zu) € Bny1)))

Hence = € We(P7{+1) and thus C' <, Pgﬂ.

ii) («-) We want to prove C, <. P,(P/) uniformly in n. Since P/ <. P,(P/)
uniformly in n, it will be enough to prove C, <. P/ uniformly in n. By
assumption we have for every n, C,, = {z : f |=, Fyu)(x)}. By i)

Con = Wym)(P),
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where g is a computable function.

(=) By assumption we have C,, <, P,(Pf) uniformly in n. Since P,(Pf) <,
P/ uniformly in n, we have C, <, P/ uniformly in n. By i)

Co = {x: [ IEn Fymy(2)},

where ¢ is the computable function from the last uniformity. O]

Remark: To be more precise i) would look like C' <, P/ iff there is e € N
such that C' = {x : f =, Fje(x)}, where h is a computable function that
we use to pass from our coding to a coding that resembles the sets in the
jump sequence P/,

Definition 16. The forcing conditions, called finite parts, are finite map-
pings T of N to N. We will denote the finite parts by letters §, T, p. For each
n,e,x € N and for every finite part T, define the forcing relations T IF,, F.(x)
and 7 |k, = F () following the definition of the relation "=, ”.

i) T lFo Fe(z) iff (3v)((v,x) € We A (Vu € D,)) either
a)u=(0,(,2f,...,2p)) At, ...,z € dom(T) A (T(xY), ..., T(x})) € R; or
b) u=(2,z,) Nz, € dom(r) A7(z,) € By

i) T by Fe(z) iff (3v)[(v,2) € W A (Vu € D,)
((u =10, ey, xy) AT Ik Fp (24,)) V

(u= (1, ey, ) AT I, 2 F,, (2,)) V

(u=(2,7,) ANT(24) € Bnia))]

iii) T IF = Fo(x) iff (Vp 2 7)[p W Fe(z)]

Definition 17. Let f be an enumeration of A. We say that f is k-generic
with respect to ? if for every j <k and e,x € N:

(37 C f)(r Ik Fo(x) V1 lkbj = F(2))

Lemma 4. i) If 7 C p then 7 Ik (=) Feo(x) implies p Ik (=) Fo(x);
ii) For every (k4 1) — generic enumeration f of A, f | (—)Fe(z) iff
(B € N7 Ik (2) Fe(w)).

Proof. i) Let 7 C p. We will prove the assertion by induction on k.

13



1. Let k = 0. Let 7 Ig Fo(z). Then there exists v such that D, has the
properties from the definition. From 7 C p we have p Iy F.(z).
Let 7 IFg =F.(x). Assume that p g =F.(z). From the definition of
forcing we have that 39 O p D 7 such that § kg F.(z). From the
definition of forcing and 6 O 7, we get 0 g F.(z). Contradiction.

2. Let the assertion be true for k = n. We will prove it for k£ 4 1.
Let 7 IF,41 Fo(x). Then exists v such that D, is a finite set that has
the properties form the definition of forcing. Let v € D,. From the
definition of forcing we have the following three cases:
case 1: u = (0,e,,z,) AT Ik, Fe,(z,). By induction hypothesis
plkn Fe (z4).
case 2: u = (1,e,,xy) AT I, =F,, (x,). By induction hypothesis
plF=F, (z,).
case 3: u = (2,x,) AT(xy) € Byy1. Since 7 C p, we have p(x,,) € Bi1.
Combining the three cases and the definition of forcing, we have p I-,11

F.(z).

Let 7 IF,11 —F.(z). Assume that p I, 1 —F.(z). From the defini-
tion of forcing we have that 36 O p O 7 such that 0 IF,41 F.(z). From
the definition of forcing and § O 7, we get § If,,11 F.(x). Contradiction.

ii) We prove the assertion by induction on k.

1. Let £ = 0. We look at the positive case.
(<) We have (37 C f)(7 Iko F.(z)). Using the finite set D, from the
definition of forcing and applying it to the definition of the modelling
relation, we get f o Fo(z).
(—) We have f |=o Fe(z). Using the set D, from the definition of the
modelling relation, we can get a finite part 7 C f, such that it is defined
for the elements that are part of the coding for the elements u € D,,.
Now we turn our attention to the negative part. Let f be 1 — generic.
(—) Let f o =F.(x). Assume that (AT C f)(7 IFg =F.(z)). Since f
is 1 —generic, we have (37 C f)(7 Ik Fo(z)). By i), we get f =0 Fe(x).
Contradiction.
(+) Fix a finite part 7 C f such that 7 Iy = F.(z), but assume f [~
—F,(x), which, by definition, means that f = F.(x). By the positive
case, there is a finite part § C f such that 0 I-g F.(z). By i), we can
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take & to be such that 7 C §. Since 7 Iy =F.(x), we get 0 g Fe(x).
Contradiction.

. Let the assertion be true for k. We will prove it for k + 1.
Let f be k+ 1 — generic. We first consider the positive case.
(—) Suppose that f .41 Fe(z). Then

f En Fo(z) & (Av)((v,2) € W, A (Yu € D,)
((u =0, eu, ) A f Fn Fe, (zu))V
(u=(1,ey,xy) N f En Fe, (z4))V

(u = (2,2u) A f(2u) € Bni1)))

By induction hypothesis (for the positive and negative case) we can
choose appropriate finite parts 7, and let 7 =, 7,. By 1), since every
T &7,

Ty IFy Fe,(2y,) implies 7 I, F, (x,,)

and 7(z,) € B,.It follows that f |, F.(x) implies 7 Ik, F.(x).
Since 7 C f, the conclusion follows.

(¢—) Suppose there is 7 C f such that 7 IF,; F.(x). By the definition
of forcing and the induction hypothesis,

T lhna1 Fo(z) < (F0)((v,2) € W A (Yu € D,)

((u =10, €4, xy) AT Ik, Fp, (2,))V
(u=(1,e,x,) N7 Ik, 2 F,, (2,))V
(U = <27xU> A T(xu) € Bn-H)))

1.e.

(Fv)((v,x) € We A (Yu € D,)
((u=(0,eu,x,) N f Epn Fe,(x4))
(u= (1w, xu) A f Fn Fe,(30))

(u=(2,24) A f(2u) € Bni1)))

Hence f =11 Fe(z).
Now for the negative case:

V
V
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(=) Let f FEpi1 —Fe(x). Assume that (Ar C f)(7 ka1 2 Fe(2)).
Since f is (k 4+ 1) — generic, we have (I7 C f)(7 lFpi1 Fe(x)). By i),
we get f F=n11 Fe(x). Contradiction.

(«) Fix a finite part 7 C f such that 7 Ik,,1 —F.(x), but assume
f Fns1 —Fe(z), which, by definition, means that f |,.1 F.(z). By
the positive case, there is a finite part 6 C f such that § I, F.(z).
By i), we can take § to be such that 7 C §. Since 7 Ik, ~F.(z), we
get 9 41 Fe(x). Contradiction.

O
Definition 18. We say that the sequence X is forcing definable on 2 with
respect to the sequence if there exists a finite part 6, and a computable

function g,x € N, such that for every n in N:
s A, iff (3 20)(1(x) = s AT Ik, Fyoy(x)).

Theorem 5. Let X be not forcing definable on A with respect to § Then
there exists an enumeration f of U, such that ffl(Z) Lo P/,

Proof. We will construct the enumeration f on stages via finite parts d,.
We want d;, C d,41 and then we will take f = {J, J,. On stages ¢ = 3r we
will ensure that f is total and surjective. On stages ¢ = 3r + 1 we ensure
that f is k — generic for each & > 0. On stages ¢ = 3r + 2 we will ensure
that f satisfies the omitting condition: f‘l(z) %, PT.

Let go, g1, ... be an enumeration of all 1-ary computable functions. For each
n,z,e € N, we denote Y, .. to be the set of all finite parts p such that
plk, Fo(x).

Let dy be the empty finite part and suppose that ¢, is already defined.

1. case ¢ = 3r : Let zy be the least natural number which does not be-
long to dom(d,) and let sy be the least natural number which does not
belong to ran(d,). Set dg41(x0) = so and 6,41(z) = 6,(z) for z # x.

2. case ¢ = 3{e,n,z) + 1 : Check whether there exists a finite part
p € YZ, .., that extends d,. If there is such a part, set d,41 to be
the least extension(regarding the length) of d,, that belongs to Y2, ..
Otherwise set 0,41 = ;.
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3. case ¢ = 3r + 2 : Consider the computable function g,. Let x, be the
least natural number s.t. z, € dom(d,). For each n denote by

Cp={x: (37 28)(1(xg) =x AT IF, Fy (ny(2))}-

Obviously the sequence of sets 8 is forcing definable and hence 8 #* Z
ie. C, # A, for some n.
Let (x,n,q) be the least triple such that

(xeCohNxdA)V(xdC, Nz €A,
i) Suppose = € C,,. Then there is a finite part 7 such that
T2 0 AT(2q) = AT Ik Fy ().

Set 0441 to be the least such 7.
ii) Suppose x & C,,. Then set §,4+1(x,) = x and 6,41(y) = 04(y), y # x4
(Here we have that 6,41 Ik, = Fy, n)(2))

The construction is finished. Let f = J, d,.

The enumeration f is total and surjective due to how it is build in the first
case. Let k € N. In order to prove that f is (k4 1) — generic, suppose j < k.
Consider the stage ¢ = 3(e, j,x) + 1. If there is a finite part p 2 ¢, such that
p IF; F.(z), then from the construction we have d,41 IF; Fe(x). Otherwise
0g+1 IF; = F(z). Hence f is (k+ 1) — generic.

To prove the omitting condition, assume the opposite, i.e. ffl(Z) <., P’
Then there is a computable function g, such that for each n,

A, ={f(x): f FEn Fyum()}.

Since the enumeration is (n + 1) — generic, f =, (7)Fy @ () iff

(37 C [)(7 Ik, (7)Fy,(n)(x)) for each z. Consider the stage ¢ = 35+ 2. From

the construction we have z, and n, such that one of the two cases holds:

i) 6g11(q) & Ay A Sgir1 I Fy (n) (). By the genericity of f,

flzq) € Ay and f =, Fy (n)(z4). Contradiction.

1i)0g41(2q) € Ap A bgy1 Ibn —Fy n)(zg). Hence f(zy) € A, and [ =,

—F,, (n)(z4). Contradiction. O
A corollary to the above theorem is the following:
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Lemma 5. Let Xo, Xl, ... be a sequence of sequences of sets, s.t. each Xl
is not forcing definable on A with respect to B. Then there exists an enu-

meration f of A, s.t. ffl(ZZ) %y PT for each i.

Proof. The proof is almost the same as in the theorem. The difference is
that on stages of the form ¢ = 3 < r,7 > 42, we consider the computable
function g, and ensure that Xl #* 8, where the sequence 8 is defined in the
same way. O

Theorem 6. Let X be a sequence of sets not forcing definable on A with
respect to B Then there exists an acceptable with respect to B enumeration
g, such that gfl(z) %, P9 and the enumeration degree of g~ () is total.

Proof. Let X be not forcing definable on 2 with respect to B By The-
orem 5, there exists an enumeration f such that f~'(A4) £, P/. Hence,
by Theorem 1, there exists a total set F, such that P/ <, {F™} _ and
ffl(Z) %, {F™},_.. From the definition of P/ and P/ <, {F™} _ we
have that f~'() <. F and f~'(B,) <, F™ uniformly in n.

Fix two natural numbers, say s,¢ such that s # t and natural numbers z;
and z; such that f(zs) = s, f(z;) = t. We define a function g as follows:

f(x/2) if x is even,
glx) =1 s ifr=22z+1and z€ F,
t ifr=2z4+1and z & F.

Clearly, g thus defined is an enumeration of 2. We want to prove that
—1 _
g (Q[) —¢ F.

i) Let’s fix a predicate R;. Let z1,...,x,, be arbitrary natural numbers. We
will define natural numbers yy, ..., y,.. Let 1 < j < ;. We have the following
three cases:

a) x; is even. Then let y; = x;/2.

b) z; =22+ 1 and z € F. Then let y; = z,.

c) xj =2z+1and z ¢ F. Then let y; = z;.

We have the following equivalence:

(@1, 2r,) € g1 (Ri) & (Y1, ) € 7 (Ra).

Hence g7' <, f7'(R;) @ F @ F. From f~'(A) <. F, we have g7'(R;) <. F.
Since R; was an arbitrary predicate of the structure, we have that ¢g71(2) <,
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F.
ii) We have the following equivalences:

zeEF&22+1egM(s) =gz +1) =5
g€ Fe22+1eg ') gl +1) =t

Since =, # are among the predicates of the structure, we have F' <, g~ ().

Combining i) and ii), we get ¢~'(2) =. F. By the properties of <, we
have that ¢=1(2)™ =, F®™ uniformly in n.

Denote by E,, E; the sets E, = g (=), E; = f~}(=).

We have

E;/ <. F—=F, <. I'—= E; <, F™ uniformly in n.
Fix n. We have:
97 (By) ={z: (Fy € [7(Bn)((x,2y) € E,)}.

Hence g~ (B,) <. F™ uniformly in n. Thus, we have proved that g is an
acceptable enumeration of 2l with respect to §
To finish the proof, assume that g*I(Z) <, {F™} _.. We have

g7M(A) = {z: 20 € f(A,)}. Hence f~'(A) <, g7'(A) <, (FO},_,.
By transitivity of <,, we have ffl(Z) <, {F™}, _. . Contradiction. O

Theorem 7. For every sequence X, iof
(VDL (Ba) <e 170 uniformiy inn — [ (A4) <o 17 ()
then Z 15 forcing definable on A with respect to ?

Proof. Assume that X is not forcing definable. By the Theorem 6, we have
an acceptable enumeration g, such that ¢g7*(A4) £, PY. Contradiction. [

3.2 Formal definability

In this section we will show that the forcing definable sequences on the struc-
ture 2 coincide with the sequences which are definable on 2 by means of a
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certain kind of positive computable X0 formulas.

Let £ = (T4, ...,T}) be the first order relational language corresponding to
the structure 2 which contains the predicates =,#. So every T; is r; — ary
predicate sumbol. Let {P,},_, be a computable sequence of unary predi-
cates intended to represent the sets B,. We shall also suppose that we have
a fixed sequence Xy, X1, ..., X, ... of variables. We will use X,Y,W possibly
with subscripts as syntactival variables which vary through the variables.
We will define for each natural number n, the ¥ formulas. The definition is
by recursion on n, and goes along the definition of indices for the formulas.

Definition 19. 1. An elementary ¥§ formula with free variables among
Wi, ..., W, is an existentional formula of the form

Y. 3V, (W, .., W, Ve, o Yo,
where ® is a finite conjunction of atomic formulas in £ U {Fy}.
2. A X formula is a c.e. disjunction of elementary ¥} formulas.
3. An elementary E:{H formula is a formula of the form
1.3, (W4, ..., W, Y1, ..., Y,),

where ® is a finite conjunction of atoms of the form P, 1(Y;) or P,11(W;)
or oF formulas or negations of X7 formulas in the language

LU{R}U..U{P,}.

Remark: We can see that the X formulas are effectiely closed under
existential quantification and c.e. disjunctions.
Let ® be a ¥ formula with free variables among W7y, ..., W,, and let ¢y, ..., t,, €
N. Then by 2 = &(W,/ty,...,W,,/t,) we denote that ® is true on 2 under
the variable assignment v such that v(Wy) = ty,...,v(W,,) = t,.

Definition 20. Let Z, 3,9[ be given. We say that Z is formally definable

on A with respect to B, if there is a computable function v and a computable
sequence {®Y™} _ of formulas, such that for every n, ®'™ is a $} formula
with free variables among Wy, ..., W, and elements ty,...,t,. € N, such that for
every x € N :

v e A, o (A B) OO (W, /... Wt X/,
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We shall show that every forcing definable sequence is formally definable.
Let var be an effetive mapping of the natural numbers onto the variables.
Given a natural number z, by X we shall denote the variable var(x).

Let y1 < y2 < ... < yi be the elements of a finite set D, let Q be one of the
quantifiers 3 or V and let ® be an arbitrary formula. Then by Q(7: 7 € D)®
we shall denote the formula QY;...QY; .

Lemma 6. Let D = {wy,...,w,} be a finite non-empty set of natural num-
bers and let x,e be elements of N. There exists an uniform recursive way to
construct a X7 formula (IDVD(Z?I with free variables among W1, ..., W,. such that
for every finite part 6 such that dom(6) = D, the following equivalences are
true:

(2, B) = &, (W1 /5(wy), .., W, /6(w,)) < 8 I, Fu(z)
(2, B) = Ul (Wa/6(wn), ... W, /6(w,)) & 6 by —Fu(z)

Proof. We shall construct the formula @})(Z?z by recursion on n, following
the definition of forcing.

1. Let n =0. Let V= {v: (v,z) € W,}. Consider an element v € V. For
every u € D, define an atom II, as follows:
a)u = (0, (i, z},...,z5)), where 1 <i < kandallz{, ..., 2} are elements
of D. Then let II,, = T(Xf, e X2,
b) u = (2,z,) and x, € D. Then let I1, = Py(X,)
c) IT, = Wj # Wy in all other cases.
Let IT, = Aycp, My and @3, =V o\ 1L,

Let \IJOD,e,z = _‘[VD*2D<E|7 S D~ \ D)CDOD*,e,z]'

2. Assume it is done up till n and we will prove for n + 1. Let again
V =A{v: (v,x) € W, and v € V'}. For every u € D, define a formula
I1, as follows:

a) If u = (0, e,,z,), then let II, = &7

D,ey,xqy"
b) If u = (1, ey, 7,), then let IT, = W3, .
c) If u=(2,z,) and z, € D, then let II, = P,,11(X,).
d) I, = Wy # W in all other cases.

Now let Hv = /\ueDv Hu and (DTZL;—elx = VUGV HU'
Let WL, =~V posp(3Y € D\ D)@L |
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We constructed the formulas in a uniform recursive way, hence we can find a
computable function y(n, D, e, ) which gives the code of the formula @7, .
We prove the statement in the lemma by induction on n.

1. Let n = 0. By the definition of the forcing relation:

5o Fio(7) & (30)({v,2) € W.AD, C 7)) @ 771 (By))

s @B)E VL

veV
which is what we need. On the other hand

6 kg =Fe(x) < —(3p 2 0)[p IFo Fe(w)]

& =(3p 2 ) B) F &, (T \ p(w))]
& (AD* 2 D)@, B)  (3Y € D'\ D)@Y., (W \ 3(w), V)
e @ B) -\ BY €D\ D). (T 5(w), )

& (U B) U, (7 5(u)).

2. Assume the statement is true for n and we will prove it for n + 1.
From the definition of the forcing relation we get:

dlrpi1 Fe(z) < (F)[(v,2) € W, A (Yu € D,)

((u =10, ey, y) NS Iy, Fo, (24))V
(u=(1,ey,x,) N0 Ik, F,, (,))V
(u = (2,74) A 6(2u) € Bny1))]
s@B)E\ A L
vEV u€D,
_>
& (2 F) oy, (1 d(w))
where II, formulas are as in the construction. It is easy to see that the
formula W' = _'[\/D*QD(37 € D*\ D)®t! ] defines the relation

0 lFpy1 —F.(x), we simply proceed by the definition of the forcing
relation.
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Theorem 8. Let the sequence Z be forcing definable. Then X s formally
definable.

Proof. Suppose for every s € N and for every n € N we have:
sc€ A, (AT 20)(1(x) =s ATk, Fypy(x)),

where ¢ is a computable function and ¢ is a finite part. Fix n and z. Let
D = dom(d) = {wr,...,w,} and let §(w;) =t; for i = 1,...,r. By Lemma 6,

(2, B) £ 3@ € D\ (DU{2}) ey a(Wi/t1, e, We [, X /5, Y )

iff there exists a finite part 7 such that dom(r) = D*, 7 O 6§, 7(z) = s and
7 Ik, Fyny(). For the set A, we have,

ved, o @ B)E \/ 3T € DNDUEN) b oW/t o Wy [ty X[, T)

D*DD

9(n),x

Let y(n) = y(n,e,z, D) (v is a function on one variable that also depends
on e, x, D), where

= = 3G € D\ (DU B gy (Wi /b1 oo, Wi [y, X5, Y )
The function v is computable and defines the code of the formula
0 = 3G € D\ (D U{}) Bl gy (Wi /b1, oo, Wi [y, X5, Y )

Hence

reA, o A B) =W/ T, X/s).

Thus we conclude that the sequence Z is formally definable. m
We will need the following useful statement:

Lemma 7. Let g be an arbitrary enumeration of A. There exists a bijective
enumeration f of 2, such that f~1(A) <. g~ (2A).

Proof. Let’s form the set £, = {(z,y) : g(z) = g(y)}. It is easy to see
that E; <. g7 Y1), because =, # are among the predicates of the structure.
We will define using the recursion scheme a computable function A as follows:

h(0) = 0

23



h(n +1) = pz[(Vk < n)((h(k), z) & E,)]
Define f(n) = g(h(n)). Let n; # ny. Without loss of generality assume
n1 < ng. If f(n1) = f(ng) then g(h(n1)) = g(h(ng)), i.e. (h(n1),h(ns2)) € E,.
From n; < ny and the definition of h, it follows that (h(n;), h(nz)) & E,. We
obtain a contradiction, hence f(ny) # f(ny) and so f is injective. By the
definition of h, it is true that ny < ny implies h(n;) < h(nz). Assume that
f is not surjective, i.e. (Fk)(Vn)(f(n) # k) and so (3k)(Vn)(g(h(n)) # k).
g is onto N, so (3l)(g(l) = k) a d (Vn)((h(n),l) & E;) and so exists t such
that h(t) < [ and h(t + 1) > [. Hence (3s < t)((h(s),l> € E,). We get
f(s) = g(h(s)) = g() = k. ThlS is a contradiction with the assumption
and hence (Vk)(3 )( (s) = k). Thus f is onto N. It is easy to see that
Ey & f(20) = g7 (). 0
As a corollary to Lemma 7, we get:

Lemma 8. Let g be an arbitrary enumeration of A. Then there exists a
bijective enumeration f such that PT <, P9.

Proof. Let g be an arbitrary enumeration. By Lemma 7, there is a bi-
jective enumeration f such that f~'(2A) <, g~ 1(2A). Let X = {71 @
FUB), (B, ) and ¥ = {g () ® g (Bo), g (B1), ...} be two se-
quences. It is enough to prove that X <. P9 uniformly in n. We will prove
the assertion by induction on n.

1. Let n = 0. We want to prove f~1(A) & f~1(By) = W (¢ (2A) &
g 1 (By)) where the index ey is obtained effectively. By assumption,
we have f~1(2) <. g7 (). Let z € f~(By). We have the following
equivalences:

€ fT1(By) & f(x) € By (32)[{2,9) € g (=) Ay € By

hence we can effectively find an index eg such that f~(20) & f~1(By) =
Weo (971 () © g7 (Bo))-

2. Let the assertion be true for n and we will prove it for n + 1. By in-
duction hypothesis, f~1(B,) = W,,(P?) and the index e, is obtained
effectively. By analogous equivalences as in the base case and the prop-
erties of the jump sequence, we can effectively find an index e, ; from

e, such that f~Y(B, 1) = Wen+1(P§+1)‘
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For the next lemma we will use the following notation: PP will be the
jump sequence of {D(2() & By, By, ...}.

Lemma 9. Let ® be a X7 formula. We can effectively find, from the code of

the formula ® an enumeration operator W, , such that for arbitrary t , we
have

@, B) b o/ ) & (F) € W.,(PP9).
Proof. We will prove the assertion by induction on n.

%
1. Let n = 0. We have a X0 formula ®(W) which is a c.e. disjunction of
elementary 3§ formulas. Hence there is a c.e. set W, such that

faTeW,, < (U, B) Ea(W/T)

— —> —
where o(WV) is a dlSJuHCt in the formula ®(W) and «(W') has the form

(7 Pll(l?/, ) A B, (W ? A B, ( W,?) Hence

—

t) &
there exists elementary Y4 formula o such that "a™ € W, and

2, B) = a(W/7)

(A, B) = o/

& there exists a formula a and natural numbers @ : "ol € We, and

@ B) = P,(W/T. Y/ AP,W/T,Y /D). AB,(W/T,Y)T)

For simplicity, let’s assume we have chosen a coding such that
(I, 7)€ D(A) ® By & @ € P,. Hence

A, B) oW/ 7)<

& there exists D, such that "o € W, and D, C D() @ B,

where D, effectively determines «
& there exists D, such that (v, ?> € W and D, C D(A) @ By,

where the code ¢} is effectively determined by ey.
— )
& (1) € Wy (P )
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2. Assume that there is a X;F formula @(W /t) and a c.e. set W, such
that _
t

A, B) = o(W/7) o<

We will examine the case n + 1.

>€ W, (PPi)

(2L, ?) = @(W/ / ?) & there exists an elementary ¥, formula « such that

"o e W,,,, and (U, B) = a(W/7)
where « has the form
EVNEBW /T V) A A ()BT, Y))

where (3; are ¥ formulas or the membership predicate P,.1. If 5 is
P, + 1 then it cannot have — in front of it.

(2L, E) = CID(W/ ?) & there exists an elementary ¥}, formula o such that

and %? W/t)

& there exist formulas (i, ..., 8; which are either the predicate P, or are

Tale We, .,
E+ formulas and natural numbers @ such that
and (0, B) = ()W /T, Y JA AW /T, Y ))

If §; is a ¥ formula, by induction hypothesis, we can effectively find
s . - . —
from it’s code an enumeration operator e, and for arbitrary ¢ U

Tale W,

€n+t1

@ B) BV TV /) & (F.2) € W, (PP)
(A, ?) = @(W/?) & there exists D, and "a' € W,
and for i = 1...k we have <7, ) € Wi (PP) if I; = 0 and

(7, ) ¢ Wei (PPia) if [} = 1, where [; is part of the coding i.e. D,
consists of elements of the form: (I;, ...)

& @) (v, T) € W, A (Vu € D,))

((u= (0, ey, zy) Az, € W, (PPi))v
(u=(1,ey,7,) Ay & We,(PPid))V
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(u = <2,1’u> N LTy € Bn-l-l)))

where the code €], is effectively determined from e, 4
. —- .
& there exists c.e. set Wy and (30)((v/, t') € Wer  and Dy C (PP &B,

P : . ,
where the code €], is effectively determined from e],

— )
And < t > S We;{+1(P11D+Z(i)

]

Theorem 9. Let X be formally definable on A with respect to § Then for
every acceptable enumeration f, we have that f~1(A) <, f~1(2).

Proof. Since Z is formally definable, there is a sequence of formulas
{®™1}, ., of ©F formulas and natural numbers ¢, ..., #; such that:

v e A, & @ B) = & (W, /by, ., W/t X/1).

Assume that there exists an enumeration of 2, say g, that is acceptable on
20 with respect to 3, but g_l(X) £, g~ (). By Lemma 8, there exists a
bijective enumeration f, such that f~1(A) <. g~(B) and P/ <, P9.

Let B be the structure with domain N and predicates f~'(Ry), ..., f = (Ry).
Clearly 20 = B and f~!'() =, D(B). Let f(u;) =t; for i < 1. We have

2, B) = O/ 7) & (B, f(B)) | &™)

Hence f‘l(z) is formally definable in B. It follows that f‘l(Z) <, P’. We
want to prove g~ (A) <, {f(An) ® EJ }r<w. We will give an explaination
how we can effectively obtain an index, let’s say e,, such that g~1(A,) =

We, (Pu(f _1(2) © Ef)). Fix n and assume without loss of generality that
n > (0. We have the following equivalences:

re€gH(A,) & gr)e A, e glr)=yry €A, < [(z,y) € B, Ny € A,
!/
By definition P,(f " (A)@ EF) is (P, 1(f~1(A))) @ (fL(A,) © E;). Hence,
by the definition of @, we can effectively obtain an index e, such that

g (A,) =W, (Pn(f’l(Z) © Ef)). But n was arbitrary, hence we get what
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we needed.
Since f‘l(Z) ® E <, P? and by transitivity of <, we get g_l(Z) <, P?

and the enumeration g is acceptable. Hence g‘l(Z) <., g1 (2). Contradic-
tion. [
Putting everything together we arrive at the following:

Theorem 10. The following statements are equivalent:
i) A is relatively intrinsic on A with respect to

i) Z is forcing definable on 2 with respect to

iii) A is formally definable on A with respect to

Proof. i) — ii) is Theorem 7.
ii) — iii) is Theorem 8.
iii) — 1) is Theorem 9. O

4 Relatively intrinsic sequence on a sequence
of structures

4.1 Forcing definability

We are given a relational language £ = (77, ..., Tx), a list of interpretations
(i.e. structures) Ay = (N, RY, ..., RY),; = (N, Ri, ..., R}), ... where N is the
set of natural numbers, = and # are present among the predicates. We are

also given two sequences of subsets of N, i.e. and 5. Here we assume
that there is a computable function A, ,.xy that gives the arity of the y —th
predicate in the x — th structure.

%
Remark: We call the total surjective function f is enumeration of 2 if f is
enumeration of every single structure.

Definition 21. We will say that the sequence X s relatively intrinsic on
with respect to the sequence B if for every enumertion f of H, such that

f‘l(g) <, [7H(Q) then the sequence f‘l(jy)

to f1(20).

Definition 22. We call an enumeration f ofa acceptable if
7B <o f71(2).

18 w — enumeration reducible
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We modify the definition of P/ in the following

Definition 23. Given an enumeration f of A denote by PI = {PI}, _.,
the respective jump sequence of the sequence {f~*(o) ® f~H(Bo), fH(2) &
f~YBy),...} where

Pl =B,({f (o) @ fH(Bo), [T () & fH(B), . })-

Definition 24. Let f be an enumeration on H For every n,x,e € N, we

define the relations f =, F.(x) and f =, —F.(x) as follows:
i) f Eo Fe(x) iff (Fv)((v,x) € W A (Vu € D,)) either
a) u=(0,0,i,x%, ...z )) A(f(z}),.... f(z¥)) € RY or
b) u=(2,z,) A f(z,) € By

i) | a1 Fe(z) ff (Fv)[{v, 2) € We A (Vu € D,)
((u = <0 ewaju> NS ):n eu(xu)) \%
(u= (1, ew, zu) A f |on —Fe, (24)) V
(w=(2,(0,(n+1,0,2%,....,27))) A
(u = (2,(2,2)) A f(2u) € Bni1))]

(f(@%), ... f(a})) € BRIV

“’7’) f }ZTL _'Fe<x) Zﬁf}ﬁn Fe(x)

Lemma 10. i) Let C C N, n € N. Then C <, P/ iff there is an index e € N
such that C ={z: f =, Fe(x)}

i) Let 6 be a sequence of sets. Then 8 <, P’ iff there exists a computable
function g, such that C,, = {z : f = Fym)(x)}

Proof. i) The proof follows the same line as the proof of Lemma 3 i). We
proceed by induction on n following the definition of the modelling relation.
We have an extra case in the induction step corresponding to the new coded
structure.

ii) The proof is the same as the proof of Lemma 3 ii). O

Definition 25. For each e,x,n € N and for every finite part T, define the
forcing relations 7 &, F.(z) and 7 &, =F.(x) following the definition of the
relation ="
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i) Tk Fe(x) iff (3v)[(v,z) € W, A (Vu € D,)
a) u=(0,(0,4,z%,...,x%)),

aey T

(]

...,z € dom(r) and (T(z}),...,7(2})) € R}

or
b) u=(2,z,) Nz, € dom(t) N7(2,) € By

i) T lpi Fe(z) iff (30)[(v,x) € W A (Vu € D,)
((u=(0,ey,z,) AT, Fp (z4,))
( (1, ey, xy) AT IFy o F, (24,))

V
U V
(w= (2,0, (n+1,4,2%,...,27))),

2y, ..z € dom(7) and (7(2%), ..., 7(zt)) € RV
(u = (2,(2,2u)) AT(24) € Bnya))]
iii) T I 2 Fo(x) iff (Yp 2 7)[p Wo Fo(z)]

Definition 26. Let f be an enumeration of ﬁ We say that f is k-generic
with respect to § iof for every 7 < k and e,z € N:

(BT C (7l Fe(x) VT lF; =F.(2))

Lemma 11. i) If 7 C p then 7 Ik (—)F.(x) implies p Ik, (=) Fo(z)
i1) For every (k + 1) — generic enumeration f of A, f =i (0)Fe(x) iff
(3 € N7 Ik () Fe())

Proof. i) The proof is analogous to the proof of Lemma 4 i). In the
induction hypothesis we get the extra case u = (2, (0, (n + 1,4, 2}, ..., 2}"))) A
2y, ...zt € dom(r) A (7(x}), ..., 7(z)) € R!*'. Since 7 C p, this case will
be true for p

ii) The proof is analogous to the proof of Lemma 4 ii). In the induction
hypothesis for the positive case in (—), we will chose finite parts 7, that are
also defined for the elements of the domain of f such that (f(z}), ..., f(2}.)) €

R and then we proceed as in Lemma 4. ]

Lemma 12. f is an acceptable enumeration on j with respect to § iff
P <, ().
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Proof. (—) Assume f~!(B,) <. Pn(ffl(j)) uniformly in n i .e. there is
a computable function h such that f~'(B,) = Wh(n)(Pn(f_l(j))). We will
prove the statement by induction on n.

1. Let n = 0. We have f~'(By) = W (f (%)), where the h(0) =
ey. Since we can effectively obtain an index ey such that f=1(2y) =
Weo (f=1(Rp)), we can obtain effectively an index ig from ey and e}, such

that f~1(2Ao) & f~1(Bo) = Wiy (f (o).

2. Assume the statement is true for n and we will prove it for n + 1. We
have P/, = (P/) @ (f ' (Ans1)® f~ (Bni1)). By induction hypothesis
P/ =W, (P.(f71(2))), where i, is effectively obtained. By assump-
tion, we have £~} (By1) = W (Pusa(f1(2))), where h(n) = ¢!, .
By the properties of the enumeration jump, we can effectively obtain

from 4, an index e,; such that (P/) = Wenﬂ((Pn(f_l(ﬁ))),). Of
course, we can effectively obtain an index €/ ; such that f~'(A,11) =
Wer ., (f~1(A,41)). Putting everything together, we can effectively ob-

tain an index i,,, such that P/, = VV,-nH(PnH(f_l(j))).

(+) Let P/ <, f‘l(ﬁ). Hence we get P/ <, Pn(f_l(ﬁ)) uniformly in
nie. PI =Wy (P.(f7(2)) for a computable function h. Let n > 0
and h(n) = e,. By definition P/ = (P/_)) & ((f71(.) ® f~4(B,)).
Hence from an index e, such that P/ = Wen(Pn(f_l(a))), we can
effectively find an index i, such that f~!(B,) = W; (Pn(ffl(j)))

]

Definition 27. We say that the sequence X is forcing definable on H with

respect to the sequence if there exists a finite part §, and a computable
function g, x € N, such that for every n of N:

s € Ay iff (31 20)(1(x) = s AT Ik, Fymy(2)).
An analogous

Theorem 11. Let Z be not forcing definable on H with respect to § Then
there exists an enumeration f of 2, s.t. f~1(A) £, P7.
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Proof. The proof is the same as the proof of Theorem 5. We proceed with

constructing an enumeration f build up by finite parts ¢, such that o, C d441

and f = {J,d;. On stages ¢ = 3r we make sure the enumeration is surjective

and total, on stages ¢ = 3r + 1 we assure f is k — generic for each k > 0,

and on stages ¢ = 3r + 2 we assure f meets the omitting condition. O]
Again we can derive the following countable generalization:

Lemma 13. Let Zo,Zl,... be a sequence of sequences of sets, s.t. each
i 1s not forcing definable on with respect to B. Then there exists an

enumeration f of A, s.t. f‘l(zi) %, P for each i.
Proof. The same as the case for one structure. O

Theorem 12. Let Z be a sequence of sets not forcing definable on ﬁf with
respect to § Then there exists an acceptable enumeration g, such that

gil(Z) %, P9 and the enumeration degree of gil(ﬁ) is total. (The enu-
meration degree of g~1(A,,) is total for each n.)

Proof. Let X be not forcing definable on H with re%pect to ﬁ From
Theorem 11, we find an enumeration f such that f~'(A4) £, P/. Hence

there is a total set F such that P/ <, {F™} _ and f‘l(Z) Lo {F™}, _.
From P/ <, {F™} _  we conclude that f~*(2,) <. F™ uniformly in n
and f~Y(B,) <. F™ uniformly in n.

Fix two natural numbers, say s,t such that s # t and natural numbers z,
and z; s.t. f(zs) = s, f(x;) =t. We define a function g as follows:

f(z/2) if x is even,
ifr=22z41and z € F,

gle) =4 s
t ifr=2z+1and 2z ¢ F.

Thus defined, g is an enumeration of A, We want to prove g_l(a) =,
{FO), .
i) We have that g_l(j) <, {F™}
n. (By Lemma 1)

By induction on n and using the definitions of enumeration jump and the
fact that F is a total set we can prove that P,({F™}) =, F().

Let’s fix a predicate R? of the structure 2,,. Let 1, ..., x,, be arbitrary nat-
ural numbers. We will define natural numbers y, ..., y,,. Let 1 < j <.

& g Y (A, <. P,{F™} uniformly in

n<w
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a) x; is even. Then let y; = x;/2.

b) z; =2z+ 1 and z € F. Then let y; = z,.
c) xj =2z+1and z € F. Then let y; = z;.
We have the following equivalence :

(1, .0y y,) € g_l(Rg) S (Y1, ooy Yri) € f_l(Rg).

From f~'(2,) <. F™ uniformly in n and the definition of a copy of a struc-
ture we have f~'(R!) <, F™ uniformly in n and hence g~'(R?) <, F™ uni-
formly in n. Since this is true for all predicates in the structure, we have that
g H(A,) <. F™ uniformly in n. Hence by Lemma 1, g_l(ﬁ) <, {FMY _.

ii) Every structure in the list contains =,#. Without loss of generality,
let’s take the structure 2,. We have the following equivalences:

zeEF&22+1egM(s) =gz +1) =5

g Fe22+1ecg () glRe+1)=t
Hence F' <. g7'(2) (By the same reasoning and proof as in Theorem
6). By a property of <., we have that I’ <. g7 '()’. Again by the
properties of <, we obtain F™ <, ¢g7!(2)™ uniformly in n ie. FM™ =
Wiy (g7 (20)™) via the computable function h. By the properties of the
jump sequence, we have Pm(g_l(a)) <e Pn(g_l(a)) uniformly in n and m
and hence Py(¢g1(2A)) <. P,(¢7'(2)) uniformly in n. From here we get
gL (A)™ = I/Vl(n)(Pn(g_l(a))) via the computable function [. Using the

computable functions h and [ we can conclude that F™ <, P, (g‘l(a)) uni-
formly in n.

Combining i) and ii), we have gil(a) =, {FM} _..

Denote E,, E; to be the sets E, = ¢g7'(=),E; = f~'(=) (It doesn’t mat-
ter from which structure we take =, #, since they are the same sets.). From

f‘l(z) %, {F™},_. we conclude
Ey< ., F=—=F, <. = L, <, F®) uniformly in n.
Fix n. We have:
g (Bn) ={z: Gy € f71(Ba))((2,2y) € Ey)}.
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Hence g~'(B,) <. F™ uniformly in n i.e. gfl(ﬁ) <w gfl(j). Thus, we
have proved that g is an acceptable enumeration.

To prove the ommitting condition, assume the opposite i.e. g_l(X) <w
{FM} We have

9 (An) ={z: 20 € fH (A}

Hence f‘l(Z) < g_l(X) <, {F™}, _ . By transitivity of <, we have
f‘l(X) <, {F™},_. . Contradiction. O

Theorem 13. For every sequence Z, iof
(VAL (B) <o 7@ = £71(A) <0 £ ()
then X is forcing definable on ﬁ) with respect to ?

Proof. Assume that X is not forcing definable. By the previous theorem,
we find an acceptable enumeration g, s.t. g~'(A) £, P9. Contradiction. [

4.2 Formal definability

Again we are given a relational language £ = (7}, T, ..., Tx). The predicates
=, # are present. In order to prove that every forcing definable sequence is
formally definable, we will use the formulas we introduced in the previous
section with a slight difference. On each level of the elementary ¥ formulas,
we will add all the predicates of the 2, structure. Again we assume that

we have a computable sequence {P,}, _  of predicates that represents the

sequence B ie. P,(X) is true if X € B,. We will make the following
abbreviation:
Lo = {17, ... T},

Lo = L, U{T] LT

Definition 28. 1. An elementary ¥§ formula with free variables among
Wi, ..., W, is an existentional formula of the form

W43, ®(Wh, ., W, Vi, o, Vo),

where ® is a finite conjunction of atomic formulas in Lo U{FPy}.
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2. A X formula is a c.e. disjunction of elementary ¥} formulas.

3. An elementary ¥} | formula is a formula of the form
Y. 3V, (W, ..., W, Ve, Yo,

where ® is a finite conjunction of atoms of the form P, 1(Y;) or P,1(W;)
or atoms from {T]"", ..., Ty} or o formulas or negations of Xt for-
mulas in the language £,+1 U{Fo} U...U{ P11}

With a slight modification we arrive at the following:

Definition 29. Let Z, B, j be given. We say that Z 1s formally definable

on with respect to , if there is a computable sequence {<I>7<”)}n<w of
formulas, such that for every n, ®'™ is a ¥t formula with free variables
among Wy, ..., W, and elements ty,...,t. € N, such that for every x € N :

veA, o (A, B) W, /... W, /t,, X/z).

Lemma 14. Let D = {wy,...,w,} be a finite non-empty set of natural num-
bers and let x,e be elements of N. There exists an uniform recursive way to
construct a X} formula @ . with free variables among Wi, ..., W, such that
for every finite part 6 such that dom(d) = D, the following equivalences are
true:

(A, B) b= @ (W1/6(w), .., Wy /6(w,)) < 51, F(x)
(&, B) | U, (Wa/8(wn), ... W, /() & 8 I, ~F(2)

Proof.  We shall construct the formula ®7 , , by recursion on n, following
the definition of forcing.

1. Let n=0. Let V = {v: (v,z) € W,.}. Consider an element v € V. For
every u € D, define an atom II, as follows:
a) u = (0,(0,4,2%, ...,z )), where 1 < ¢ < k and all 2f,..., 2} are
elements of D. Then let IT, = TP (XY, ..., X}).
b) u = (2,z,) and x, € D. Then let II, = Py(X,)
c) II, = Wy # Wy in all other cases.

Let IT, = A I, and @Y, , =\, I

u€Dy veV U

Let qj%,e,x = _‘[\/D*QD(H7 € D\ D)(b%*,e,x]‘
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2. Assume it is done up till n and we will prove for n + 1. Let again
V=A{v: (v,x) € W.} and v € V. For every u € D, define a formula
IT, as follows:

a) If u = (0, ey, 7y), then let I, = &} .

b) If u = (1, ey, x,), then let IT, = U

D.ey,xqy "

c) fu=(2,(0,(n+1,4,2% .., 7)) where 1 < i < k and all TY, . T
are elements of D. Then let IT, = 77" (X}, .., X").

d) If u = (2,(2,x,)), then let I, = P,;1(X,)

e) I, = Wy # Wi in all other cases.

Now let IL, = A,cp, I, and O3} =V o 11,
Let \Ij%tzl,x = _\[\/D"2D<E|7 € D~ \ D)(I)%—:,le,x]

The proof that the statement in the lemma is acomplished is analogous to the
similiar lemma in chapter 3. We proceed by induction on n. The base case
remains the same and in the induction step we will have extra atomic formulas
from the predicates of 2, 1. Again we note that there is a computable way
to recover the index of the formula. O

We tie the forcing definability to the formal definability in the following:

Theorem 14. Let the sequence X be forcing definable. Then X is formally
definable.

Proof. The proof of this theorem is the same as the proof of the analogous
theorem in section 3. [

With a slight modification of the proof of Lemma 7, we get the following
useful

Lemma 15. Let g be an arbitrary enumeration ofj. There exists a bijective
enumeration [ of i, such that f~1(A,) <. g~ (A,) for every n.

A modification to Lemma 8 with the concepts of chapter 4 gives us the
following

Lemma 16. Let g be an arbitrary enumeration of ﬁ Then there exists a
bijective enumeration f such that P/ <, P9.

By PP we denote the jump sequence of the following sequence

{D(o) ® By, D(24,) @ By, ...}
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Lemma 17. Let ® be a X formula. We can effectively find, from the code of
the formu_lc)z ® an enumeration operator We, , such that for arbitrary natural
numbers t , we have

A, B) £ o(W/7) & (T) € W, (PPe).

Proof. The proof follows the same line as the proof of the analogous lemma
in section 3. We proceed by induction on n. The base case remains the same
and in the induction step, we have the predicates of the structure 2,1 which
occur in the elementary X, formulas. They are treated the same way as in
the base case n = 0. O

Theorem 15. Let X be formally definable on 3 with respect to § Then
for every acceptable enumeration f, we have that f‘l(Z) <, [7H).

Proof. Let Z be formally definable on j with respect to ? Suppose
that there is an acceptable enumeration g for which g71(A) £, g~ (2).
There exists a bijective enumeration f, such that f~*(2,) <. g '(2,) for
every n and P/ <, P9.

Let % be the sequence of structures that that is build up by f i.e By =
(N, f7HYRY), ..., f7YRY)) etc. We have 2, = 9B, and fl(g) =, D(g)
As in Theorem 9, we see that f *1(X) is formally definable in % and hence
ffl(Z) <., P’. Reasoning as in Theorem 9 , it follows that gil(Z) <, P?
with g acceptable enumeration. Contradiction. O

Theorem 16. The following statements are equivalent:
i) Z 15 relatively intrinsic on A with respect to

ii) X is forcing definable on 3 with respect to ﬁ

ii1) Z s formally definable on j with respect to ?

Proof. i) — ii) is Theorem 13
ii) — iii) is Theorem 14
iii) — i) is Theorem 15 O
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